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Abatract

The technigue described in [4] iz used to investigale the analyticity and to obtain gecond order

perturbation expansions of simple non-zoro singular values of & matrix analytically dependent on
several parameters.

The object of this note is t0 use the technique described in [4] to investigate the
analyticity and to obtain second order perturbation expansions of simmple non-zero
singular values of a mairix analytically dependent on soveral parameters. The
results may be useful for investigating the performance and robustUess of
multivariable feedback systems as well as design techniques (seo [3] and the
references contained therein).

Notation. The symbol €™** denotes the set ef complex m Xmn mairices and
Rm*s the get of real m Xn matrices, C*=C"" and R—R! ‘The superscript H is for
conjugate transpose, and 7' for transpose. |z] denotes the usual Euclidean vector
norm of @ and | A| denotes the spectral norm of a mairix A. |

§ 1. Singular Values of a Complex Matrix

Let p=(p1, =+, px)T and A(p) cCm*s We may assume without loss of generality
that the parameters py, «-+, Py are real and m>=n throughout this nole.
~ Let A=A(p") for some point p* €ERY, Buppose that o i8 2 singular value of A.
Then there exist two unit vectors, ¥E€C" and ¥ € €™, such thai

Av=cu, Afu=o7.

Such v, u will be called unit right and unit left singular vectors of A corresponding
40 the singular value o.

First, applying the Implicit Function Theorem we prove the following
theorem.

Theorem 1.1. Let pER® and A(p) €C™". Supposs that Re[A(p)] and
Im[A(p)] are real analytic matrio—valuwed functions of p in some neighbourhood 28 (0)
of the origin. If o1 is & simple non—2ero singular value of A(0), v, €C" and w €C™
are associated unit right and unit left singular veclors, respectively, then
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1) there ewists a simple singular valve o1 (p) of A(p) which is g real analytic
Junction of p in some netghbourhood %, of the origin, and o1(0) =oy:

2) the unit right stngular vector vi(p) and the wnit le Jt singular vector wy(p) o f
Alp) corresponding to o, (1) may be so defined that Rel[v,(p)], Im [v1(p)],Re[us(p)]
and Imfu; (p)] are real analytic funciions of p in Ho, v1(0) =, and % (0) =y,

Proof. By hypotheses there exist two unitary mairices

U=(u, Up) €Cmm, 7= (y,, V) €Crxn | (1.1)
such thas :
T3
IJE 4 (O)V‘_Ez'(ai‘ G), "32; eﬁ(m-nxmﬁi}; B az)
0 2, o s |
T P T
where o, "% w0 8nd 0y% 03> 0 for j=2, S
We set C _
A(p) =VH4 (P EA(p)V = (fn(?) tfii (p)H), ¢.1(») ER (1.8)
. F e N0 L WUATNE Reled  Tateh
and insroduce 2 vector-valued function
Sz, p) =ay (P) —au(p)z+4 22 (D)2 —2a 2 (D)7, 1.4)
where ' | |
J=(f1r, farr)?, 2= (&1, L)TEC pER”Y,
Let | | TR
Ji=@tidy, {=¢+in, =1, =1, <, p—1
and |

2= (&1, <+, bu1)T,  y=(my, or Naq) € R*L

Obviously, ¢,(z, ¥, p) and (s, y, ) (=1, -+, n—1) are real analytic functions
of real variables z, y €R*! and pE#(0), and the funciions satisfy

"Pf(ﬂJ 0: 0) =0: lubf(DJ O: 0) =O: j=1: "ty n—1. (1'5)
Since fy, <+, f._1 are complex analytic funections of the complex variables {y, «««, £, ,
for any p € Z(0), we have ([1, p. 39, Theorem 87)

dﬂt 3(??1" s Pra, 'lbir i 'yz’n-i) e ]dﬁt 3(f1: '_“? fn—i) 2

3(§1: o gﬂ—l: N1, **, 7?#—-1) - 3_(51,- e Zn—i) -
Oombining it with '

(241, 2y Jaza) % e TS0 _ _ar
(a(gi-’ Yy Cn—-i) )i’-—-ﬂ; p:p 33(0) : GH(D)I ;;’_Eﬂ _G']_I

we got

@1, =, Py Yy, o> lbn_:))' T (8 2\ 2
det 2 3 e Cli{oi—oi)?£0,
3(61’ = g"‘i’ T, **, ‘?In—i) aan T il;IE:( : 1)

Hence by the Implicit Function Theorem (see [2, p. 277] or [4, Theerem 1 .2]) the
system of equations ™ a2 o o m i
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@J(m: ?J:P) =0: lh-(m, Y, P) ='O: j’lr Ty ﬂ'_lr 1.0., f(ﬁ.r P) = (1'6)
has a unique real analytic solution
r=x(p), y=y(p), Le.,z=2(p)
in some neighbourhood #Z,—Z(0) of the origin, and
z(0) =0, y(0)=0, ie., z(0)=0. 1.7)
Observe that
512 (D) +2(p) iz () +3a1(p) T2(0) +2(p) *Ana(p)2(p) >0

provided that p€ Hp and Ho i sufficiently small, Therefore we may define a
positive valued function -

o1(0) = [(@11(p) +2 (D) Fan(p) +82(p)“2(2)
+2(p) A5 (p)2(0)) A+2(p) "2 (p)) 71, pE€ Zo. (1.8)

Besides, we define two vector-valued functions

)<1+a<p)ﬂz(za))-ﬂ=, ws(0) = (D)0 (D) [02(8), PEDo
(1.9)

v:(2) HF( z(p)

From (1.3)—(1.9) and the above mentioned argument we see that the functions
c1(p), v:(p) and w (p) are real analytic in %, and satisiy

A(p)v:(p) =os(Pwu(p), Alp) nlp) ~gi(p)n(p), [w(p III =[nu(p =1
| (1.10)

and _
a1 (O) =1, 1)1(0) ==, 'Mj_(O) = 1l4. (1..11)

According to the well-known perturbation theorem for singular values the singular
value o1(p) of A(p) is simple provided that the neighbourhood %, is suflieiently

small. §
Theorem 1.2. Assumea that the hypotheses of Theorem 1.1 are valid. Then there
are the following formulas for the simple non—zero singular value o1(p) and the

associated singular vectors vi(p) and wy (p) defined by (1.8) and (1.9):

()l (05 ) (t.12)
(ﬁq%%?_)_ 505 =Y 4 (@1725(%.?_):;0 . WWE(%?)FQ )( zi ), (1.13)

(@522, -0 (e (252 eon(252), (1)

+ St (P42 o, =T, (1.14)
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o )se ~ B [ (ZA2) ] .
(552, o \°
+Ro [( % ) @ S
Y\ ey
F@iFEH V. .wtUy aéﬁgfp ) ) o 2]
x( UWVE UeUF ) " AA(p) ) ( vy )
opy . J*=
+ 'ETIm ( 4 ( ;E) ),,_. 3;;?) ),.__.g i 1], (1.15)

where §, k=1, v»o) N, uy, v,;, U, and Vs are dafined by (1.1), and
ds;'ﬂ']_(ﬂ'll- S Eg)— ¢g=a'1(ﬂ'fl'——2,2§')"1, W=S;(G'¥ I-E;Eg)_ﬂ,

(1.16)
tn which 2, is defined by (1.2).

Proof. 1) By Theorem 1.1 (see (1.10) and (1. 11)) g 4
. 01(@) =u(p)PA(D)v1(p) =v1 () ZA(p)Tus (p), (1.17)
and so we have |

30;,;}5? ) =g1(p) (32513;?) )Hm (p) +w(p)E %;fi)— v1(p)

ta@uE 2B gy

and

22D 0y (2BL), ) +:u1<p)ﬂ( 2 ) ()

+031 (p)us(p) & 3“13251"). . (1.19)
5
From (1.18), (1.19) and lua (P} | = v:(p) | =1 we obtain
aa-;;g) [HI(P)H &;;p) wilel -5 (P)H(aAgg ) m(p)] - (1.20)

Substituting p=0 into (1.20), we ges (1.12) at once.
2) From

A(P)EA(P)v1(p) =01 ()30, (P)
it follows tha.t |

@HI- A=) (24n)

(55,

A(0) +A(n)ff( 3‘4(@ )
| Combining it with (1.2), (1. 7) and (1. 9) we get

p=0 -

ao(250)_ 1]
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0 0
(0 oil— ETEH) 33(39) )p—-u

ap;
oy ( DA(D) o3 ) a ( QA (D) o (201(D) 1
FV ( @Pj ﬂ—ﬂu1+( 0 ET v ( 3‘@; p=0 ‘IJ1 20‘1( 3}?; )p:ﬂ 0
and
Qﬁ_(_p)_ (2T __ 3T =5 ¢ 311(__2_?) o TTTH EA(_@))
( Bp; P=0 ((T;[I Eﬂ Eﬂ) [UIVE( 3}3_{ )pﬁu E U ( 90 ‘111]

Substituting (1.21) into

(P vy, (az(p)
Op; /p=0 Op; /=0
and utilizing the symbols @, and ¥ defined by (1.16), we get the formula (1.13).
3) From A(p‘)wl(p) ==a'1(p)u1(p) (see (1.10)) we obtain
oy ov,y do1(p
( 3;3?) )p—u n ( 33?5 90 wchAll) ( 31(1;2}) p—0 _( 5_-35; : 90 ul]'
Combining it with (1.12), (1.13) and utilizing the relations
1 OV BVE-UDVE, L AV PUE=U0UF - -LUUE
g, 01 | Oy
we got the formunla (1.14).
4) From (1.20) it follows that

(3”0'1(13) L _HE[ (aﬂa(p) » ﬂ1]+RB[(aﬂa(g )M(aﬁ@ o

P40y O«
vy (p) A (p)
+( m )p—{] ( 3Pj p=0 ﬁ;[,]. .
Combining it with (1.18) and (1.14) we obtain the formula (1.15). |}
Remark 1.1. Let |
(B, PT
o 1.22
(¢ o) . om
in which @;, @; and ¥ are defined by (1.16), and let
ooy oy |G :
'§=( ] )S( g ) I (1.23)
0 Uf 0 Uﬂ 0 BA(E) )
. . 327’ p=0

Then the formulas (1.13)—(1.15) may be rewritten as
( Ov4 (P) >
op; /=0

(31»:5(@3_) =§jpi (:i) | ( (344(?) K }ui) (1.24)
Pi 7 p=0

and
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/3”{:‘1(22 .. ‘3244.('_@1) L1 g
\ 9pop )l=“ - [u{‘ PO )f='“' mi_i_(’”i) D SD’( U1 ) ]
*dinli (240)_ o onfur (242) .
' (1.25)
EM'MPZB 1.1 [3,p.526-3271 Lot
1 -1
A(P)=(___ 1 1), p=(p, p)TERY, i=/—1,
91+£p2+2

-1

/
It is easy {0 ses that the mairix A(O) ( 1) has a gingular value decom-

Nﬁll—l- t

posﬂmn A(0)=U 2V in which

"Fel-1 1) 7T 1) (70

0 1
Consequently, we have |

0'1-—-23—, os=1, &~8,=6/5, W=4/5,

L5 :/? (2.l 1) » Us

:Jl—- (1.8)%, . i?i—x/—(l —2)%, ‘1"!:%(21 1)7,
(3 ) ( 0 U)‘ (BA(P) )pﬂo -( 2 ﬂ)ﬂF
| 4

) 51 )

Utilizing the formulas (1 .12)—(1.15) after some straightforward calculations, we

get
(M),ﬂu =0.05, (_3&21) =0,
(aﬂ( ) il (M)H 0,
(a’cr; (j.o) = —0.042, -3;;;%) ), -0, (32;;?) )., =0.0018
ﬂn

= —0.12,

§=40

(P54, o, (5i2), o (25
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Hence o31(p) and o3(p) have the expansions
o1(p) =1.5-+0.06p; —0.021p} +0.04583p3 + O (] p[®)
and | y
oa(p) =1.0—0.2p; +0.104p: —0.06p; +0(|p{°)
in a neighbourhood of the origin.

It is worth-while to point out that the above mentioned way for computing the
second order Taylor expansions for simple singular values is feasible.

§ 2. Singular Values of a Real Matrix

From Theorems 1.1 and 1.2 we obtain the following result at once.

Theorem 2.1. Let pERY and A(p) CR™**. Suppose that A(p) s a real analyiic
matriz—valued function of p in some neighbowrhood H(0) of the origin. If A(0) has a
singular value decomposition A(0) = UEV"" in which U and V are real orthogonal
matrices, and B

U=(u, Us) ER™", V= (wi, V) ER™,

Og

O+ 0 . ". : .
O == Hax={ ° R(m-1)X{n-1)
( O Eﬂ ) : Oy E

0 -

with o4, +*+, 64,220 and o;#0,>>0 for 3=2, +-, n, then

1) there exists a simple singular value o1(p) of A(p) which i3 @ real analytic
function of p in some neighbowrhood By of the origin, and o1(0) =0oy;

2) the unit right singular vector vs(p) and the unit left singular vector w,(p) of
A(p) corresponding to o1(p) may be so defined that v1(p) and ul(p) are real analytic
functions of p in By, v1(0) =v1 and 41 (0) =wy; ..

3) the following formulas are valid:

(2.1)

60"1(23) o )
( Op; )n— “ ( dp, Jpeo M (2.2)
(3'111(23)
ap; p=0 | AD . ( ty ) oyt _ . (2 3)
(aui(_P)) ; V4 : "
‘ e £ :
a1 (p) _.r{@A(p) w \T (ui) :
. OpiOPy /9=0 % o0y :p..ﬂ _ +( ‘1?1) Dy8D; i (2.4)
where j, k=1, +-+, N and
' T (31;(10) T -
g_(Vs O Vs 0 P; /=0
S—( 0 U.)S( 0 Uﬂ) » D= (2.5)
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¢n which u, vy, Us, Vs and S are defined by (2.1) and (1.22).

Corollary 2.1. Let 4, Ay, -, AyER™*n, Suppose that A,=UZVZ is a

singular value decomposition of 4y, where I/, ¥ and X are represented by (2.1), If
o3 i8 a simple non-zero singular value of A,, then the matrix

N
A(D) = Ao+ Bpidy,  p= (s, -, pr)TE Y

has a simple singular value o;(p) which i8 a real analytic function in some
neighbourhood of p=0, ¢4{0) =4, and satisfies the following estimates:

&o1(p) { 1 . ;[_} g N (2.8
(S22)) | |<3max mia o o144l 1<) k<N, @.6)

Proof. By the formmula (2.4) we have

L I 2T 2 L)
Op;Op; /90 14 0 Al 0 Us/. \ O Uz /0 A, U1 ’

@

where § is defined by (1.22). Since
(0 s 2w 2 fovan | 2 )
and . _ ¢ @

= A 1
Sl e o 3

from (2.7) we obtain (2.6) at once. I s -

Corollary 2.2. Let AcR™n Suppose that A=UZV7T i a singular value
decomposition of 4, where U, ¥V and ¥ are represented by (2.1) in which G1, ***, Op
=0 and ;%010 for j=2, +.-, n. Let

i n
8= (811: ***s €in, E21, "'+, 8a,, “r*y Emi, ", 'Emrn) Eﬁm

and |
A(e)=A+E, E=/(s,). (2.8)

Then there are a simple singular value c1(¢) and corresponding unit singular
vectors v1(e) and w,(e) of A(¢) such that c1(e), v1(s) and u;(8) are real analytic
functions of ¢ in some neighbourhoed of the origin, and

E 0\ .fE"

= iy +O(|E[?). 2.10
(oo )= ) s (T 0 . J+ouz (2.10)
Where § i8 defined by (2.5).
Proof. Let ef” denote the 5—th column of the identity I™, and let

Ap=0"el”, 1<j<m, I<h<n.

Then

"

K '=i > spdap. (2.11)

Jm] k=]
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e

By Theorem 2.1 fhere are a real analytiic simple singular value ¢i(s) and
corresponding real analytic unit singular vectors vy (8) and u;(8) of A(s) provided

that |s] is sufficiently small.
Utilizing the formulas (2.2)—(2.4) we obtain

oy,

30.;_'3152:) o =14 .Aﬂ;"ui, (2 .12)
3’1’1(5}
3“1(3) 0 Aﬂ; V4 | :
aﬂ;ﬂ# =0

and

e, ~() (¢ 2% )

Substituting (2.12)—(2.14) into the Taylor expansions of a1(8), v1(8) and ui(8)
and combining them with (2.11) we get (2.9) and (2.10). |
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