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'SENSITIVITY ANALYSIS OF ZERO SINGULAR
VALUES AND MULTIPLE SINGULAR VALUES*

Sun JI-euaNe (Fp ks )
(Computing Center, Adcademia Stnica, Beijing, Ching)

Abstraet

Bome results of the authori®4! are used to discuss the sensitivity of zero singular valves and
muliiple singular values of a real matrix analytically dependent on several paruameters.

§ 1. Preliminaries

Let R™** denote the set of real m X n matrices, R"=R"™ and
Sﬁn}{n={ﬂe ﬁﬂ}ﬁn: _A_T____FA}?

in which the superscript T is for transpose. The singular values of a mairix

A € R™" are denoted by o1(4), -, ¢,(4), the eigenvalues of a matrix ACR*™" are
denoted by A;(A4), -+, A.(4), and

o(4) ={o;,(A) o, A(4)={M(4)}}.
‘The symbol | |3 denotes the usual Euelidean vector norm and the spectral norm,
Let p=(p1, -, py)TERY. Suppose that A(p) ER™* is a real matrix—valued
analytio function in some open set CRY, It is well known that for any point
"€/, if 0*>0 ig a simple singular value of A( p*), then there ig a real analytic
function o¢p) >0 defined in some neighbourhood %( ") . of p* such that o (p*) =
o, o(p)Ea(A(p)) YpEH(p*), and one can obtain perturbation expansions of

o (p) at the point p* (see [1], [5]). In such a cage we may define the sensitivity of
the singular value ¢* with respect to the parameter »; by

oo -|(262)_|

Buj if o” is a zero singular value or a multiple singular value of A(g"), then, in
general, there is no real differentiable function o(p)>>0 defined in some
neighbourhood #Z(p")C.¥ of p* satisfying o (p*) =c¢” such that o( pyEo(A(p))
Vp€ Z(p*). This paper will discuss the sensitivity of o* with respect 10 p; in these
cases.

Without logs of generality we may assume that the point p” is the origin of R¥
and p* €. For any real-valued function f(p) defined in %, we shall denote the

right and left partial derivatives of f(p) with respect to »; at the origin,
respectively, by |

S m—
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(LB gy SO 0 0 O=F(0. 2 )
a’ﬁj =0, Py=+0 p;~+0 Pi .
and
(af(P) = lim f(O., oy (0, Pis {0, - 0) _f(o'- i G) : j=11 sor, N.
OP; /9=0,9;=—0  pym—0 Ps

Now we cite a result about partial derivatives of eigenvalues of a real
symmetrio matrix (see [8, Theorems 2.3 and 2.4], and [4, Theorem 2 .1]), on the
basis of which we may discuss the sensitivity of zero singular values and muliiple
singular values.

Theorem 1.1. Lot p={(ps, -, px)TER”, and lot A(p) SR be a real
analyiic function in some neighbourhood & (0) CRY of the origin. Suppose that Ay 18
an eigonvalue of A(0) with multiplicity r1, 4.0., there is a real orthogonal mairio
X € R"™™ such thai

r-or xo xa@x=("" 0 ) gy an

n—r

(in the case of r=1, we rewrite X,=u,). Then

(i) ¢f w=1, there is a real analyiic funciion M (p) defined in some
neighbourhood B, B(0) of the origin such that M(0)—=A2A4, M(p) €EA(A(p)),
Vo E Xy, and one has |

(ami(p) _ml(ag;p) @, j=l N (1.2)

and

PP\ _r(PA(D)
(333;'5’};“ p=0 a;"( p=0 L

T 34-‘1(}"’) Ay :r(_aﬂ(?)
—+- 2&51 ( apj p=ﬂXﬂ(}011 Aﬂ) Xﬂ apk - 4,

§r k=1, <+, N; (1.8)

(i1) if r>>1, there are real—valued functions Ai(p), -+, M(p) defined in some
netghbourhood BB (0) of the origin and two permuiabions w and w of 1, «--, 1 such
thai

jl"':I.(ﬁ) =---=j\,r(ﬂ) =M1, 341(?)! T ?L.,-(P) E%(-A(P)) V.’Pe‘@fh

and ons has .
(ﬂg_;;&)ﬂﬂr py=+0 = Ao (XT ( agil(f : p=0 XI) (1'4)
and
(—3&52(??) ):n=0- m=-—ﬂ= Rt <X¥(%? y:uxi)’ =2~ :7.=1’ vy N (1-5)

We shall prove some formulas for partial derivatives in Section 2 and give
numerical examples in Section 5.
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§ 2. Some Formulas for Partial Derivatives

Theorem 2.1, ZLet p=(py, -, px)TERY, and lot A(p) ER™"(m>=n) be ¢ real
analyiic function in some neighbourhood % (0)CRY of the origin. Suppose that o1=0
15 a singular value of A(0) with multiplicity =1, é.e., there are real orthogonal
maireces U CR™™ and V € R such that

UTA0)V =23, | (2.1)
en which
U=(Uy, Uy Us), V=(V41, V) (2.2)
r R—r M—mn r n—r
and

0" 0 P
E=( o 25 ), Eg=( ;1 ), Eﬂi=diag (gr.+1r % '-Tn):

O{G-f-l-it R Og (2-3)

Then there exist nonnegative functions a,( p), -+, o (p) defined in some neighbeurhood
HoCH(0) of the origin and two permutations w and o' of 1, ---, r such that

'-Tl(ﬂ) S "—‘0',-(0) =0: {rl(p), b’ ‘Tr(.‘p) EH(A(E])) Vpeﬁﬂr (24}
and one has

a?f?f : )p—-u- e ((Ul' Us)® ( agi(ﬂ? : p=0 Vi) A
and
(B2) == (W, U7 (24 2L) ),
s=1, ++, 7, j=1, -, N, (2.6)
Proof. Let
0  A(p)
D= e ) (2.7
Obviously, T'(p) € SR™*+m*®+m ig 3 real analytic funetion in #(0). Let
7-(Z 0 mewrow. as
Then from (2.1) and (2.2)
‘ -0 O 0 0 0.~
0 0 o 0 2aln—r
Ty=[0 O 0 0 0 |n-x, (2.9)
0 0 0O O O [r
0 5 0 0 0'py
fR—¥ Mi— r a—-—r

Moreover, let
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I 0 O 0 o .7
/0 B _LI\ -
V2T N2 o
Q=0 I O 0 0 |m-n T=QIT.Q, (2.10)
0 0 T 0 0 r
\0 0 0 i -1——1)'n-—r
25 N2
r H—R T "n-—7T n-—r
Combining (2.8)—(2.10), and writing
U, Us Oi. %Uﬂ \/%Uﬂ
X =W¢,= ; 1 1 =(2X1 | 2322 ), (2.11)
0 O 71% -—:/‘?Vg ﬁVﬂ r+m—n an—af
we get
To=XTT(0)X =diag(0, 0, 0, Zy, —Za), XTX-=I. (2.12)

T M—n ¥ n—7r n—r
Observe the following facts:
(i) If O<o(p)EA(T(p)), then —o(p)EA(T(p))and o (p)Co (A(p));

conversely, if a(p) Ec(A(p)), then a(p), —o () EAT(p)).
(ii) There are m —n functions 71(®), ***, Tm-«(p) such that

71(P) = =Tm-a(D) =0, 71(D), =, Tl P) EMT(p)) VpEH(0).
(iii) From
0 U U9 (Z512) 7,
r( 0T (p) _ Py /9=0
Xl Sp; 'P—GX:L 3_,51( ) iy
. i p
Vi(%5.2), ,(Ts U 0
we geoi
r{ &L (p)
A(Xl( 3_@); ﬂ=ﬂX1)
) TR sy Tl r (QA(p b }
{——711 y Ve ?r N ’ (J]' 7!65-((0.1! Uﬂ) ( P # )p:ﬂ Vi)f Nj 1! y Tt
e (2.18)
Hence, by Theo-em 1.1 there are nonnegative functions o1(p), «--, o,(p) defined

in gome neighhourheod % ,= 4 (0) of the origin and two permutations v and «' of
1, --+, 7 such that the relations (2.4)—(2.6) are valid. [j

From Theorem 2.1 we obtain the following corollaries.

Corollary 2.1. Under the hypotheses of Theorem 2.1, if r=1 (i.e., 61=0is a
simple singular value of A(0)) and U;=wu;, Vi=2, then there is a nonnegative
funetion o1(p) defined in some neighbourhood e #(0) of the origin such that

‘ ¢1(0) =0, 01(p) Ec(4(p)) VpEX,
and one has



——
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o1 ( p)

o r{ 8A(p) 5
ap! a)ﬂ=ﬂ: Dy=30 “ ('u’l; Uﬂ) ( b2 Dy 9=0 IIIJ]'_ 2 ( ! 14)
aai(p)) =_ﬂ T(@A(p)_ g -
& p; 9=0, 9y=m0 ('u'ir Uﬂ) 3, - Vs & N, 1, ; N ( .15}

Corollary 2.2. Tet A- () ER™"  in which a;(1<é<m, 1< jssn) are
regarded as parameters. Suppose that there exist real orthogonal matrices U € R™*™,
V €R™* guch that U4V =3, where U, V and 2 are represented by (2.2) and
(2.8), and -~ - ks “h = |

(Uy, Us) = (a4, -, )T, V1= (2, weey D)7, @Eﬁm""“, Vi, o,ERY Vi. (2.16)
Then the right and left partial derivatives of the r"-l_ zero singular values with
respect 0 ay; are respectively -

q_: N Qr-auéiuﬂnéf”ﬂr §=1, v, 'm’r_j'-":l: "ty N (2'17)
frj—l 'I
and i
q.' e (,)r _”ﬁi"ﬂ“{;ﬁ”ﬂ: 'Zt=1, "ty M, j=1? " B ' ¢ (218)
hmd . ~

Proof. It is sufficient to point out that we have
Uy, U)? —V,=uw
(U3, Us)® 5=V =i

and the singular values of #,07 are zero with multiplicity r—1 and |u;]s]2;]a. §
By Theorem 2.1 we may introduce the following definition.
Definition 2.1. Under the hypotheses of Theorem 2.1, the quantity

ts called the sensitivity of the zero singular values of A(p) at p=0 with respect t0 p;.
According to Definition 2,1 we see that for the matrix 4 deseribed in Corollary

2.2 we have

(2.19)

3

Say(0) = ltulsloslls, 4=1, -, m, j=1, e, . (2.20)
Theorem 2.2. Lot p, A(p) and #(0) be as in Theorem 2.1. Sugppose that a0
s @ multiple singular value with muliiplicity r>1, i.6., there are real orthogonal

matrices U, -V represenied by (2.2) such that

UZA(0)V =3, (2.21)
in which . ) 2 e
oW ALEN 1 | P> =
("0 5) 3(7) e dneton -,
01%0;20, j=r+4+1, - n, (2.22)

Then there aq'aqnoﬂnega#iw funetions o4 ( 2), -, o,(p) defined in some neighbourhood
Bo=B (0) of the origen and two permutations w and o’ of 1,_ e, g Such that

‘Tl([}) =i ='=U',-(0) == G':I.CP)., =Ty ﬂ'r(?) EJ(A(P)) VPGﬁo,
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and one has ;
l(ﬂg—;&))#ﬂs 2;=+0 s (U:{T ( aA(p) )p—-ﬂ £ ) (2 '23)
and

(252),.,, | 0w (71 (B4B) 7). 6m v gm1, o
(2.24)

Proof. LetT(p), W and T'; be defined by (2.7) and (2.8). Then from (2.'21)
and (2.22)

0 0 0 o4 O ,7T
0 0 O 0 2o |27
7.-{0o 0 0 0 0 [n-a (2.25)
o O 0 0 0 |~
0 35 0 0 0/n-r
r n—r m-n r R-~F
Moreover, let
I 0 0 0 0 T
/ 1. 1 )
0 0 0 =1 =Ilsr
Q=10 0 I 0 0 m—n, T =Q%,Q. (2.26)
\0 I 0 0 0 r
1 1
0 0 0 —5I ﬁI/ =3
¥ r m—R R—7r =
Combining (2.8), (2.25) and (2.26), and writing
U, O© Us :71__? U, :-/%Uﬂ |
I£WQ=( 1 | =(X,1 Xa ), (2.27)
0 V1 0 __.\_/_?Vﬂ 7?3_'"75 ar Mmtn—2r

weo got _
TSXTT(O)X=di&g(UiI, '_{TjI, 0, 221, —'Eﬂi), XT.X-:I. (2.28)
r T m—n a—7 n—7
Observe that if o(p)=0 and o(p) EA(T(p)), then —oc(p) EAT(p)) and

o(p) €Eo(4(p)); conversely, if o(p)€o(4(p)), then o(p), —o(p) EAT(p)).
Hence, utilizing Theorem 1.1 there are nonnegative functions g:(p), <+, o.(p)

defined in some neighbourhood %, % (0) of the origin such that

51(0)="*'—“‘ﬂ"r(0)=0'1, ::HI(P)r "y ::ﬂ'r(?)e?"(T(p)) VPE'%GI
and if we let

MF=qFpw: =( G"*—P))
. {_-‘u’ Fb : 32?; n=0, l}j=+ﬂ

g gLy ey '1"},
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o {ow nm (B8,

ap,_ p=0 pj-:....n |

%,={p:vER(XT(8§;;f’))F_ﬂX )}

Em?""_*m;ﬂg}i‘ .?~=1r‘ e N'

Moreover, there are one—to—one correspondences bhetween the elements of the sets
Ay and R, and between the elements of the sets M ; and N, But from

and

then we have

. . Ui ( 332(?£) p=0 Va
Op; /a=0 » (-aﬁt(p) )T. 0 0
; Op; /o0

it follows that

%;={::P=Pé”( { ag;?) p:ﬂ‘Vl)},

therefrom we get the relations (2.28) and (2.24). |
Consequenily, by Theorem 2.2 we may introduoce the following definition.

Definition 2.2. Under the hypotheses of Theorem 2.2, the quantity
8y,(01) = NU'*" (3‘&(5’) - Vihi (2.29)

it called the sensitiwity of the multiple singular value o1>0 of A(p) at p=0 with
Trospect to p;.

Now we uge Theorem 1.1 to deduce a second order Taylor expansion of the
simple zero singular value of a matrix AE€R"™*" which has been obtained by
Stewart™ in a different way.

Theorem 2.3. Assume thet 01=0 is a simple singular value of @ matrim
AER™*® (mz=>n), i.e., there are real orthogonal matrices U € R™™ ¥ CR™ such that

_ UT4V -3, . (2.80)
on whioch |
0 0
U= (.'u'l.l Uﬂ! Uﬁ): Vm(‘ui, Vﬁ)? E=( 3 ) (2'31)
1 a—ltm—n 1 a-1 0 2
and
2igg \ .
” Eﬂz( 0 )1 Eﬂi=dia‘g(_ﬂ-ﬂr Sy {Tn)p 0{55, ***y T . (2'32)
Bzcglij Yy Elm €a1y ***, Eay, ey Eﬂll} it BM)TERM
end

A(S) A‘I‘E H = (Sij)i-:i-:m 1< fne

Then there i3 a simple smgulaa' value a1(8) of A(g) in some netghbourhood % (0) of
the orégin of R™ such that ¢1(0) =0 and the funotion oi(e) has a second order Taylor
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8 PansLon N 4 | . o _
o {(8) = | (s, Us)"Ev1|3+O(} E]2), 86'«@(0)- (2.83)
Proof. Congider the matrix "

S(e)=A4A(:s)TA(e) = ATA+ETA+ATE+ETE (2.84)
By hypotheses the eigenvalues 4;( =1, -+, n) of 8(0) satisfy 7
0=A1<<Ag, ***, Ay Ay=07, J=, v, m,
Henoce, by Theorem 1.1 there is a real analytic simple eigenvalue A:(8) of §(&) in ;
some neighbourhood # (0)cR™ of the origin satisfying A,(0)=0. Let o.(a8)=
~ A1(¢). Obviously, o1(e) €Ea(A(2)) and ¢4(0)=0. °
Let ¢{™ denote the ¢—th column of the identity I, and let

Em_.ﬂim)ﬂm} , j=1: eeeoom, k=1, - .\ 10

Then
; 2 &1 B 1.
1l k=1
Utilizing the formmnlas (1.2), (1.8) and the relationg (2 30)—(2.82) we obtain
o (e) r(98(s) =] (] A+ATEm)wi_o . (2.85)
33;}; Ja= 0 3333 s=0 - S
and . '
o (8) _ AS(e) 38(3) 2 BS(E)
(35%33“ +=0 " (33;,,;38,: .=l.1 2':? ( -—-oVﬂSHVﬂ( D8y /Je=0
- (2.86)
where T B
S (8) ” o
e WP B B+ Y, 5 . . (2.37)_1.
and .
(38 (£)) = EjA+4TE, BBy BLA+A"Ba. . . (2.88)
385],;, ‘8=0 38.; 3

Substituting (2.85)—(2.388) into the Taylor expansion of Ai(e) at =0 a.nd
untilizing

Awy = O; AV2= Ua2a,
we gel |

M (&) =] BT Bvy— o] E*AV 3227V 2 ATHv,1+0([8[35)
= ¥ 1 B By — ETUEUTEw1+O(|] 13y -
=] BT (ugug +U3U§I )E‘?-’1+O(“5" 3)
= [ (v, Us)* B2 +0(le2), &€Z(0).
Hence, the formula (2.88) isvalid. | -

§ 3. Numerical Examples

Now we give two exami)leﬂto illustrate some of the above results.
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Fxample 3. 1. m=n=N=2

1+p, 1—8p,
A(p)*( s o

' i
2‘ A T
1-8p, 142 ) PE.@(G) {peﬁ- llplln-f:3}.

Let

1 T =
U=7=§=(H1 1 )=(’-'J1r Ug).

Obviously, U is a real orthogonal matrix and we have
0O 0

UTA(0YU = ;

- (0 2 )

Hence o3=0 ig a simple singular value of A(0). By Theorem 2.1 there is a
nonnegative function cri( p) deﬁned in some nmghbourhood .@oc: R?2 of the origin

such that
0'1(0) ==ik), 0'1(}7') & U(-A(?)) VP'E o,

and we have

(301(2-") r( 24(p) ) o [ (30‘1(9)_ e Y
/ 9=0s =10 Op1 /o=0 . 01 /9=0, r=-0 2
(3"3'1(?) s u{(aﬁ(ﬁ') |= o01( p) i ____ (3.2)

ODa  /9=0: =140 O Da p,;n Opa /9=0: pa==0

Oonsequenﬂy, the sensitivities of the simple zero singular Value of A(O) with

respect 10 py and p; are - -
3

. 55, (0) =5 $5,(0) =

It iy worth while to point out that the singular values of A(p) are

oy gy [24+8p:—+/ p%+4(1—3pﬂ)2 . 2+3p1+w/p§2+4(1—:3pﬂ)ﬂ ,

pE X (0). (3.8)
From (3.8) we see that ¢2(0) =0, ¢4(0)=2 and

ox(py 0) = 2ZEBR=N A | 5.0, p)=8Im], PESO). (3.4

Equalities (8.1) and (3.2) can also he obtained from (3.4).
Ezample 8. 2, 149 ;=8 n=>_.
f .22. 10 2 3 7 \

| » ‘.‘ e s | ?. | 35
A (%)143.1 5 g 1 9 4 [ ( )?
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We have, |
o(4) =10, 0, 19.5958, 19.9999, 85.8270},

Utilizing the formula (2 .20) we get the sensitivities s,,,(0) of the zero singular
values of 4 with respect to oy, which are given in Table 1.

~ Table 1

1 10,2792 0.4048 0.2349 0.4788  0.6010
2 0.3161 . 0.4583 0.2660 0,5421 0.6865
3 0.2343 0.3397 0.1971 0.4018 0.5044
4 0.2888 0.4188 0.2430 0.4954 0.6219

5 0.3864 0.5602 0.3351 0.8627 0.8319
6 0.8411 0.4946 0.2870 |  0.5851 07344
7 0.3614 0.5240 0.3041 0.6199 07781
g 0.4071 0.5903 0.3426 0.6983 0.8765 )

.

From (8.5) and Table 1 we see that ajz—ass=2, but s,,(0) =0.2849, s,,(0) =
0.876D, and s0 s,,,(0) /s, (0) =3.78. Let

and

Ala(ﬁ) ET (&;,(3)), &if(ﬁ) ={

A3a(8) = (3g(8)), 5s(8) ={

4y

Ghig,

2+9, i=1, =38,
otherwise

2+8, =8, =0,
otherwise,

Taking different values of the parameter 8§, we obtain the smallest two singnlar
values o4, o3 0f 415(5) and Ag;(8), which are given in Table 2.

Table 2
3 -1.0 | -0.5 | —0.1 | —0.05| ~0.01| 0.01 | 0.05 | 0.1 | 05 | 1.0
o1(415(8)) | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 6.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
oo(A13(®)) | 0.2343 | 0.1178 { 0.0235 | 0.0117 | 0.0024 | 0.0024 | 0.0117 | 0.0235 | 0.1176 | 0.2353
o1(A(8)) | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 6.0000 | 0.0000 | 0.0000 | 0.0000
oa(des(8)) | 0.8778 | 0.4386 | 0.0877 | 0.0488 | 0.0088 | 0.0088 | 0.0438 | 0.0876 { 0.4370 | 0.8750

R S S —
The results listed in Tables 1 and 2 were obtained on the L840 computer.



No. 4 SENSITIVITY ANALYSIS OF ZERO SINGULAR VALUES... 335

References

[1] MacFarlane, A. Gt. J.; Hung, Y. 8S.: Analytic properties of the singular values of a rational matrix,
Int. J. Control, 87: 2 (1983), 231—234.

[2] Stewart, & W.: A second order perturbation expansion for small singular values, Linsar Algebra and
Appl., 56 (1984), 231-—2335.

[3] Sun,J. &.: Eigenvalues and eigenvectors of a matrix dependent on several parameiers, J. Comp.
Math., 8 (1985), 351—364.

[4] Sun,J.G.: Sensitivity analysis of multiple eigenvalues (I), J. Comp. Math., 8: 1(1988), 28—38.

[5] Sun,J.G.: A note on simple non—zero singular values, J. Comp. Math., 6: 3 (1988), 258—266.

[6] Wilkinson,J. H.; Reinsch, C.: Linear Algebra, Bpringer-Verlag, New York, Heidelberg, Berlin,
1971,



	File0001.jpg
	File0002.jpg
	File0003.jpg
	File0004.jpg
	File0005.jpg
	File0006.jpg
	File0007.jpg
	File0008.jpg
	File0009.jpg
	File0010.jpg
	File0011.jpg

