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Abstract

In the paper we are concerned with double S-breaking cubic turning points of
two-parameter nonlinear problems in the presence of Z;-symmetry. Three extended
systems are proposed to determine double S-breaking cubic turning points. We
show that there exist two kinds of singular point path passing through double S-
breaking cubic turning point, One is the simple quadratic turning point path, the
other is the pitchfork bifurcation point path.

1. Introduction

Many natural phenomena possess more or less exact symmetries, which are likely
to be reflected in any sensible mathematical model. Idealizations such as periodic
boundary conditions can produce additional symmetries. Phenomena whose models
exhibit both symmetry and nonlinearity lead to problems which are challenging and rich
in complexity. Problems with symmetries can show a rich bifurcation behaviour. The
occurrence of multiple steady state bifurcation is mostly due to underlying symmetries.
This gives rise to the difficulties to numerical computation. However, in the recent
years, the tools provided by group theory and representation theory have proven to
be highly effective in treating nonlinear problem involving symmetry. By these means,
highly complicated situations may be decomposed into a number of simpler ones which
are already understood or are at least easier to handle. In the presence of symmetries,
the codimension of singularity reduces considerably and the symmetric systems have
some special equivariance (see Golubitsky et al. [2], Werner and Spence[6]), which can
simplify the bifurcation analysis near the multiple singular points and the numerical
computation.

For the bifurcation analysis and numerical computation of double S-breaking
quadratic turning points, See Werner[5], [6], also see recently Wu et al. [7] in which
the authors presented a detail discussion in two-parameter dependent equations with
Zo-symmetry. However, the bifurcation analysis and numerical computation of double
S-breaking cubic turning points seems to be rarely considered. The major aim of this
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paper is to present an approach for the computation of double S-breaking cubic turning
points. The main idea is that, in a sense to be precise in Theorem 2.2 of Section 2, the
double S-breaking cubic turning point is a simple quadratic turning point of the large
extended system (1.13) provided certain conditions are satisfied. Hence, we can use the
standard methods for simple turning points on this large extended system to give the
required double S-breaking cubic turning points.

Consider the nonlinear problem

flz,\p) =0, f: X xR*— X, (1.1)

where X is a Hilbert space and f € C3. We assume that f satisfies Z5- symmetry:
there exist a linear operator S € L(X) such that S # I, S? = I and

Sf(z,\p) = f(Sz,\p), Y(z,\pu) X xR?. (1.2)
Then X and its dual space X’ are naturally splitted into
X=X0X,, X' =X.0X], (1.3)
where

Xs ={reX|Szx=uzx}, X, ={r e X |Sz=—z},
X ={eX'|vS=vy}, X, ={YeX'|¢v5S=—-¢}.

It is easy to show that
Yr =0, if (¢,z) € X, x X, or (¢,2) € X! x X5 . (1.4)

We specify A as the bifurcation parameter, and p the auxiliary parameter. (z, A, u)
is called a singular point of (1.1) if f(z, A\, ) = 0 and dim N ((fz(x, A, )) > 1. In this
paper, we are concerned with double S-breaking cubic turning point.

Definition 1.1. A point (zg, Ao, po) is a double S-breaking turning point of (1.1)
with respect to A if

f(@o, Ao, o) = 0, x0 € X, (
N(f7) = span{é1, g2}, ¢1 € X:\{0}, ¢2 € X,\{0}, (1.50
R(f7) ={z € X | 1z = oz = 0}, 1 € X \{0}, ¥ € X;\{0},  (
Yify #0, i #0, 1 =1,2 (

where N(fy) is the null space of fu(xo, Xo, o). R(fy) is the range of fz(zo, Ao, fto)-
A double S-breaking turning point is called a double S-breaking quadratic turning
point of (1.1) if
Di11 # 0, Dia #0, D1z # 0. (1.6)
A double S-breaking turning point is called a double S-breaking cubic turning point of
(1.1) if
D111 =0, D122 =0, Da2 =0, (L.7)
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where
Dljk = ¢Zf£m¢]¢k7 i7j7k = 172

Definition 1.2. A point (xo, Ao, po) s called a simple quadratic turning point of
(1.1) with respect to A if

f(xo, Ao, o) = 0, (1.8a)
N(f7) = span{d}, ¢ € X\{0}, (1.8b)
R(f2) ={x € X | vx =0}, ¢ € X'\{0}, (1.8¢)
VX #0, (1.8d)
U foat9 # 0, (1.8¢)
Yo # 0. (1.8/)

Definition 1.3. (x, Ao, o) s called a pitchfork bifurcation point of (1.1) if

f(@o, Ao, o) =0, xo € X, (1.9q)
N(f7) = span{d}, ¢ € X,\{0}, (1.9b)
R(f7) ={z € X [y =0}, ¢ € X;\{0}, (1.9¢)
by = P(fopdur + fird) # 0, (1.9d)
Yo #0 (1.9¢)
where vy, is defined by
foux+f5=0, wvy€Xs. (1.10)

A pitchfork bifurcation point (xo, Ao, po) s called a quadratic pitchfork bifurcation
point if
by = U(forad® + 3frzv.0) # 0 (1.11)

where v, is defined by
fove + f2,00 =0, 0. € X, (1.12)

In [5], [6], the following two extended systems were used to compute double S-
breaking quadratic turning point.

f(z, A 1)
Fi(z,0,\,p) = fud =0, =12 (1.13)
lig—1

where I} € X!, Iy € X] such that l1¢; — 1 =0 and lago — 1 = 0 respectively.

The following theorem ensures that the double S-breaking quadratic turning point
can be detected by solving (1.13) via Newton’s method.

Theorem 1.1.16]  Let (20, No, o) be a double S-breaking quadratic turning point
of f(x,\, ) = 0 with respect to A\. With F(x,p, A\, p) given by (1.13) considered as
a mapping on Xs X Xy X R for fived p = po, then Fi(z,¢,\,u) = 0 is reqular at
(o, iy Ao, 10), @ =1,2. Here and below o =s ifi=1 and o = a if i = 2.
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An outline of the paper is as follows. Section 2 contains a discussion about double S-
breaking cubic turning point. We show that there exist two kinds of singular point path
passing through the double S-breaking cubic turning point, one pitchfork bifurcation
point path and one simple quadratic turning point path. In Section 3, we propose three
extended systems, which could be used to calculate double S-breaking cubic turning
point. Two numerical examples are given in Section 4.

2. Double S-Breaking Cubic Turning Points

Lemma 2.1. Let (xg, Ao, po) be a double S-breaking cubic turning point. With
Fi(y,p) mappingY x R —Y = X, x X, x R, we have
(i). For o =s, N(Fy) = span{®{}, R(F,) ={y €Y | ¥y = 0}, where

F; :Fly(yO):U’O)) Yo = (SUQ,le,)\O), (210)
@ng = (¢17Z170)T7 \I/i = (4171?170)7 (216)
for1 + fox191 =0, 21 € X5, l121 = 0, (2.1¢)
le; + ¢1f;x¢1 = 07 le)\o + ¢1f§x¢1 = 0) Cl € X; (21d)
(ii). For o =a, N(Fy;) = span{®{}, R(F,)={y €Y | ¥{y =0}
where
Fy = Foy(yo, o), Yo = (zo, P2, M), (2.2a)
®f = (¢1,20,0)", ¥§ = (Co.¥2,0), (2.:2b)
foz0 + fop®102 =0, 20 € Xy, 1220 =0, (2.2¢)
Cofy + afonpa = 0,C0fx + Yafiud2 = 0,0 € X (2.24)
We notice that (1 in (2.1d) and (o in (2.2d) are determined uniquely.
Proof.
(i) For o = s, consider
Fp,W =0, w= (wi,wa,c0)t, w; € Xy, wy € Xy, ¢0 € R. (2.3)
Expanding (2.3) we have
f2wn + o3 = 0 (2.42)
JezPrw1 + frwz + cofrp¢1 =0 (2.4b)
l1w2 =0 (2.40)

Applying < 91, > to (2.4a), we have cop1 fy = 0. Thus ¢ = 0 since ¢ f§ # 0. We
may assume wj = a1¢1. Substituting w; = a1¢1 and ¢y = 0 into (2.4b) we derive

o fra®101 + frwe =0 (2.5b)

Due to (2.5b) together with (2.4c), we may assume wg = o2, where 21 is defined by

Joa®P101 + foz1 =0, 21 € X,l121 =0.
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Therefore
N(F},)) =span{®3}, @5 = (¢1,21,0)".

Consider
§-Fr, =0 (2.6)

where & = (£1,&2,¢1) € X, x X! x R. Expanding (2.6) we derive

§ify + & fra01 =0, (2.72)
Safy +ali =0, (2.7b)
§fy +&frd1 =0, (2.7¢)

From (2.7b), we obtain cjli¢; = 0, thus ¢; = 0 and we may assume & = (1.
Substituting & into (2.7a), (2.7c), we then assume & = (31¢; where (; € X! is defined
by
Cfy +V1fepdr =0, QfS + 13,01 = 0.
The proof of (i) is completed. Similarly we could prove (ii).
From Lemma 2.1 we know that Fjy,(yo, o) = 0, with y € ¥ = X, x X, X R, has
one dimensional null space spanned by ®f. To guarantee (yo, o) = (2o, Pi, Ao, po) is a

simple quadratic turning point of F;(y, u) = 0 with respect to p, the following condition
is assumed

¢ R(Fy) (2.8)
which is equivalent to WTFy # 0, i.e.

dj = CQfp + 1fid1 #0, foro=s, (2.8a)
dg := Cofy + afied2 #0, foro=a, (2.8b)

Now, we are in a position to state our main results.

Theorem 2.2. Assume (2.8). Let (xq, Ao, po) be a double S-breaking cubic turning
point of (1.1) with respect to \. Then

(i) For o = s,(yo,p0) = (xo0, 01,0, 0) is a simple quadratic turning point of
Fi(y, 1) | x.xx.xr2= 0 with respect to p if

D = 1 (foue®} + 3fppd121) # 0 (2.9)

(ii) For o = a,(yo, o) = (zo, P2, Ao, po) is a simple quadratic turning point of
Fo(y, 1) | x.xx,xr2= 0 with respect to pu if

Dg = wQ(f:(pjxxgi)%(b? + 2f:§x¢lzﬂ + f;x¢221) ?é 0 (210)

Proof.
(i) By a direct calculation, with ®§ = (¢1, 21,0)7, and W5 = ({1,11,0), we obtain

qjinyyq)i@i = le;x¢1¢1 =+ wl(f;xx¢? + 2f;x¢121)'
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According to (2.1d) and (2.1c), we derive

Cfpae®101 = —Cfr21 = V1frpb121

Due to (2.9),
U1 Fiyy (Yo, po)@1P7 = Dg #0

and we complete the proof of (i).
(ii) Similarly,

\I]CILFQZ/Z/(?JO) /JIO)(I)(lz(I)(ll = Cﬂf;quld)l + ¢2(f£zz¢%¢2 + Qf;nglzo)

According to (2.1c) and (2.2d), we have

Cfee®101 = —Cofp21 = Vo fppt221

Due to (2.10),

U Foyy (Yo, 110) PIPY = o f2,, 070 + 202 fo,b120 + o fopdaz1 # 0.

The proof of (ii) is completed.

The following corollary is the consequence of Theorem 2.2.

Corollary 2.3.  Assume (2.8), (2.9) and (2.10). Let (zo, Ao, o) be a double S-
breaking cubic turning point of (1.1) with respect to X\. Then there exist only solution
branch ly of Fi(y,1t) |x.xx,xr2= 0 passing through (yo, o). Moreover the solution
branch has tangent (®7,0) at (yo, o).

Theorem 2.2 is important practically as well as theoretically. It indicates clearly
a procedure to be followed for the calculation of the double S-breaking cubic turning
point (zg, Ao, po). We apply the idea of the extended system once again. The twice
extended system

FPy, ®7, 1) = | Fiy(y,))®7 | =0
L;®] —1
is regular at double S-breaking cubic turning point. Implicit function theorem insures
that there are singular solution branches I; and [, of (1.1), which pass crossly through
double S-breaking cubic turning point. Therefore, along I; and [,, 0 is always an
eigenvalue of f,.
We shall assume the following condition

A:=detk #0 (2.11)

_( D5 dg
k= < DE s ) (2.12)

Theorem 2.4. In addition to the conditions in Corollary 2.3, we assume that
(2.11) holds. Then ls and l, in Corollary 2.3 correspond to simple quadratic turning

where
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point and pitchfork bifurcation point of (1.1) with respect to A respectively, except for
(20, Ao, po)-

Proof. We divide the proof into two steps.

(a). Let (y(e),u(e)) = (z(e),0(c), Me),u(e)) € Xs x X, x R? be the solution
branch [, in Corollary 2.3. We first show that zero is a simple eigenvalue of f,(g) :=
Fo(2(E), Me), (&) for & £ 0.

Consider the following system

M(m,¢) = ( e I ) 0 (213

where

j=2ifo=sandj=1ifoc=a. m=(0,8), mo=(4;0), M:Xsx R> - X5 x R,
d=aifc=sand d=s if o =a.

It is easy to check that M (mg,0) = 0 and M,,(mp,0) : X5 Xx R — Xs x R is regular
and hence there exists a unique solution path m(e) = (6(¢), 3(¢)) such that m(0) =
mo, M(m(e),e) =0.

As for I it follows from Corollary 2.3 that (0) = ¢1, A(0) = 0, 2(0) = 0, $(0) = 2.
Differentiating f,()6(e) — 5()0(e) = 0 with respect to € at ¢ = 0 and multiplying by

ya((0) = 22

|e=0 etc.) yields

B(0) =0, fo.h1d2+ f20(0) =0. (2.14)

(2.14) implies that 6(0) = z.
Differentiating f,(£)0(¢) — B(e)f(¢) = 0 with respect to € at ¢ = 0 twice and
multiplying by 1o yields

U2 fope®102 + 202 fop 120 + V2 (for(0) + FIAN(D) + f2uii(0))p2 — B(0)hapy = 0. (2.15)

Differentiating f(x(g), A(¢), u(e)) = 0 twice with respect to € at ¢ = 0 and multiplying
by (o yields

Cofrut101 + Co(f7(0) + FIA0) + fii(0)) = 0. (2.16)
(2.15) together with (2.16) yields
Vo fruaBid2 + 20 fopb120 + o frpdoz1 + diji(0) — B(0)yago = 0. (2.17)
Generally,
LR (y(e), 1)) |e=o= FF,y5(0) + 2F1,(0)73(0) + Fiypuft(0) (2.18)

+FY,4(0) + Fy,ji(0) = 0.
Since §(0) = (£(0), $(0), A(0)) = (¢1, 21,0), 2(0) = 0, we obtain

foa®101 + f2E(0) + FIA(0) + f2ji(0) =0, (2.19a)
Fowa®t + 2fsnb121 + [, 018(0) + f0(0) + f3,61A(0) + f,61ji(0) = 0. (2.19Db)
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Multiplying (2.19a) by ¢; and (2.19b) by 1 leads to

V1 fore®i + 201 fondr21 + G fepd161 + dfi(0) = 0.

Therefore,
wl(fa(:)xxgbzl)) + 3f:1<3)x¢121) + dglu(o) =0, (220)
ii(0) = 7%‘ (2.21)
0
Substituting (2.21) into (2.17) yields
B(0) = —(D3df — Didg) /(a2 - df) = — det k/(age - dy) £0. (2.22)

Similarly for I,, we have

B(0) = det k/ (161 - dg) # 0. (2.23)

(2.22) and (2.23) imply that f;(¢) has a small but nonzero eigenvalue () for € # 0.
Notice that fg has n—2 nonzero eigenvalues, thus the zero eigenvalue of f,(¢) for € # 0
must be simple.

Let ¢(g) and ¢(e) be the left and right null vectors of f,(e) respectively such that

Y(e)fale) =0, 1(e) € XG\{0},9(0) = vy, i = 1,2, (2.24a)
fo(e)o(e) =0,  é(e) € Xo\{0},0(0) = ¢s,i = 1,2. (2.24D)

(b). In order to prove (z(e), ¢(e), A(€), u(€)) € ls correspond to single quadratic turning
points of f(x,\, u) = 0 for € # 0, we need only to confirm that, for € # 0,

P(e)fale) #0, ¥(e)d(e) #0, (2.252)
d(e) := (e) fau(€)P(€) () # 0. (2.25b)

(2.25a) holds since 91 fy # 0, 11¢1 # 0. We now prove (2.25b). Obviously,
d(0) = 1 frx0101 = 0.

The first derivative of d(e) with respect to € at £ = 0 yields

d(0) = P(0) fopd161 + V(0)(frad(0)Pr161 + 2f2,$16(0)). (2.26)

Differentiating ¢ (¢) f,(¢) = 0 with respect to € at € = 0 leads to

P(0) fy + Y1 fond1 = 0.
Recalling #(0) = ¢4, d)(O) =21, fo.0101 + fyz1 = 0, we obtain

d(0) = —(0) 221 + U1 (foue} + 2fSpb121)
= wl( :gasmgi)% +3 ;x¢1zl) = DS 7& 0.

So (2.25b) holds for € # 0.
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Next, we deal with /,. In this case, ¥(e) € X, ¢(c) € X4,2(e) € X,. To prove
(z(e), A(e), u(e)) €l is pitchfork bifurcation point of f(x, A, ) = 0 for € # 0, we need
only to confirm

b(e)ple) # 0, (2.27a)
() (faz(e)va(e) + frale))d(e) # 0 (2.27b)

where v)(¢) is defined by
fz(e)ua(e) + fale) =0, wvyr(e) € Xs. (2.28)

(2.27a) is obviously satisfied since ¥opg # 0.
The difficulty here is that vy(e) does not exist for ¢ = 0. To overcome the trouble,
we introduce the following system

S(C,e) = ( fx(s)vl(;)(; T_(el)fk(e) ) =0 (2.29)

where ¢ = (v(e),7(€)), (o = (61,0), S: Xs x R? — X, x R. It is easy to show that
S(¢0,0) =0, S¢(¢o,0) : Xs x R — X x R is regular and there exists a unique solution
path ((e) = (v(e),7(€)) of (2.29) such that {(0) = (p. Notice that 7(g) # 0 for € # 0,
otherwise f,(¢) would have an extra null vector which contradicts (a). Hence

ua(e) = v(e) for e #0

7(e)’
and
v(0) = ¢1.
Denote
B(e) := ¥(e) fax(e)v()p(e) + T(€)1h(e) far(€) d(e) (2.30)

From the following lemma 2.5, we know B(0) = D§ # 0. Thus (2.27) holds for ¢ # 0.
The proof is completed.
Lemma 2.5. Let B(c) be defined by (2.30). Then

B(0) = o (2,001 02 + 2feu120 + fondoz1) = D§.

Proof. A direct calculation, with #(0) = ¢1, ¢(0) = 2o, A(0) = 2(0) = 0, shows
that

B(0) = 7(0)yafordo + ¥(0) ford102 + Vo fared1d2 + V2 fopdiz0 + V2 fop20(0). (2.31)
Since (o fy + V2 fond2 =0, Cofy + Y2 fy, 2 = 0, hence
B(0) = —#(0)Co f3 — Cofe9(0) + D(0) ford102 + Vo fora®id2 + fondrzo).  (2.32)

Differentiating () fz(¢) = 0 with respect to € at ¢ = 0 yields

(0)fz + Y2 fnér = 0. (2.33)
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Differentiating f.(e)v(e) + 7(¢) fa(e) = 0 with respect to € at € = 0 leads to

fex®161 + f20(0) +7(0) /X = 0. (2.34)
Thus
Cofre®191 + Co.fz0(0) + G fx7(0) = 0. (2.35)
By (2.35), (2.33) and (2.32), we obtain

B(0) = CofSud1on + o fuud10162 + 20 £, 120
= wQ(f;zm¢%¢2 + 2f§x¢120 + f£m¢2zl) = DS

3. Extended Systems

We introduce the following three extended systems. Their regularity at the double
S-breaking cubic turning point ensures that conventional Newton’s method can be
applied. In the sequel, we assume that (xg, Ao, i) is a double S-breaking cubic turning
point with null vector ¢; € X, @2 € X,.

The first one is

fz, A p)
fz Hi: Xox Xox Xex R?2— X, x Xy x Xy x R?,
Hl(y): fxz+fxx¢¢ =0, Yy = (.CC,¢,Z,)\,/L),
lhio—1 Yo = (20, ¢1, 21, Ao, Ho)-
llz

(3.1)
Then Hi(yo) = 0, where 21 is defined in (2.1c) l; € X! such that l1¢1 —1 =0, lLhu =0
for u € X \R{¢1}.
The second one is

[z, A )
[z Hy: Xy x Xox Xgx R? = X, x X, x Xy x R2,
HQ(y) = f$z+fa:x¢¢ =0, Yy = (‘T7¢7z7)‘7/~’6)7
lap —1 Yo = (0, P2, 22, Ao, [0)-
l1z

(3.2)
Then Ha(yo) = 0, where 23 is defined by

fozo+ fodada =0, 22 € X, 1120 =0.

lo € X! such that lagg — 1 =0, lou =0 for u € X,\R{¢2}.
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The third one is

fleAp) ]
fx(b]sc‘;ad)s H3;XS><X5XXa><XaXR3
zPa — XX Xs X Xgx X, x R3
H = 22t Jz2PsPa =0, , 33
S(y) f ll¢f—(i (z) y= (330’ ¢sa¢aaz7>\aﬂaa)v ( )
l2¢z 1 Yo = ($0,¢1,¢2,ZO,)\07N050)'
ZQZ

Then Hs(yo) = 0, where zj is defined in (2.2c).
The following theorems describe the regularity of the extended systems.
Theorem 3.1. Assume (2.8) and D§ # 0. Then Hi(y) = 0 is regular at yo =

(w0, @1, 21, Ao, o)
Theorem 3.2. Assume (2.8) and D§® := 1 fr,, 0102024291 fr d220+01 fopdr22 #
0. Then Hy(y) = 0 is reqular at yo = (z0, ¢2, 22, Ao, [0)-

Theorem 3.3. Assume (2.8) and D§ # 0. Then Hs(y) = 0 is regular at yo =

(w0, @1, P2, 21, Ao, 10, 0)-
We only prove Theorem 3.1. The proofs of Theorem 3.2 and Theorem 3.3 are
similar.
Proof of Theorem 3.1.
We consider
DH?- Y =W (3.4)

where DHY denote the Jacobian of Hi(y) at yo, W = (w1, wa, w3, a, B) € X x X X
Xsx R% Y = (y1,y2,y3, \, 1) € X5 x X5 x Xg x R%. Expanding (3.4) yields

foyr + MY+ ufy, = w1, (3.5a)

fea®ryn + f2y2 + Af3001 + 1f a1 = wo, (3.5b)

(fox21 + foua®101)U1 + 2f0,0192 + frys + AM(frez1 + freaP161) (3.5¢)
+1u(fpz21 + flza®101) = w3,

hy2 = a, (3.5d)

liys = 5. (3.5¢)

Multiplying (3.5a) by ¢; and (3.5b) by 1 and using (i fe + Y1 fo,d1 = 0, Gfy +
rf,01 = 0 yields

- di = Qi + Yrws. (3.6)
Since dj # 0 we can uniquely determine p = (Guw; + Y1we)/d§. Substituting p into
(3.5a) and multiplying it by 11 yields A = 91 (w1 — pf) /91 f5. Then we may assume
that y1 = c191+91, g1 € X, is uniquely determined by fyo1 = wi—=Afy—uf,, ligr = 0.
Substituting y;, A and p into (3.5b), we derive

C1fpe®101 + fryo = w2 (3.7)
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where wy = wy — fr,0191 — Af5, 01 — w01
From (3.7) and (3.5d), we may assume that yo = g1 + c121 + 2, 72 € X is uniquely
determined by fog2 = wa l172 = 0. Substituting y1, y2, A, p into (3.5¢) we have

1 (fopa®t + 3fontr21) + afopdribr + foys = W3 (3.8)

where W3 = W3 — )‘(f)\oazzl + f:\sz(bl(bl) - /’L( /iazzl + fﬁxx(bl(bl) - ( :?:czl + fa?xqslﬁbl)gl -
2 fga®192-
Since D§ # 0, ¢ = 11ws/D§. Substituting ¢; into (3.8), we derive

foys = W3 — c1(fopa®? + 3fond121).

Together with (3.5e), we may determine y3 uniquely.

From the preceding procedure, we can easily show that if W = 0 then Y = 0.
Applying the open mapping theorem, theorem 3.1 is completed.

To compute the double S-breaking cubic turning point, we first restrict our attention
in X x X; x R? and use the extended system Fi(z,¢,\, 1) = 0 to get the quadratic
turning points, which are on [s, by Newton’s method. When Newton’s method does
not work for F; = 0 for some g, we turn to use system (3.1) to find some high
singular point (xg, Ao, po). Just as shown theoretically, (3.1) can be solved by Newton’s
method practically due to its regularity at the double S-breaking cubic turning point.
Similarly, we use Fy(x, ¢, A, 1) = 0 to obtain pitchfork bifurcation points, which are on
la, by Newton’s method near (zg, Ao, po) and expect to find the signal that Newton’s
method does not solve Fy = 0. If it is so, we use (3.2) to find the solution (x1, A1, f1).
It should holds that zg = x1, Ao = A1, po = w1 at double S-breaking cubic turning
point. We finally solve (3.3) to make sure that (xg, Ao, pto) is a double S-breaking cubic
turning of f(z, A\, u) = 0, namely, the solution of (3.3) should be consistent with those
of (3.1) and (3.2). We will give a numerical example to show the procedure in section
4.

4. Numerical Examples

Example 4.1. Let h: R® x R? — R" possess a complex analytic extension H
H:C"x R*— C™ H(z,\p) = H(z,\,pn), z€C" (\u) € R

Identifying z = u+iv € C" with x = (u,v) € R?", H is transformed into g : R?" x R? —
R?" where

_ gr(uavv)\nu> _1 H(U‘FZ.U,)\,/L)‘FH(U*Z"U,)\,,M)
g(u’vv)\,,u) B < Qi(uﬂf,)\aﬂ) ) B 2 —l(H(U—f—ZU,)\,,U,) _H(u_ivv)‘au)) ‘
(4.1)

I
Then g(u, v, A\, u) satisfies Zo-symmetry, with S = [ 0 _OI ], since

gT(ua -0, A7 ,U’) = gr(% v, )‘7 M)? gl(ua -0, )‘7 /'L) = _gl(u, v, )‘7 /'L)
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It is easy to check that
Xs={(u,0) |lue R"}, X,={(0,v)]|veR"}.

It can be shown that, (ug,0, Ao, po) is a double S-breaking cubic turning point if
and only if (ug, Ao, po) is a simple cubic turning point of h(u, A, ) = 0 ([1]).
uf — A+ pet +1

(p + Dug + us,
u = (u1,u2), (0,0,1,0) is a simple cubic turning point of h(u, A, u) = 0 with respect to
A. Consider the complexification of h.

For example, consider n = 2, and let h(u, A\, u) = . where

u$ — 3uivy — X+ pe't cosvy + 1
(1 + Dug + ui — 3ugv3
3u%v1 — v:f + pe¥t sinwvy
(4 1)vg — v3 + 3udvy

H(z, A\ p) = =0 (4.2)

where x = (u1,u2,v1,v2). Let x = (u1,u2,0,0) € Xs, ¢s = (t1,%2,0,0) € X5, ¢pg =
(0,0,t3,t4) € Xq, 2 =1(0,0,21,22) € X4. Then (3.3) can be written in the form

u — X+ pet +1
(n+ Dug + ud
(3u? + pe™ )t + aty
(u+ 1+ 3u3)ty + aty
(3ui + pe )t
Hj(y) = (b + 1+ 3uj)ty =0
(3uf + pe't)z1 + (6ur + pe' )tits
(,u +1+ 3’11%)22 + 6ustaty
t1 —1
t3 —1
21

where y = (uq, ug, t1,to, t3, ta, 21, 22, A, i, @). Newton’s method is applied. The numer-
ical results are shown in Table 4.1.

Table 4.1
iteration uy U2 A w a |0yl
0 0.500000  0.500000 1.500000 0.500000  0.200000

1 -0.249999 -0.063287 2.062497 1.284792  0.000000 0.784E+00
2 -0.025000 -0.038281 1.176562 -0.096473 -0.000001 0.308E+00
3 -0.000000  0.000018 1.000000 -0.000001 -0.000000 0.332E-01
4 0.000000  0.000000 1.000000 -0.000000 0.000000  0.140E-03
) 0.000000  0.000000  1.000000 0.000000  0.000000  0.116E-09

Example 4.2. Consider the following two-point boundary value problem

(4.3)

2" +4m? x4 (z — Acos2mt)3 + 1007 cos 2t + 4px =0, 0 < t < 1,
z(0) = z(1), 2/(0) =2a'(1).
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Let
X = {o € C2(0,1)|2(0) = (1), 2/(0) = #'(1)}.
It is easy to check that (4.3) is Ze-symmetric with S : Sz(¢) = 2(1 — ¢). Thus X is
splitting into:
X=X:8X,
where
Xs={z € X|z(1 —t) =z(t),2'(0) = 2/(1) = 0}
X, ={z € X|z(l —t) = —z(t),z(0) = z(1) = 0}
In order to discretize (4.3) we use the central differences on the mesh points z; =
jh (j=1,---,N —1), where Nh = 1, and we use the following to discretize z’(0),
r1 — X0 o9 — X0

2 h 2h

Similarly to 2/(1), we take N = 60.

First we use the extended system F(z,¢,\, u) = 0 restricted on X, x X x R?
(cf (3.13)). We can get the following quadratic turning points of f(x, A\, u) = 0 with
respect to A, which are on [, as follows by varying pu:

Table 4.2

r A 20 a(})
0.06 0.765439 2.766062 -2.766062
0.04 0.832624 2.522726 -2.522726
0.02 0.906216 2.170575 -2.170575
0.01 0947741 1.889519 -1.889519
0.005 0.971052 1.668516 -1.668516

when p = 0.0, the system F; = 0 is not solved by Newton’s method. Thus, we turn to
solve the system (3.1) by taking the last row of Table 4.2 as initial estimate. We get
the following solution:

Table 4.3

i A 20 ()
0.000000 0.999268 0.999229 -0.999229

Similarly, the system Fy(z, ¢, A\, 1) = 0 restricted on X, x X, x R? is used to get the
following pitchfork bifurcation points of f(x, A, ) = 0 with respect to A, which are on
lq, by varying u:

Table 4.4

7 A z(0) (3)
0.03 0.606641 5.171305 -5.171305
0.02 0.799543 4.037104 -4.037104
0.01 0.911529 3.049549 -3.049549
0.005 0.957533 2.428533 -2.428533
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At = 0.0, Newton’s method also doesn’t work for F, = 0. The system (3.2) is applied
by taking the last row of Table 4.4 as the initial guess and the following solution is
obtained:

Table 4.5

i A o0 a(d)
0.000023 0.999084 0.999197 -0.999197

Using the value in Table 4.3 and Table 4.5 as the initial guess for the system (3.3), we
can get the following solution by Newton’s method:

Table 4.6

i A 20 o)
0.000023 0.999084 0.999016 -0.999016
Table 4.3, 4.5, 4.6 may be regarded as the same point, that is the double S-breaking
cubic turning point of f(x, A, u) = 0 with respect to A under considering the perturba-

tion of discretization. In fact, we can check that (z, A\, u) = (cos2wt, 1,0) is a double
S-breaking cubic turning point of (4.1) with ¢1 = cos 2nt, ¢9 = sin 27t.
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