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Abatract

In this paper, we propose a new kind of pseudospectral schemes with a restraint
cperator to solve the periodic problem of Navier-Stokes equations. The generalized
stability of the schemes is analysed and the convergence is proved. Numerical results
are presented also.
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§1. Introduction

We consider the periodic problem of Navier-Stokes equations as follows:

du(z,t)
at

E (U[:L‘, t) | v)U(Ii t) % vP(zi t) - VvZU[I'It) = f[zr t):

(z,t) € 01 x (0, T}, (1.1)
V- -U(z,t)=0, (z,t)ex]0,T]
U(z,0) = Us(z), P(z,0)= Pz}, z€ll

where {1 = [0,27]",n = 2 or 3, v 2 0. U = (Uy,---,U,) is the velocity. P is the ratio of
pressure to density. The functions Uo, Po and f are given with the period 2x for all the
space variables. We require in addition

f P(z,t)dz=0, VYte[0,T]J.

It is well known that if the genuine solutions of PDEs are infinitely differentiable, then
the convergence rates of their spectral/pseudospectral approximations are infinitel!]. Hence
they have been widely used in computational fluid dynamics!?l. The pseudospectral methods
are easier to implement. But they are not as stable as the spectral ones due to “aliasing”.
Therefore some authors proposed the filtering techniquesla‘f’]. In this paper, a new kind
of pseudospectral schemes with a restraint operator is constructed to solve (1.1). The
generalized stability and the convergence are analysed. In particular, the uniform stability
and convergence (independent of the coefficient ) are obtained in some cases.

* Received July 8, 1988.
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§2. Notations and Lemmas
Denote by (-,.) and | - || the inner product and norm of L3(N) respectively. Let || - [|,
be the norm of L=(0). || - Il. and |- |u denote the norm and semi-norm of H#{(1). Define
Co () = {u/ue o= (), 4 has the perio

— X is strongly continuous, ||uf|fx = omax lu(t)ix).

Denote by Z the set of integers. For k — (ky, - ykn) € 27 et koo =  max |k, | and
asn

e 1/2 T

lk| = ( z kf) . For a positive integer N, we define

g=1

(Pe(uv), w) = (Pﬂ[wu},u), Vu,v,w € Wy.

(2.1)
Lemma 2,119, Ifuve Vi, then
(Dlulf < nN?u)?, (2.2)
(ii)lusl < n(2n + 1) (lal|?|v)? + ol uf3). (2.3)
Lemma 2.2(6!,

0< u<o, then for all y e H7(0),

| Py u — ul|, < CN#=%y|,.
If in addstion o > n/2, then

[|Pou — ull,, < CNH=%yl,.
Now we define the restramt operator R, for r > 1, 1e., if

u(x) = Z T

[k|<N

Fule) = 32 (1= (F) Juer=.

k[ <N
Lemma 2.3, fO0Lu<or>g—

then

4, then for all 4 e Wy,

So,r> #, we have clearly that
+ ' k|27 o1k 20+ 2(u-0) -
I Rew — w2 < cm\% i () jurf? < CN2B=o)y2.
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1+ 5+ . s
Lemma 2.4. Ifu,ve Wy, we Hp+ 4 T(ﬂ),"r > 0, then there ezists a posilive constant

C depending only on r and -y, such that
dR,u dv
S < i

Proof. This Lemma can be proved in the same way as in the proof of Lemma 6 of [5].

§3. The Pseudospectral Schemes

T
Let 7 be the mesh size of the variable t and S, = {t = kr/f0< k< [—] } Let u;(t) be
T
the first order forward difference’quotient. Clearly
2(ue(t), u(t)) = (lule)]|®)e — 7llue ()] (3.1)

There are two key points for solving {1.1} numerically. Firstly, the incompressible condi-
tion should be treated reasonably. Chorin!”l proposed the artificial compression method and
Guo Ben-yul8l improved it. We follow the idea of {8] to approximate the following equation

® P
ﬁﬁ; +V-U— By, V2P =0, B,v1>0.

Secondly, the conservation laws should be simulated. As we know, the solution of (1.1)

satisfies :
fU(:n,t)dm:[ Ug(:r)dz+f /f{m,t')d;z:dt',
( 0 0 J0

1T (@))2 + 2 f () 2de’ = ol +2 f (U(), £(¢)de'.

In order to keep the analogous properties for numerical solutions, we define

i

d(w,v) = % Z{Pﬂ(uq g::] + gi—q[Pﬂ(qu))), Yw e Wy, ve (Wy),
d(u, v) = (d(uy,v),d(uz,v), -, d(un, v)), Yu,v € (Wx)™,
From (2.1), we have for all u,v,w € (Wy)",
(d(xu, v), w) + (d{w,v),u) =0, (3.2)
(it vh 1) = —% SV -, u,). (3.3)

A kind of pseudospectral schemes with the restraint operator K, for filtering is to find
u(t) € (Wn)" and p(t) € Wy for t € S, such that

us(t) + R d{ R, (u(t) + bruc(t)), ult)) + Vip(t) + orpe(t)) — V2 {(u(t) + fruet))
o RrPcf(t):

Bpe(t) + V - (u(t) + oru(t)) — B V3(p(t) + 07p.(t)) = 0,

H(G) == P.L-Uﬂ! P(O) I PGP[].,

(3.4)
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where §,0,8 > 0 are parameters. By (3.2} and (3.3), the solution of (3.4) satisfies the
tollowing discrete conservation law:

,/;'; u{z,t)dz = Lu(z,ﬂ)dz + TtTZ::;,/;I [R,.Pﬂf[:c,t') + %(‘G’ - Rou(z,t'))

n

& ( Z R (uy(z,t') + 67uy, (=, t’)))] dz,

g=1
and if in addition § = ¢ =6 = 1/2, then

t—r7

[w(@)I +BpA2 + 5 - (vlule) + ult' + )i + Bralp(e') + p(¢! +7)[})

1! =10
f -

= [[u(0)|12 + Blip(0)|12 + 7 D _ (R Pf(¢'), ult') + u(t’ + 7).

ti=1

84. The Stability

Suppose that the initial values u(0), p(0) in (3.4) have errors iy, fy and that the right-
hand terms in the frst and second equation have errors f and g respectively. Then the
errors 4(t), p(t) of u(t) and p(t) satisfy

de(t) + Red(R-(G(t) + 67ie(t)), u(t) + &(t)) + Red( R, (u(t) + 6rwe(2)), 4(¢))
+V(B(t) + orp(t)) — vV2(a(t) + 874, (8) = f(t),
B5(t) + V - ((t) + orie(£)) ~ B VR (5(e) + 0754(8)) = 5(2),
2{0) = 4, p(0) = Po.
Consider first the case ¢ < 1/2, Let ¢ > 1 and ¢ > 0 be constants to be chosen below.

Taking inner product of the first equation of {4.1) with 24(t) + art,(t), we have from (3.1)
and (3.2) that

(IE(E)[1%)e + 7(a — 1 — )|l (¢) |* + (V(B(¢) + o7Pe(t)), 2a(t) + ariiy(t))

(4.1) .

3
+2ulii(t) f + vr(8 + ) (B(0)R)e + vr(Ba - 8 = 2N () + D Falt)
m=1
2

< &)l + (1 + A2, (4.2)
where

Fiy =r(a—28)(Rd(R &, u+ t),4:}, Fp=2(Rd(R,(v+ dru),u), i)},

F; = ar(R,d(R, (u+ dtw,), &), ;).

Taking inner product of the second equation of (4.1) with 2p(t) + arg(t), we have from (3.1)
that

BB )e + Brla — 1 — e} ||Be ()] + (V- (G(t) + ori(t)), 2(t) + arfe(t))

+28{p(t) [T + Brar(0 + %]( B(t}i)e + Prir?(fa — 6 - ;)[ﬁ*(t)ﬁ (4.3)
-‘I'{i!p2
<BIFIP + (5 + T2 130"
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Let

n(t) = [(V(B(t) + orfe(t)), 20(t) + ariia (1)) + (7 - (#(¢) + or&a(t)), 26(2) + arhe(t))];

and b > 0 be an undetermined constant. We have

n(6) = rla — 20| (V5(t), e (8)) + (7 - &(t), 5 (2) (4.4)

and
n(6) < (a0l + Bl 017) + "2 (a0 + D) (4.9

Adding (4.3) to (4.2}, we have by (4.5) that
(1O + BIFEIP): + rla— 1 — e — ) E (I + Ble(e)i?) + (20 - nrle ;"” ) 1E()f3

+(20v1 - “"“;ﬁ"’znﬁ(t)ﬁ + (0 + D) AUO R + pralFE) e +77(0a =6 = 3)

3
x (vl ()2 + B ®)B) + D Fml) < 5017 + BIFDI® + G 2) (4.6)

m=1

where

Gyi(t) = (1 + —-——)(Ilf(t)ll:'3 —-IIﬁ(f)llz)-

We denote hereafter by C a general constant independent of v, N,7,u and p. Now we
are going to estimate |Fi,|. Firstly,

r(a — 26)*
4g
Let 4 > 0 be a constant. By using Lemma 2.1, Lemma 2.3 and the embedding theorems,

Bﬁm|

we get
|R.d(R.ii,u)]| < C f: (oo 22| + || 52
et =] By 8z,

RdRGDI<c Y (PG ag;f’")H+\|£;;(Pc(ﬁuﬂrﬂm))\l)

m,y=1

< CN™2||4|| - [dls.

[Fu| < erflde||* + | R.d(R i, u + G)||°.

i) < CN Il 1L

Hence

I"z | Cf(ﬂ"‘ 25)2

|F1| < erlji] (N lulil Nal? + N7l a)- (4.7)

14 5+

Secondly,
3

1P| = 2|{d(Re(u + 67w}, &), BeG)| < ) Uml,

m=1
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where
n ) 3 )
I = mEI(PE[quR,.(um 4 67tme)), Rrtim),
= e B w8
I, = z (Pﬂ[uq-é————R,.um + [R,um)é-—uq),}i'f(um + 6TUpme) ),
m,g=1 e *q
i 3 ¢ a _
Iy = Z (Pﬂ ((R,.um) : E E-;uq), R (u,, + 5rumt)) ;
m=1 q=1 9

Then by using (2.1), lemmas 2.2-2.4 and the embedding theorems, we have
|[Fa| < Cllu+ 81w, :zlt.ju,.(llﬂ'i'-ll2 + [|&]| ||V - @) (4.8)
and so |
V. C il
1Bl < SHR + (Cllullly g4y + Olllulll g 2., (80 (4.9
Finally, we have from (2.2) that
Cra*N

s < erfll? + [l - ., J5IP. (4.10)

A
By substituting (4.7), (4.9) and (4.10) intn (4.6), we get

(& + BNB(EN)e + 7(a — 1~ Be — ; Ml5e()I2 + BB (D) + (v (“ — 2")2

JNG(e) I3

ﬂ.T(ﬂ — 20‘)2 i 7 a & 2 ~ 2 2 o
+2pvs = ") ()3 + (6 + S) (NSO + Balp(e) D) + 7(0a — 6 - 7)
x (v|@(t) [T + Brilpe(t)3) < Co(lla(e)l® + BlEENI2) + é1(8) (e} + Ga(2), (4.11)
where
CrN? C
Cr=14 =T (@ + (a = 200)Iull?, o, + (Sllulll 3.4y + ONllullly 2,
a0 = -2+ E 2 a_asppae

We assume 7 = O(N ~®),3 2 2 and fix the values of positive constants ¢, b,rp. Then we

choose the parameter a in three different cases:
(i) f 8 > 1/2, we take

20

a > a, :ma.x(1+35+g+fu:29_l)
and so
a1 =8¢ = )@ (O + BIF()I) + r2(0a — 6 — 2l l)} + BB (0))
> ror(lE 1 + ARG (412

(ii)) f 6 = 1/2, then we take

b 1
a > ap = 1+ 3 + 5 o 4 'E-TH.N:Z max(u, Ul).

By (2.2), we have (4.12) also.
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2
m) If ¢ d TN
(i11) < 1/2 and TN* < = 20) max(v.21)’ then we take
143 +b/2+Fpt frnN? max(v, v )

>~ e
e 12 L+ (6 = 1/2)rnN® max(v, vy)

Thus by (2.2), {4.12) is still true.
We assume 1n addition that

nr(ﬂ — 25}2

~ bmin(v,v)

(4.13)

Then it follows from (4.11) that
I + AU + ror (15 )2 + B (I7) + S 1ol + B ) + (0 + 2)

x(v]6(t){2 + BralB(t)]3)e < CUIRNZ + BlBEP) + &u(O)|E(t)]E + Gule). (4.14)

Let

Qu(a(t), 5(¢)) = lla(e)|I* + Bl + 7 Z—: (ror ([l ()% + Blige ("))

=1}

+2([ale) G + B} ),

t—T
. . i . a,, . )
p1(fio, Po, G1,t) = [[Toll® + Bllol]® + 7(6 + 5){V|ﬂnl? + Builpol?) + 7 Y Gilt)).
t'=0

Summing {4.14) for ¢’ <t — 7, t' € 5;, we have

Q1(a(t), p(t)) < pilfio, Po, Guit) +7 i (C1Qu(a(t'), B(¢")) + &u(t') |G (£)11).

thei0)

Finally, by applying Lemma 4 of 3], we get the following result.

Theorem 4.1. Assume that the following conditions are satrsfied:
(i) v > 0,7 =0(N7?%),s > 2, and f satisfies (4.13);
2

(ii} 0 € 1/2,8 > 1/2 or TN? <

n(1 — 26) max(v,v)’

(iii) there exist to € S, and suitably small positive constant M; independent of 7, ¥,
such that p; (%o, Po,G1,t0) < MiN™*T?;

Then, there exists a positive constant M, depending only on v > 0 and [Hul]], o, such

that for all t € 5.t < o,
Q1 ((t),p(t)) < Pl(ﬁmﬁmclaf)ﬁM’t- (4.15)

Remark 4.1. If
ai, if 8 > 1}2,

26> { a, iff=1/2,
as, ifﬂ{lﬂ,

then we can take a = 26 in (4.11), and (4.14) holds with &;(t) = —v/2 < 0. Thus, under
the conditions (i) and (ii) of Theorem 4.1, (4.15) holds for all ¢ € 5.

" Next we consider the case o- > 1/2. In this case we can obtain uniform stability for
v > 0. Firstly, by putting a = 20 > 1 in (4.2)—{4.4), we can get (4.6) in which all terms with
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the parameter b vanish. Secondly, estimate F3 by (4.10), and F), and F; by the following
inequalities:

. CrN* 2 e
|F1| < e |f? (o —¢) (lllulllf n 8% + NE]),

2| < el|V uu?+o(1+|||u|||1 _+,,,)uu||2.

Thus we get
(la()l? + BlUE(E)I%)e + r(20 — 1 — Be) (e (t}||® + BllFe(¢)|*) + 2(via(e) [T + Bvi|B(t)]F)
+7(8 + o) (v|&(e) ] + B [B(t)[T)e + 72(200 ~ 0 — o) {v|G () [T + Bralfe(}]F) — €|V - &(2)|%

< Ca(la)IP + BIFOIP) + &I + 1+ )TN + SI5)12)

(4.16)
where y
Ca =2+ Z (o = 812 + oA)ullZ, o, + O+ Wl )
7 n+4+2
Ealt) = —1+ (o — 62 [ls)|.

Thirdly, take inner product of the second equation of (4.1) with V - &(t + r}. By (2.2), it is
not difficult to verify that

l1-o 5] 88y nN? . l1—o
(0= 255 - &1 = g b = ATV e+ )2 < 250N ()P
" FivinN% _ |
+(b187 + 0uar?nN7) |7 ()7 + — ()} + E!Ig(tlllﬂ, (4.17)

where b;,b2,2; > O are constants to be chosen below. Adding [4.16) to (4.17), we obtain
(1a@&)1% + BUEENI)e + 7(20 — 1 — 3e — by — Ouyrn N2)(Jla: (¢) | + Bl ()])°)

n 2
+2v|a(t)|? + Bry (2 - ’i;: WB(E)E + 7(6 + o) (v|a(t) ] + Bra|b(e)]3)e

+72(200 0 = )l ()] + B A (OR) + (o — 5% 1 = 1o~ bany
nn 2 ” =] - -
PARTN a4+ )2 < (e + 0V - @02 + CallE(0) 2
+B1IE()I1%) + &2 (e}l G(e)]|* + Ga(t), (4.18)
where

Ga(t) = (1+ ) WSO + FI51D) + 1501

Suppose that 7 and N satisfy the following condition:
14 3c+by 419+ 0ummN? 4+ 20u,nN?, if 4 > 1/2,
1+3c+b +1rp+1/2v;7aN? + 1/2rnN° max{v, 1), iff =1/2,

1+3¢e+b; +rg+0uy™nN2+ rnN? max(v, v )
(1 —28)(2 — (1 — 28)rnN? max(v,1,)) :

20

1V

(4.19)

if 6 < 1/2.
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Then we have
(20 — 1 — 3¢ — by — vy v N2) (|| () 1% + BlBe(¢)||1?) + r%(200 — 8 — o)

x{v|@e(t)[7 + BralBe()]) 2 ror{[|E(e)1* + BlI7: (£)1%).

2o — 1
Let £, 21,5, be suitably small and b < JS . Suppose

AnN? < 4b;, B < 4byr(o0 - 1/2). (4.20)
Then (4.18) can be changed into
(I8 + BUB(E)I®)e + ror(l|G:(e)[|* + BliBe(e))?) + 2v[H(2) [T + B lB(t) T

+7(0+ ) (Wl 2 + B lBOR)e +rollV 3+ P +r(e+—57) (421

X(IV - &(2)|%) < Ca(l|G(e)]1° + BUA(L)I?) + L202)(|6()1* + Ga(2).

Let

Q2((t), (¢)) = N&()II* + BlIA(e) (1 + 7 i[mr(”ﬁ;t(t')“z + Bl (¢)11°)

t'=0
+20|6{t') |2 + Bur|B(t')F + ro||V - G(t' + 7)1,
p2(tio, Po, G2, 1) = ||tal]® + Bllfoll® + 7(8 + o)(v{tiol] + Br1|Poli)

{5 _ t—r
Y - Gol|? + 7 3 Gaft).

t'=0

+7(e +

Then we have from (4.21) that

Q2(i(t), 5(t)) < p2(tic, Po, Ga,t) + 7 i(CzQz(ﬁ(f):ﬁ(t')) + &()a)®).  (4.22)

t! =0
Theorem 4.2. Assumec > 1/2,71 = O{N™?),3 > 2, and that (4.19), (4.20} are fulfilled.
In addstion, there exist a tg € S, and a suistably small constant M3 > 0 independent of 1

and N such that pa(tip,Po, G2,t) < MaN~™""2%*  Then there 1s a constant My depending
on |”“”|1+!'2-f-+1 but not on v such that for allt € S,,t < tg,

| taﬁ'[t)lﬁ(t]) < P?(ﬁﬂrﬁﬁraz: t‘)EM‘t‘ (423)
Remark 4.2. If 6§ = o > 1/2, then &;(t) = —1 < 0 in (4.22). Thus (4.23) holds for all
tE ;.

85. The Convergence

Let U, P be the solution of (1.1) and u,p the solution of {3.4). Define UN = PyU,
PN = PyP,e=UY —u,w= PN — p. We derive from (1.1) and (3.4) that

‘eg(t) + R d(R,(e(t) + e, (t)), UN{t) + e(t)) + R (R, (UN () + 67UN (t)), e(t))
+V{w(t) + orw(t)) — vV?(e{t) + fre(2)) = ,,( Z E,.(t) + VE4(t) + u?zEa(t)),

- Bwe(t) + V- (e(t) +ore(t)) ~ BV (w(2) + Orwe(t)) = —BEgs(t) — Bri V2 E(t),
e(0) = (Py — P )Us, w(0) = (Py — )R,
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where
E,=UF — ——, E;=R.d(R.(UY +6rUN),U¥) - Py((U - V),
E3 — (PN i Rrpc)fr E4 — O‘TPtN, EE. = —QTUtN, Eﬁ = PtN,
Er = -(PN -I—(?rﬂ”].

Suppose that conditions (i) and (ii) in Theorem 4.1 are satisfied. Then we can get the
following inequality just as in Section 4,

(e + Blw e + ror(lec) + Bllue(®]P) + 3 IO + Bualol) ) + r(6 + 2)

X(le())[T + Aralw(t)l)e < Cs(lle(t)I* + Bllw(e)l?) + &s(t)le()]2 + Cs(2),

where

CrN* C
o=t e WP A AN, 2y, + (SN g1 + Oy g4
v CrN?
€s(t) = — %+~ (a — 26)2e(t)
3ra2 2 5 v tnlN?%g2 rnN2a%,2
P ' 5 it K - E 2
Galf) =+~ )n; [Em (O + (5 + — MBI + (v + ———)|Es(¢)}
ra2 rniN%q?L?
+8(1+ 2 ) | Bo(8)]12 + Bv: - L) B (1)1
£ de
and obtain a conclusion like Theorem 4.1. Thus to get the convergence rates, we need only

to estimate p;(e(0), w(0), Ga, t). "
Assume g > n/2 + v and that U, P,Uy, Py and f are suitably smooth. Then it is not
difficult to show that

le(O)ll: < CN"#|Usllusr, Nw(0)lls < ON*"#||Pollymsss

and
t—r - 4 32U 12
Eift')I*<C “—, '
Tt'z=ﬂ” 1(E)]|* < Cr 3t? liL3(o,;L3)

By the second equation in (1.1), we have V - U¥ = Py (V- U) = 0. Thus

1E2(e)l| < > Jm(2),

where

() = 5 IRP. — Pu)(UP () - )X (8))],

Tt) = 5 3 IR 5—((Po - P)UF (UM (D),

Jalt) = || R Py ({U™ () V)UNG)) = P ((U(t) - VYU(2))]l,
Ja(t) = 67| R d(R.UY (¢), UN (t))].



288 CAO WEI-MING AND GUO BEN-YU

Using Lemma 2.2, Lemma 2.3 and the embedding theorems, we can show

> Iml) S ONHUWIE, Sy <[ |52 2e) WOl

m=1
Thus
t—T BU 9
E (Y12 < CN~2#|lU]||® Cr2|| — -
r 2 I < N+ 1 + €7 37 | oo, NV M
Also by the lemmas in Section 2, we have
t—r
r STUE () + I () + |Es(¢)[F) < CNT*IIF I
t’'=0
3P| % gl 1@
e (|| 5 |5
* T( ot Lﬂm,t;L?}+ ot Liqu,t;Hlp)’

e S (B + 1B )R) < Ol Msqoseea + IVPIRD)

t'=0

Consequently, we havespy (e(0), w(0), G3,t) < ¢(v)(7? + N2 + ), where ¢(v) is a constant
depending on v > 0. Furthermore assume that

nr(a — 20)?

b min(v, v )

Because s > 2 and 4 > 1, we have min(s, 2u) > n—s and p; (¢{0), w(0), Ga,t) < c{p)N—"Te,
Consequently, we can get the following results.

Theorem 5.1. Assume that u > n/2, and Uy € H#FY, Poe H¥Y17?, f € C(0,T; H¥),
U € C(0,T; H*+1) n H1(0, T; H*) 0 H2(0,T; L?), P € C(0,T; H') n H'(0,T; L?). If the
conditions (i) and (i) sn Theorem 4.1, together with (5.1), are fulfilled, then there ezists a
constant My depending only on Uy, Py, f,U, P and v > 0 such that for all t € S;, we have

Q1 (e(6), w(®) < Me(r + N"2).

Theorem 5.2. Suppese that Uy, Po, f,U, P satisfy the corresponding conditions in The-
orem 5.1, 7= O(N~?%),s > 2,8 = O(r%),0 > 1/2 and that (4.19) and (4.20) are fulfilled. In
addition, either p > (n+2—3)/2 or § = a. Then there ezsts a constant Mg > 0 depending
on U, P,Uy, Py and f, but not on v, such that for allit € S,, we have

Q2 (e(t), w(t)) € Me(r? + N72#).

< B < Cyr. (5.1)

§6. Numerical Results

Take § = 0,0 =6 = 1, N = 8,7 = 0.01 in (3.4} and choose the following two sets of test
functions:

Uy(z,t) = cos zo exp(sin z; + sin z2 + 0.1t),
Us(z,t) = — cos zy exp(sinz; +smnzz + 0.1t), (6.1)
P(z,t) = —(cos 2z, + cos 2z,) exp(0.2t};
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Ui(z,t) = —cos z; sin zg exp(—2uvt),

Uz(z,t) = sin z, cos zg exp(—2uvt), (6.2)
1
P(z,t) = — 4—[::05 2z + cos 2z;) exp(—4ut).

We consider L?-normed errors of the numerical solution u;(t), u2(t) and p(t), denoted by
E(uy(t)), E(uz(t)} and E(p(t)). Tables 1,2, show that the restraint operator R, and the
artificial compression term fv;V4p can strengthen the computational stability. But v,

should not be too large.
Table 1. Example (6.1), v = 1075, 8 = 1074, 1, = 1072

Ef{u;{5.0)) | E{u2(5.0)) E(p(5.0))
r =5 0.3756EK~1 0.3849E-1 0.6153E-1
r=50 [ 0.1021E+1 | 0.1065E+1 0.4914E+1
r=o0 | 0.2347E+1 | 0.2445E+1 0.2372E+2

Table 2. Example {6.2), v = 0.5, = 107%,r = 10
(i (10)) | E(w2(10)) | EG(L0)
0.8079E-3 | 0.7997E-3 (0.1520K-2
vy =1 | 0.5606E~3 | 0.5363E-3 0.7311E-3
vy = 10 | 0.4794E-2 | 0.3572RK-2 0.5405EK-3

=
st
I
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