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Abstract

In this paper we prove that the solution of implicit difference scheme for a
semilinear parabolic equation converges to the solution of difference scheme for the
corresponding nonlinear stationary problem as t — oco. For the discrete solution
of nonlinear parabolic problem, we get its long time asymptotic behavior which
is similar to that of the continuous solution. For simplicity, we consider one-
dimensional problem.
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1. Introduction

Let Q = (0,1), f(z) € L*(Q), uo(z) € H*(Q) N HY(Q), ¢(u) = u3, we consider the
following initial-boundary value problem:
ou  0%u .
EZ@—QS(U)‘FJC(?L’) in QxRy
w(0,t) = u(l,t) =0 (1.1)
u(z,0) = up(z), =€ Q.

By the usual approach! =¥ we can get the global existence of the solution of (1.1),
furthermore, the solution of (1.1) converges to the solution of the following stationary
problem (1.2) as t — oo.

82
a—;;—(b(u)—i—f(x —0 in Q

) (1.2)
u(0,t) = u(l,t) = 0.
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In this paper we prove that the solution of implicit difference scheme for (1.1)
converges to the solution of difference scheme for (1.2) as t — oo.

2. Finite Difference Scheme

The domain € is divided into small segments by points z; = jh (j = 0,1,---,J),
where Jh =, J is an integer and h is the space stepsize. Let At be the time stepsize.
For any function w(z,t) we denote the values w(jh,nAt) by w? (0 < j < J, n =
0,1,2,---) and denote the discrete function w} (0 < j < J, n = O, 1,2,---) by wit. We
introduce the following notations:

Ajwi =wiy —w; (0<j<J-1,n=0,1,2,-)

and
A wi=wi—-wi, (1<j<Jn=0,12--).
. . Agw? .
We denote the discrete function W 0<j<J-1,n=012--) by dwy.
2 w™
J

Similarly, the discrete function 0<j<J-2,n=0,1,2,---) is denoted by
S2wi.
Denote the scalar product of two discrete functions uj and vy* by

J
(up,vp') = Zu?v}”h
j=0

For 2 > k > 0, define discrete norms

Jotul, = (Z\Aﬁ“’ PR, e

and

Ak w?
k, n _ +J
[Fwhlloo = _ max | =
The difference equation associate with (1.1) is:
u Tt — AL A W
j i _ j +1 ,
U SN st 4, (2.)
forj=1,---,J—1and n=1,2,---, where f; = f(z;).
The boundary condition of (2.1) is of the form
uy =uy =0
The discrete form corresponding to (1.2) is
w—gf)(u*)%—f-—() 0<j<J (2.2)
9 J — ] N

h2



Long Time Asymptotic Behavior of Solution of Difference... 397
uy=uy=0

Let the discrete function u} and uj be the solution of difference equation (2.1) and
(2.2) respectively. For n = 0,1,2, -, the discrete function vy = {v} | j =0,1,---,J}

is defined as vi = u} — u] (j=0,1,---,J). Then v} satisfies
U A A N i 3
R L (s ATy (2.

forj=1,---,J—-1and n=0,1,2,--- Obviously, vjf =v7 =0,n=0,1,2,---.

3. Preliminary Results

Lemma 1. For any discrete function up, = {u; | j = 0,1,---,J} satisfying the
homogeneous discrete boundary condition ug = uy = 0, we have

unll2 < k1ldunl2,
[6up|2 < k1 |6%upl|2,

where k1 1s a constant independent of up and h.
Proof. The first inequality is from [5], since

J—1 ) J—1
Y (Bguy)” == A A uy,
=0 j=1

we can get the second inequality. m
By [5], we have the following Lemma 2:
Lemma 2. For any discrete function up, = {u; | j =0,1,---,J}, there is

. _2’§+1 . 2k+1
[6%unlloo < kollunlly =" (16" unll2 + |lunllz) 27,

where 0 < k <n and ko is a constant independent of up and h.
Lemma 3. Let the discrete function uj, = {u; | j = 0,1,---J} be the solution of
the difference equation (2.2). There are

6%y ]|2 < ks,
[0uplloo < K4y [luplloc < ks,

where ks, kq, ks are constants independent of h.
Proof. 1t follows from (2.2) that

T2 ALA_ut 2 “TALAC u A uh
S (- X S i+ Zfﬂ 2o
Jj=1 7j=1
since
J—1 A+A U J—1
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— ( +1) +u+1u + (u )2
Z whig - % 22 h <0,
we get
JlAAu
+
> Jh<ZfJ (3.1)
j=1

(3.1) together with the previous Lemmas imply the conclusion. m

Lemma 4. Let the discrete function up and uj, be the solution of difference equation
(2.1) and (2.2) respectively. There exist positive constants k¢ and « independent of
h,n, At such that

g = i3 < koe ",
Proof. By (2.3), we have
J—1 J—1 A A ,Un+1
Z (U§L+1 n+1h Z TLJrlhAt
j=1
Z S N (N e Can) iVS
this implies
J-1 J—-1 n+1
S @Y =3 (f h+Z ntl _ h+22( )hAt
J=1 Jj=1

49 Z nt1y? n+1) +ul Ml + (u))JhAt =0,

the last term in the above equality is positive, then

J—1 n+1

(Wi h — Z h+22( ) hAE <0,
7j=1

1

.
Il

by Lemma 1, there is a constant a > 0 such that

J-1 J-1 J—1
Zl(v?“)zh - Zl(v;w?h +a Zl(vyﬂ)%m <.
J= J= =

Therefore,
lop 13 < 267 |vg]13,

the proof of the lemma is completed. m

Lemma 5. Let the discrete function up and uj, be the solution of difference equation
(2.1) and (2.2) respectively, there exists constant k7 > 0 independent of h,n, At such
that

lug, — uplle < kr.
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Proof. 1t follows from (2.3) that

J—-1 J—-1 J—-1

S h =3 @ ph = 3 () R o)

Jj=1 Jj=1 Jj=1
J—1 n+1
5 <A+A'UJ

o [ = w)7)

A+ : 2
(52— Gyt oAt

+1 % *\ 2
+ui g + (uj) JhAt

; 2
<=3 (FH) Gt vt

where
G(z,y) = 2t + 23y + 22y? + zy® +y* > 0,Vz,y € R,

hence
J—1

J—-1
E (UjH) h < E (v +h vih. (3.2)
—1 j=1

J
By Holder’s inequality, (3.2) yields that

J—1 6 J—1
Yo @Y R <Y (0))°h,
=1 =1

J]=

this complete the proof. m
A simple computation shows that
Lemma 6. Suppose the sequence {a,} satisfies

Uni1 < e—clAtan +02€_C3(n+1)AtAt,
where an, >0, Vn € N, ¢; >0, i =1,2,3, then there exist ¢y > 0, o0 > 0 such that

an < c4€fanAt.

4. Asymptotic Behavior of Implicit Difference Solution

In this section, we intend to study the asymptotic behavior of solutions of (2.1). It
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follows from (2.3) that

I ALA O
n n n +
160 7113 = Nl 13+10 (v ™ — op)l3 + 24t 3 (TJ) h

j=1

J-1 ApA_ !

n 3
=23 ()" = (u))’ )hihm
j=1

From Lemma 1 it follows that there exists 8 > 0 such that

16vR T = 6vRl3+10(vp ™ = vi) I3 + Atf6%u I3 + 0At v 3

ALA_ ,Un—l-l
+1 +
< 22 i ]) )hihAt (4.1)
A simple computation shows that
J—1 J—1 5 5
1 1
S AL A Wt = =3 () — () - et
j=1 §=0
. 2 1 1 142 1 1
Z witd — PO + e (T - o
1= 2 2 2
1 1 1, n+1 1
= - (A+v?+ ) (i)™ + ™+ (uf )]
=0
! 2
Z ;Li—ll + u;z_—ii_-llun—l—l + (U;H-l) ]A+U§L+1.

Similarly,
& 2 1
Z (u ) ALA_ v”“ Z Ajuif(ujig) —|—uj+1u; + (u]) ]A+v?+ .
j=1

Hence from (4.1) it follows that

16wy 13 ~ H5vhH2 + (o = o3 + At 3 + 0AL|ovy |3

A+Un+ 2 n+1 n+1 n+1 n+1
— )1+ (e

j j n 2 n n n
-2 - 4 7; ()™ + w4 (u “) JhAt
Jj=0
=LAt A n+1
+U +v *
b2 SR (e 2+ () A

+%5 2 n 2 n n u”
:-22(%) () a4 () hAe
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— A+u A+Un+1

Z

———A;hAt

u A+Un+1
Z —1 A;hAt, (4.2)

where

o (,n+1 2 n+1, n+1 n+1 n+1, n+1 *
Aj =) oo+ (o)) 200 g 4 200

1, % 1, *
+ v;““ uipy + v;‘j_’l uj. (4.3)
(4.2) implies that there exist p > 0, ¢ > 0 independent of h, n, At such that
1 1 1 1
15713 — H5’Uh||z 10w = w13 + Atla*u T + pAtflduy 3

<MZ (A+“ ) A2hAt. (4.4)

By Lemma 3, it follows from (4.4) that

16wy 113 = llowi 13 + 1o vy ™ vh)llz+A7f||52 n B + Ao I3

J—-1
<r( Y @y hat+ Z (vt *hat)
J=0 j
<7 ([l I3 lvn 2 + Hv"“H JAL. (4.5)

From Lemma 4 and Lemma 5, there are constants M > 0, « > 0 inpendent of h,n, At
such that

10513 — 180113 + 1o Tt — o) 13 + Atl| 8% 3 + pAtluy ™3
< Mexp{ - §(n +1) At} AL (4.6)

Therefore by Lemma 6, we have
Theorem 1. Let the discrete function uj and uj be the solution of difference
equation (2.1) and (2.2) respectively. There exist constants My > 0, 3 > 0 independent
of h,n, At such that
6 (uh — up)[I3 < Mye "4,

By (4.6), it suffices to show that from Theorem 1:
Theorem 2. Let the discrete function uj and uj be the solution of difference

equation (2.1) and (2.2) respectively. For any positive integer s, there exist constants
My > 0, A > 0 independent of h,n, At such that

Z H62 n+i Z)H%At < M2e—/\nAt'
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Remark. Let u* be the solution of (1.2), ¢, = {¢; |  =0,1,---, J} be the discrete
function satisfies ¢; = u*(z;),j = 0.1,---,J. By the well-known energy method, there
is C' > 0 such that

18, — ¢n)ll2 < OR2.

The authors are grateful to Prof. Zhou Yulin for his useful suggestion and discussion.
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