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Abstract

The finite difference migration, proposed and developed by J. F. Clasrbout™], is now widely used
in seismic data processing. The method has a limitation that the events are not dipping too much.
Guanguan ZHANG derived a new version of higher—order approximation of one-way wave equation

in the form of systems of lower—order equations(®l, For these systems he constructed some suitable
difference schemes and developed a new algorithm of finite-difference migration for steep dipst3. In
this paper, we discuss the stability of thess difference schemes by the method of energy estimation.

,  §1. Equations and Difference Schemes

For steep dip migration the following system of lower—order equations can be
used™

on WUt o
i hde)
T}c? %’;ﬂ=a§1 ; ‘;ﬁg - Bt ._g;%, [==12, +-, m/2, (1.1b)

The initial and boundary conditions are

P| o=@z, t), o] < X, 0<i<T,
{P=Qt =—3§—"= ,  |oj=X ori=0,
where m is an even integer, {=1, 2, .-, %:

ﬂm.l“"“maﬂ"/ (m+1)),

3-&“1# }.;!_: (afﬂrl_afﬂ—il:ﬂ') -11;!;’ (ﬂm.l"" aﬂhf)'
It can be eagily verified™ that

ﬁlﬂ:l}ﬂy gﬁmdél/2- | (1.10)

From (1.1a), (1.1b) and (1.1c) one obtaing

1 @2? 1 8% w2, 3ﬂql-
& Do 2 00 &A™ G

0, (1.1d)
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Obviounsly, problems (1.1d), (1.1b) and (1.7a), (1.1b) are equivalent. For
m=2, (1.1a), (1.1b) can be simplified fo

?p _ ¢ Pp | ¢? g
20t 2 o 4 92’ (1.28)
-‘g—f=%§_. - (1.2h)

The approximations of p(kdz, §d¢, ndz), ¢(kdz, (§—1/2)4t, (n+1/2) 42) ,q(kdxz,
idt, (n+1/2) 42y, qi{kds, (§—1/2)4t, (n+1/2)42) are denoted respectively by

+1/2 +1/2 n+1;’2
.1, T, .f-uﬂ: Qr.g s Qix, §--1/2-

4%, 47, and 3* are defined by
d;ﬁs.f =;Pkﬂ+1l;i" -‘.pgrf; dm_}j;d “_"p;:f—ﬁf;:—ld: aﬂ nrjﬂdj‘dgpgtf*
4t 4; . 4;, 4; are similarly defined. If we let 4 dencte 4%, we have the identities
A(uv;) =i advs+ (Miy) vy =u;dv54 (Qug) 0443

= % [ (ot 2541) dvg+ (05+0550) Doy, (1.3)

(g +2uyq) duy=A(u3). (1.4)
We can approximate (1.2) by the difterence scheme
At (1 +ad®) pp, 1/ At e =i} A7 (4, s PRI DR 142+ D) / 42
I: ridr A7 (gt 2+ qri3) [ da?, (1.5a)
af qﬁ.’?‘" At = A7 (Pe, 5+ Phusen) /242, (1.5b)
with the initial and boundary conditions |

Pr,; =@ (bdz, jat),

Pen=g%i =0, |k|=K, " (1.5¢)

nd1/2

: Pra=ges =0, j=0.
The interval [~ X, X] is divided inio 2K equal parts, dr=X /E'
We can also use the following scheme

4F 87 (A +ad®) 13,3/ dt Mz — v dy 45 ( pi, J+P Vil o AT

T ] 4p) /e~ 2rid legiiHin a” =0, (1.68)
A g e/ Bt = A5 0%,/ B2, (1.6b)

with the initial and boundary conditions
Pry=@{kdw, §4),
pr=qui =0, [k|=K, (1.6c)
Pr=Qryile=0, F=0. |
(1.1) can also be approximated by the difference scheme
4F 4 (14 ad®) g}, o/ At Az = w345 A7 ( Dy PR+ DRy gea+ DoY) / 42

m/2 | |

I1I: -+ E oA A7 gbt 1/ 407, (1.7a)
A A7 g1 2 o] A8 = o AL AT gl 15 o/ A06®

+- Brdr 47 ( Pk, 1“[‘%31 + P sra T B v1) / 4aP, (1.7b)

with the initial and boundary conditions
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L S S =

AR o = S T —. e BT AT

( pe, 5= (kdw, jat),

< Pr, J=Q?rr+}+ﬂuﬂ=0 j=0, 1, (1.7¢)
| 28 s=gwi4e=0, [k|=
1
c (k.ﬁm <ﬂ.—l—— Az)
’ 1
where :r;: 3 2 ) , o= od (k Az, (ﬂ"*l-—zn)ﬁﬁ) o
1 ;
B e S
B — o (I.:Am, (n—l- 2);1@),9,,,,;/4.
From (1.1¢) one has
/2
> Bi=ri. (1.7d)
The following lemma is very useful in our gtability proof.
Lemma*, If there exists a constant Ko>>0 such thai '
% Qﬂ’j-l_-‘f_:'"i_Pﬂ.j‘QKU(P”-j+Pn+1'J+Q“'j+QH'j+1), (1‘8)
then for sufficiently small l=max {4z, 4t}, |
I=1 -1 J1
?‘PN A+ D) QM A< Oy (K ) exp[2K (N Az + J 4t) ] (2 PO + 2 Q™ "Az)
jz l‘i n=1 :

- where Co(K ) %8 @ constant.
Proof. From (1.8) one obiains

(3= —Eple it /dz} 1+K.,At(1-mdt Qre i+ g )/A,;.go.

1+ Kok 1+ Kodz \ 14+ K 4t
1-Koedz N\t 1— K 4t \?
g - 0 0
S - (1~|—K0Az ) (1+K0At ) <4

F"!-f== R"'j.Pﬂ"f, @“r!;—RﬂijQﬂr!l
Multiplying both sides of the above inequaliiy by R™/4idz, and summing up with
respect to n, 4, one obtains

Eﬁﬂ.fdt _.I_,Nﬁl 1"‘Koﬁ|t Qﬁ,JAz

§= n=0 "Koﬁz
p, Ll 14 Kol
i 0,0

When [ is suﬁinienﬂy sma.ll, one obtains

1-Kode \* .
(l—l—Kuﬁz | I =il oty

1—-Kgdt N\ - ;
(=gt ) mesnt-2x

80 that there exists U,(K,) such that

N-1

2 P34 2 QI Az

<Oo(K o) exp [2K0(Ndz+.mt)][:2: PoIg St gro x).

n=0
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§ 2. Stability of Scheme I

Tn this section we will discuss the stability of (1.B).
From (1.8), (1.4) and (1.5c) one obtains )
1 & 4 7 + A+ 47 o A g :

Az 4t E—E 4F (ph st o) 4 Aips 4z Ic--—-K( At % &1

H—-1 : K=1
A:Ata E A? (Pr.:,rl‘ﬁ-l-l) A+A+32Pk J Az = _"A .ﬂfv’ﬂ EEKA;.A: (PEI’
+ 45

o) A AF A2 = 47 L "
D) A AF A PR, 1A = (d, ~5 Phus Alm, (2.2)

- K-1
At.io‘“ 2 AF (PP 10" (Phay+ P nd LR sea P ) A

RS Afrh A (PaastEEEL) A (PR R PR R 4,
k=—K .dﬂ} | ‘dt - Am

-} Hgﬂl n A?-A: (ﬁrf""ﬂﬁj}l A+ (PE- +&“+,11+Eri+1+2 :!+1 .d.‘.'l?

k==K Atdm
+ E-1 A+ ( n+1

i Hjl Ay 7% A?(?’E-I—irf"‘"ﬁi% 1) ﬁg(?ﬁ.:"‘ﬁ"f'{‘ﬁ,Hi'FMM, (2.8)
k=—g Az Vi 4t

Using (1.5b) and the same deduction as used above, one obfaing

- -1
- 3 rhAf (st P (g gD do

A2 ==k
_ S iy A (Gaaitpiiig) 4 (giy 2 +geiiD 4,
ke—g A ﬁhﬁ Az
s Hﬁ ‘d+ (P-‘F .f+ ﬂ+1+Pk i+ _PE?H) A+‘d+ (Ekrj_!'Pk j+:12 M
k=—K yalry - 242 4z
47 S s _ 4z (P;!.'I +23;:+§+1) )ﬂ ;
24z E—E—E Jrill:( Az 4
G Ak Bt itk SGEEED b
— - 4 .ﬂm
K1 A"’ﬁ;( A"‘( -Zl_l_pkm}a_l )2 s
k-—ﬂ' 242
Lo dl Sy e Ao (??c.r%fﬂ?}’) a3 gt
. 4t k=§-:ﬂ' T Awx Az Az, | (2.4)

Multiplylng both sides of (1.6a) by Tﬁll? 4F ( p%, s+ "+1) and summing up with

respect to &k, one obtains
‘,_1;- ﬁil [ ﬂ?ﬂﬁ-f )ﬂ -—-a(ﬂ; ﬁl; ) ] fpot B + Eﬁ. (A:-(,P;. +En+1))ﬂm

E h=—K .dt ﬁﬁ k=—H
;:F = ‘d+ (?k .‘J+Pkr +1)> & ‘d;‘rk : A? (P;ﬂl+1lf+ E“Ei%li
242 E:Z-K T ( dx -+ lc——gﬂ Az At
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A:(!-I"Hm “+zl-f-‘§) A + 2 Airt A (Pﬁq—h;‘i‘ﬁﬂ :)

Am —r dz vz
o Az (pi. s+ PR +P3:5+1+PM+1) PN = WA (. W . XD, 4 g
da A v Az A
S Ak (4 (RSP » - G
+1:=— 242 ( yalry ).Am 0. | (2.5)

Multiplying both sides of (1.5a) by jﬁ

snd summing up with respect o %, one obiains a similar equality
S [ am.;) 40 S gy (LBt phsn))’ 4
T [ iEM(d” ] Az EE ﬁ( 4z =

» ...}, substituting (1.5b) into if,

Vi | 42 Az 2K
At+ K—-1 A+g£-§1.’2 -—R’-—-l A+‘T'I.: A;(Pg J+1)
Ry At EEETE( Ax ) o Ic——-E A2 ( ) da
CES Abed A (PRea st PRenaen)  Af (PRt PR +Prmf+1+Pb i)
_En:_gx Az Az Ar 4w
< A:’Tk. d:(?:-pid“"?m-;-i j+1) 45 (Q‘F-]'”E_i'ﬁ-ligg) =. -
+k§}r A2 Ax et (2.6)
Put
e 47 pr. s + APk
S k—-gjr [( ) (A_"’ At ) ]m’ )
1 H~1 d v ( d-i— K-1 A+( + -.n.+1)
w4 2 Pr, 4 e z_'pﬁ i _’Pk
Sty 2 k——E[( a7 ) 4; Az ]Am-}-k-gx [ Ar |
AF gity2 2
+ L2 fEi [ .
Then
k-1 %
mis (1 — 4a) D (*"ff’ﬂ ) de, . @.7)
. ke — K
1—4da [ & [ 479%, ﬁ+(i5‘k iy ,
u,j} - § s
2 2 L..E—:ﬂ* ( Az ) - +k§ﬁ: Tk ( yaliy |
AT N®

when. &€ (0, 1/4).
Lemma 1. Suppose Oz, 2) is a continuously differentiable fumction ond there
extst constants 0023"0, OD_, OL such that

O?(z, ) =, max 1 o < 0y, max
SRS : | . O : o2
Then for € (0, 1/4) and wﬁicémﬂy small 1=max{dz, dz, 4t},
"3
‘45“ +AESH o g, (St + 85+ S5+ S, 2.9)
Z .»:It
where K 1 28 @ constant.
Proof. From (2.58) +(2.6) /2 one obtams
45 _ S Ak A (Rt REIL) [ 4e (0%, s DR+ P gaa -+ PR 1)
A2 S + Sﬂl k-gﬂ Ya iy At [ Az -
A7 (5 +aih i 1 & 4k A (DRr1,5+ Dhat,is1)
* . | -5 .35 22 [ '
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M

[ A5 (%, i+ Py 0k, g+ Ph7 1) 4 A4 (q“"i”“-i-g :31@ ]

Az
C«'E(ﬁﬁdm, (rn.—t--%— )dz)

Since rk= 3 -~, for sufficiently small I one obfains
giri | Cp | 4ir2| Op
‘ P s | 4

Using the Schwarz j_ueqimlity one obtaing

a8 | AP Sy _ Ou[ ' (4 (PR st PRI J))ﬂ 3 & (ﬂ.f.-'? Qe+ iia
Az + pa i o <5 8 [héﬂ( At Am+2 k—_gﬂ yales

| d+m’j+ﬂ +PM+1+?£}L+1)) A+ E (AI (Peatns” "PE+115+1))2 dm] .

A e Az
<G B [(Aghe) + (L) ) o 2 (2 %’F"’“ﬂ)
o ﬂ:(pk,sz+pzﬁil .A*gjﬁéﬁ%) ]Aml Eﬂ[(ﬂ:ﬁj) (d* ,;..-..1)

<K, (S +851 I+ 83 + 83D,

where K= (C}, /4(1 —4a))max{(24/0,, 1).

Theorem 1. Under the conditions of Lemma 1, d@ﬁermcﬂ scheme (1.D3) da
absolutely stable. That is there exists a constans bos szmh that for max(dz, 4w, At <1,
and all N, J sat@sfymg Naz<D, JALT, -

J—1 J—1 E=1

b 2 (gl ) 2dwdt < Cy (K1) exp[2K 1 (D+T) ] 42 > @h,sdnd, (2.10)

§i=0 k=—K
where Cy(K3) 68 a constant depending on the constant obtained in Lemma 1.
Proof. From Lemma®, (2.9) gives

‘;2-1 S 4t +N2_:-S"2‘1"42§01(Ki) exp[2K 3 (D4 T)] [2 J At 5_‘, 850 ] (2.11)
=0 = |

From (1.5¢),

st 5,240 ol 23) | 0 B () e

70=0), | (2.12)

From (2 8), (2.9),

'1]'!. + | J=1 K~1 H |
B [ Aol Y 4ot < 1+2% o, (K exp[2K (D + T)] 349 (_ﬂ.) Audi,
Dk--—h i=0 k=

Put

Z“'fb = ,;A't, Jﬁjﬂﬂr—' 2’ qn+1j2 2 ,;dt

i... —a i=—on

where we define o, ;=¢t3"?=0 for i< — -1,
Then B2,,, rtY/? also satisty equation (1.5). So we have 'l:he egtimate

F=l K=1 A"‘"ﬁ’ J=1 -1 ffgm & |
-3 kz_ﬁ(_ﬁl ¥ ) Ao 2 <0y (K )exp[2K 1 (D+T)] ;L__E( . ) o 24,
40;

- Oy (K5) =0u(Ky) 1+
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+ 2 +
Obviously ML =n¥,, A4 j‘“" = Pk, 43

from which (2.10) is obtained mlmedlately
Theorem 2. Under the conditions of Lemma 1, there exists @ congtant o, Such

that for max (4w, dz, 4) <lo, and all N, J satésfying
NAz<D, JA<LT,
J—1 K—1

SRS (,a+p“) 4 Azqo;(_zi)exp[zm(p-i-fr)] 5= (d?;?d)”mm,

rr—'ﬂ K= --.E

where Ci (K1) is a constani.
Proof. From (2.11), (2. T, (2.8) and (2.12) one obtains immediately

ST (A D 4 200440 o (K yexp[2K(D+T)]

gy Az 1 — 4o
J—1 KE-1 + a
® > 4 @u.s ) Ax At
=0 k==K A]t

§ 3. Stability of Scheme 11

Tn this section we will discuss the stability of (1 .6). From (1.3), (1.4), (1.6b)
and (1.60) one obtaing

Atda:-’ kz{ red (Pkff'}‘ﬁ'l'l)ﬂ:ﬁlwg'?}l-pf%ﬂ 4z
K~1 .d""sr' ﬂc+ (P;: ) A-I-g nt1/2 + KE-1
_0 E % +144 P£+1,.+ T, j 172 dm+2 E ﬁ:
=y Az yal: Az
£'-1+Q'rn"-|}1 ifﬂ .:1+ K- ﬂm?ﬁ:sj a K~-1 ﬁ+‘i";¢ /.1: n+1
% Az o Vi kH—Eq.k( ) Aw+2k—-—jr Az ( ) a2,
(3.1)
Ml‘ll'blpl ying both sides of (1.6a) by ( ok, 4 piit), summing up with respect

to k£ and using (2.1)— (2 8), (8.1), one nbtalns

i+ D)

47 i [(d+ .;) N (+ ﬁ?'E;r}.g) 4 & AIPE'J)!
Az h——E o\ 4 ] — —_k..z-x‘rﬂ( da
S st (ALY gyr &G [ (S BLED)
+2k§£ ( Az T /.’1# R:—Eu-]E [TE( )
d;'gﬁff-ﬁgz A5 (ph st poit & ATk A?(Ek+1-§+ Philg)
+2r% Ax yaley ]Am_l-m;_]x Az At
o A:(ﬁ,,+ﬁ31;—m§,,+ﬁﬁjh) T
K=1 '-"-1+‘?'rc d+gn+1f%ﬂ ‘,_1+ (fk+1fj ﬁiif '
+21¢—211' o . Ar =0, (3.2)

Applying (1 +a5‘)t.‘l /At to both gides of (1.6b), and gubstituting (1.6a) into

it, one obtaing
4} 4y (1+ad°) QE*}EE of B3 = AL 45 (B, s+ PR+ Phgsr PR ) /40
oA Ay ] B3, (3.3)
~ By a similar deduction for (2.2) and (2.1) one obtains
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S—— T Sl e e = s il

1 R-1 9 - . |
i 2 A (G R+l i) 4747 (1 ad®) gl Ao

‘A+ < At g'a":-,:f:-l-f%f + A+gg4}1f¥fg | :
e [( At ) (‘d’ At ) ]A”‘ (8.4)
Using (1.8), (1.4), (1.6b) and (1.6¢) one obtaing

) K—1

MAP & 2 4 (e QET-&;E)'T‘ A 4T (PR s o ok spa A ) dw
L S (B ) )y S A (L@ Y g,

4z =k paler Yy P Az
+::1 z;’“ﬂ A?(Qﬁﬂf?-ijt + g5 tilisas) AF (PR, +&"+11+Pk. 111 PR G) 4z, (8.5)
Since
Argiiliie AT AT (Qﬁﬁygfﬂ+'ﬁqﬁ¥m
Az At Ax |
A (Gt ) A AN
ey At Az
o A+§ﬂ?}2 -A?i-}gi:}l-lﬁfﬂ A:gjﬂ-’-'gm At+dm ng}gfm
& ¢ vy At dx
A (MG Y A AL K
At Az At Az i :
then
=2 & A bl n+1/2 + g mb1/2 |
AR I.-::ZE 124 (g5 A+ gi i) 45 40 5 pdw
_=2:2_1 Arry A (giiis 1;‘1“ grtl ¥ 41/2) "-'1;95214’:52 Ap+2 Ai- Hi; o
=R S

Multiplying both sides of (3.3) by A;" (g2 3 a+qptl3,), and summing up

with respect to %, one obtains
L H ] [( 47 E’-ﬁﬂl—ﬁ;z) n:( 4 A g e )ﬂ + 20 ( {gﬁqﬁffﬂv)

" At dx
A: k-:ﬂ o ( 4z ( Pk, ; LPE-H:L) )ﬂ o :2; ﬁjf 4 (Q':ij—ifs+£h:+hg+1{:)
o [2 A;gjm*ﬁis , Ao (ﬁ:ﬁ"fhﬂﬁij‘vﬁ-iﬂ +&":@] A (8.7)
Put | ) ¥ g |
oo 5 [(452) o S oS50}
+ory LEEED LEEn 140 4 [ro(LEtH “))
+ o ( AIQiT"‘LE )( 4% (_?E"E:E’??l)]m, _ (3.8)
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st (4o ol 45) o (A50)

k=K At
+2Mrr;.:( 4s (P"’gﬁ'”i) )H]dm, (3.9)
where M is a constant.
Suppose
0<a<1/4, max rrdt?/ A < (1 —4a) /2, (3.10)
Then. there exists o, such that
max riA2/ de? = (1—4a)2(14+20) < (1—4a)/2(1+0). (3.11)

kn
Lemma 2, Suppose a € (0, 1/4), A and dv satisfy (3.10), Then

n+1,/2

W =81 (o) ;[( 4/ gs. j"i‘fﬂ) 1% (A+gk! 1;‘2)

+¢E( d:(%ﬂﬁj ) ] Ao, _ (3.12)
50,5 [(48) s (g
R ( Az (Pﬁ*sil:?gnﬂl))ﬂ ]d:n, | (3.13)

for some sufficiently large M. Here 81(c), S:(0) are constants depending on o, M.
Proof. From the definition of Su , one obtaing

o - S () 5 S
e (LY | (SUS2ED) (S
—2ry (L4 W%) }Am.
Choose &" & (0, 1) such that (l—s")l(l—l—Z‘cr) <1 and put &= T 13 e Let M
be sufficienty large go that
2Ms">1 and o—LEZ >0,
Then 83> 3 {2 M[(1—da)—2rt 2 /(1 o) |(ALBEER) o 0ue" ~1)ry
(SEY (S )
?kE}: {2‘1{ o {1 (1—3”)1(1 +2c:r))( ¢ giw )

" d'i'é?ﬁl—”ffﬂ) 43 (k. s+ DRy ’}
+2(2Me" 17 i )y Tk ( 4 ) Ao,

It gives (3.12) with
o s ol ' 1 _l "
Sl(u*)—mln{QM(l 4o0) (1. ( 1—3”711_25)')’ L, 2(2Me 1)}.

From the definition one hasg
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Spv= 3 [(4RtY oy A2t} oy (L) 4 Mo

X ( 45 (5, J‘+Pﬁn J+1)) ]Am_!_M,rk £ [ ( A;szi_)ﬂ ..|.4( AI’PEI:E)( Az_d;‘ﬁ:.i)
~

KE—K Palis Az Az
+(‘1‘fLP’”)] 33 [- s (L)' —2m(£5E)

% Mq.g(di(ﬁ,.f-i*?k-m)) ] A+ £ M[w (Aipj,i_)

A <
o AP LB (S e G0
Choosing s=% I 141;', from (8.14) and (8.11) one obtains
o 5 040 (£ - Hp2 55 {22 )
x( 2 Dk, 1) + Mr (A:(P?'zﬁdﬂ))ﬂ,] A 2
| 1+o
2 5 [t ) () ()
2 4M

+ My? (di(gﬁ.zm i’-”k“-fu))‘ﬂ]ﬂm_

It gives (3.18) with

|‘ 1+o ]
: B 140 T oM
syl (-1 ), B, >
i Ry J
Lemma 3. Unde-r the conditions of Lemmm 1 and (3.10), 8%, 8% satisfy
i’ll_;- Sth! + 8% 1+ 8% +85), (3'15)

where K 5 18 a constant depending on the constants o, M, Cy, Cy, Up.

The proof of this lemma can be derived by adding (3.2) to (3.7) multiplied by
oM Here M ig the constant obtained in Lemma 2. The deduction is similar to thai
in Lemma 1.

" Theorem 3. Suppose the conditions of Lemma 1 are satisfied and
it ri A [ daP < (l—4cn)/2.

i 5 5 [(A0e) (S (S e

(45 e o e

x 6xp[2 E’H(D—i-T)]ﬁ ::E[( 4 s f) +ri( 4 (3”‘*5; P14 ) |t (3.16)

for sufficiently small 4, 42, Ax and all N J wmfymg N#<D, J HLT, whers
Co(K ) ¢s a constant.
The proof is similar to that of Ther.:rrem 2,
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Define
:mm =J21 :__15[ (Pmi)ﬂ+(£jfﬁi) + 1% ( 4; (pk. L:Pk’”l)) ]Amdt.
One obtains

Corollary. Under the conditions of Lemma 3, difference scheme (1.6) is stable
in the norm [ «}i4,(s, that is, there exists I, such that

2™ {1,y <O2(Ks) | 2% 2, @

for 4t, dz, z:lz satisfying max(dz, Az, 4t) <1, and (8,10), N, J satisfying NAz<D,
JM<T, where C;(K ;) is a constant,
Pa*oo f. From (1.66) one obfains

(pk,9)? = (Z Af‘:p,,,i gTz -‘-’1: P.ln'.i
so that ﬁ% (pk,;)’dmdiﬁfl’ﬂ;ixzﬂ (.d : Dk, g ) AmAt

¥ E—K Bpay A
By (3.16), the above inequality gives
|21, @ <{T?+ Co(K2)exp[2K s(D+T)1}H 2% 1,0
The corollary is proved with OF (K ,) =T+ C3(Ky)exp[2K 4(D+T)].

§ 4. Stability of Scheme III

In this section we will discuss the stability of (1.7). Directly from (1.7) and
the initial and boundary conditions one has

éjag gL o At 47 (1 +ad) Pt/ L. (4.1)

To obtain this equation, summing up (1.7b) with respect to I and using (1.1°), one
obtains "
A:[g AP g2 of 46— A7 (1+aa=)p;;,,/dz] =0,

Because of the initial condition, it gives (4.1).
n+1/2

Put il =guhnt ab hm,  Phi=DPh st DR e
Than AT Ek, ; satisfy (1.7a),(1.7b),(4.1) and the relevant initial and boundary

conditions.
Applying A (%, ;4pitt) At/ Ax? to both sides of (4.1) for p and ¢ and summing

up with raﬂpaot 10 &k, one obfains

5B A SGD £ 5 [( ) o S
(4.2)

" Multiplying both sides of (1.7b) by gﬂ 47 (gie! f-lfz;" gijrye) and summing up
ik

with respect to I, £ one obtaing

mzm K—1 E[. t_ Eﬁi-}ilm At (glk j_llfg_l'q.?k }+21.’2‘) dm

o T B:.kﬁ'tﬂ dt
ﬁ s (g tye b itie) AZ45950 e A
ﬁ:—--E Bﬂ: ‘di M
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_ -—m!E H-1 d+£ Eﬁ? ; +pn ) A+quﬁ+},’_ﬂuﬂ M
Zk-——x At Az

Substituting (4.2) into the a.buve equality and using the relations similar to
(8.6) one obtains

1 /2 n+1/2 1 wj2 a #3+1/2

i 1 / AT
4 S 3 (HEEny g4 530 () St

dt (gﬁfﬁ_m%—qx“{; 1;2) F S 4S g (A:g?kjl!—ﬂl{ﬂ )ﬂ
At ot ;.-,_gmzf . e )
4F 'SR ﬁ_lv of, [ AT ALgiti e Aranti2 e
¥ At in;fr Bﬁ[ Az Aw ] As |
4; S IEE.J e + ﬁIHEE,g 2 o
- Az n:g'r [( Az ) ﬂ(d“’ Az ]dm 0. (4.3)

From (1. 3) one obtains
R—1

z:ltda:" g ﬁ;ﬂmﬂz (P2.s+ PR g5t A de= ﬁ 4z op

BT B BT g 4 2@’ s & (Gt Bi)

Aw At At
A:qﬂfm Az -+ d; imm 5 _é;(fkj E’H}I) A gﬁt—]_zlfl 2 A
k= cf
5 ﬁ o 4z45 (Ekff;;“l"??ﬂ:élﬂ) A+§§%}+ﬂim Av. (4.4)
h=-E
From (1.7b) and the relation similar o {3.6) one obtaing
E—1m/2 434z ( s n+1) Y qn+1 /2
Ep“? E g Px t Gk §-1/2 | Ay
ey g = Vit
=G el 44 Q’?’f}fyz (af.)? A58 Q”ﬁ.ﬂiﬂyz ] :9?1.:4__:”—21;2
- ¥ 4
o [ Bh - B Az v
1 mf2 + ndg1/ 2

SIS a § S 5 i

f-’1+§:k+}+2112 r+ G (o fc)ﬂ( Y antiA
i A iC170 ) e
@t 22T az, A

(ﬂzﬁ:)ﬂ Vi i 4 Q'?;:'I'}iﬂuﬂ 4; g?:cﬂ—ﬂuﬂ 4.5
Aﬁ k#ﬁﬁg A Az — (4.5)

By (4 4) (4: 5) I:lﬂlng Pk*ﬁ g"m-l-},i.ﬂ”g ingtead of ?i"-h Q'?g}f”g in (1 .73-) nltﬂ.‘ﬁiplied
by _E(Pk’ y+pitt) and summing np with respect to % one obtaing |

LI"' K1 [( A+E"’3) (AZI;' Atpki) ]Am—l—ﬁ—-l-- Kgir (A"‘(ﬁi—l- +1))

dz ir:—--E A4t 6=
& GG,y MGLARD AT g, 4 R G [
o e 2 A Ao A +At 2P Ba.
" ( A+gr;}fm) | ((aﬁ)” )( A e\, (of)? ﬁu:giﬁfm Agt i, ] o
At B Az B dx
G d+ﬂuc A+(Eﬁ:+1.§+ }Jk+1,5) 43 E:+12+21,"2 ﬁ tﬂ-‘ﬂm
+l:§ff§ dx At Az Am+k——ﬁ

A+(?k:!+fpg ) A?EE:T 2:+1£ Ao + Ejl G 4) ( §ﬂm)ﬂ ) EE‘E !ﬁ-lg

dfﬂ k=—K =
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A it 1 dm—-}-ﬁii Vi bl rﬁl"’(?"ﬁg.;**‘_?mn;)

T e vk Ao 4t
47 n ~nt+i a1
w 4a(pist Pl ;;?’"”ﬁﬁk 341 pp =0, (4.6)
Put -1 m/2 1/2 12
w- 5 A [(Aitn )y (Ll '] (L8 Y
iy Eﬁg £ l: +o:?;,,-[ Ax
( mQ?;rHiEuz) A+d$9‘?ﬁa+}f3m ﬂiqi‘ﬁ}f‘%m
Ax
d+ﬁ+gn+1}2 A+ nt-1/2 K—1m/2 o A-I- n+t1/2 |
5 2 ik, §+1/2 T, _f+1;2 ]} Ax+ E 2{ m( g, ,f+1f2 )
Az Az pa—x =1 | SO Vars
(00)? (AquifurY' g R D14 gifiin Migiiiia
B A 8% pa ey Aw
n 4z (EE.;‘I‘Pﬁ 3 Amq?f}fug} <0 n(ﬁ' (Pk-!""?ﬂﬂ) )’
- Ol = A Az Am +;lu_—_2-—f£ § Am A-Tl,

K—1 AF o 2 A+ﬂ+:"n 2 AF L 2
. 3__ ’ mphj) g ( @ .-::Pn:,f) 1 ( 2 Py §41 )
M 2 [( A ot Az

o s oo+ 5 [(A5) ol A .

Suppose max (afidt?/ dx?) <<1. Then there exists ¢’ such that
5Lk n

max (ef A%/ 42%) <1—-o'. (4.8)

ik,n

Lemmad. Suppose a€ (0, 1/4) and (4.7) is true. Then for sufficiently large M’
there exist 8, Sh such that

F—-1 [(mj2 + n+1/2 o n+1,/2 n+1/2
7, § ’ t G, j+3se ) { ( ¢ sz j+13’2) ] Oin, [( ﬂstme )
St =81 2 {E (-4 ~ 4t i an

+(:?Z:3“3£i) |+ (d*(m_, *;1)) } (4.9)
&
o e Al ) I

where 8, 8% are constanis depending on M,
Proof. Since € (0, 1/4), (4.10) is ﬁbvmusly true. :
a®4-b?

Let e €(2(1—0"), 2), 6’€(0,2). From ( 4.8) and me«quall’ﬁy ab > 5 one

obtains
o 8 Ao 2 () (£

n+1/2 a w4172 2 -1 m/2 _.n
+a?n(1—-3/2)[( ‘digj;}“ﬂ) +(‘d§9“igﬂﬂ ) ]} dot 3 > S

~ (1 ﬂﬂ: Atﬂ/dwﬂ)( Q'?k+}+3fﬂ ) Ax + 'rk (1_ E’;fz) ﬂ::- (PL-:.;’!“ER:IE M

1 Eul m.,fﬂ (ﬂzm)ﬂ I:( ﬁmg?ﬁ'}fm) ! ( dzﬁ.}"'_lfﬂ_) ]ﬂm
T 26 1.:-—11';—1 Bk ' duw ‘

By choosing M '~ (I?E,x o) /e’ (1—8/2), it gives (4.9) for gome 8] depending on

M' and o',
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Lemma b. Suppose Oz, z) satisfies all conditions of Lemma 1 and assume
(4.7) io be valid. Then

+ +
A2 gy + 2 S < Ko(Sp + 850+ B+ 81), (4.11)

where K is a constant depending on Co, O, Op, M.

Multiplying the sum of (4.8) for j and (§-+1) by M and adding it o (4.6), one
can obtain an equality. Then using the deduction similar to that of Lemma 1 one
may easily prove this lemma.

Theorem 4. Suppose the conditéons.of Lemma b are satisfied and max (al,dt?/

Az?) < 1. Then the solution of (1.7) satisfies Lk,
NE‘hT EE_i [”Em{ : [(ﬂm}%ﬂ )’ —l-'-( 4rgheiie )ﬂ] L _ O [( 4zt 1% )’

e b At At - B%, A
(AL ) |y (LB DY a0 24 S [(HL)
+(£§E_f—+1)’+(ﬁi§£L)ﬂ]AmAtagég(Ka)exp[2K3(D+T)]

for sufficiently small I, and all N, J sotisfying Nae<D, JA<T. Here @u.s=@rs+
P, i1y Ca(K;) 38 @ constant depending on M, Ka;.
The proof is similar to that of Theorem 1.
Define
J—1 EK~1 A-l-”n - A+_Hﬂ 3 d+‘”n a
— » b-| II'P?E!J 1 #.P?ﬁtf:{-i ) 1 t Pkri
law =3 3 [ (o2 (ZRhe) 4 (Lol 4 (SR ) |t

=1 k==&

Corollary. Under the conditions of Lemma 5, difference scheme (1.7) is
stable in the norm ||« {1, That is, there exists I, such that

12”1,y <O5 (K} [2°] 1. covs
for Az, At, Az satisfying max(ds, 4, 4z) <l and (4.7), N, J satisfying NAz<D,
JA4<T, where 03(K,) is a congtant. ’
Proof. From (1.7c¢) one obtains

[:"'4;_1] 3 'j';_l A+”n 2
(P:n!)ﬂ-( E) A?EE:J-’(I-H.)’) ‘QT 2 ( aPk.f-mq-i)) df,

a=1{ At
that J—1 K=-1 8 s A T2 J—-1 KE-—1 ﬂ?;’ﬁd ﬂd y
s0 tha 52, ) es<rs 3 (L) sps.

From (4.12) and the above inequality one can derive the result.
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