by vortex blob methds (see Leonard [6])-
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 VARIABLE-ELLIPTIC-VORTEX METHOD FOR
INCOMPRESSIBLE FLOW SIMULATION™

.7 TENe ZEEN-BUAN (S5 ¥)
y (Peking University, Beijing, China)

~ Abstract

A variable-elliptic-vortex method, w]:uch is & iganem]jidtinq of the elliptic-vortex method
proposed by the author in [1], is presented for the pomerical gimulation of incompressible flows.
The most attractive featnre of the new method is that the numerical vortex blobs used in this modsl
like actual vortex blobs can be translated, rotated and deformed in elliptic shape. The new method
provides a more reasonable and more accurate approach for flow simulation than the fixed-vortex

 methods, N umerical examples are presented to demonsirate the performance of the new method.
I §1. Introduction. |
. Vortex ._I!lilB{'bhOd.S_ _hgve‘, provided an. atiractive and successful approach for the
numerical simulation of ,ipcompressible fluid flows a$ high Reynolds number. The

: ] = -

foatures of these methods are as follows: (1) the interactions of the numerical
vortices mimic the physical meochanisms in sotual fluid flow; (2) vortex methods are
automatically -adaptive,: since the vortex “blobs” concentrate in the regions of
physical interest; and (38) there are no inherent errors with behavior like fthe
numerical viscosity of Enlerian difference methods. Such numerical viscosity ofen

obseures the effects of physical viscosity in high Reynolds number flow simulation.

The first attempls by Rosenhead [2] to simulate flows by a vortex method used
point vortices. Bub the point vortex method introduces a singularity of the velooity
field in its centre. Chorin [3] and Kuwahara and Takami [4] introduced a vortex
method with finite ‘cores or vortex blobs, to smooth out the singularity and to
stabilize the method. There have been a large number of successful flow simulations

' T4 is however noticed that up %o now all of the pumerical vortex blobs in umse
are assamed 1o retain fixed shape for all time while the actual flow can undergo

gubstantial diétoifﬁbn. The “unphysical behavior” of voriex blobs reduces the

amuraqy ; ofthheﬁwrtex . methods, even -though it does. not interfere with the
eonvergence of

vortex methods ([6], [7], T18]). Thus there is considerable interest

B A Y i ST e Rl T W 1 B fphens | ween i il e DR R 1 U TG : .
- Xn'find ~a;nfa,p‘prﬁpna}.te-_approaoh to form & rglgp’ghodwﬂih 'variable vortex blobs,

» N R e R L RO R e L SR LT TR v
- which can follow the distortion of actual Vorbex blobsl " ¢

r--_"l..‘ -t::'}: r-__-

In this paper & ‘variable—ell]pm&-vorﬁex E ethod is ¥ résented to meet this need,

{"hioh s & generalization of ‘the elliptio-voriex iMethod Proposed by ihe snthor in

ajive foature of . the new, modslgdliat the: variable vortex blobs

dgit: S S DR A S
: oAt .F:rj. i el "r'-"-' .:"'...'-r-i‘ql_-_-_-l_;n £
; it et R ._,:,.--_.q-‘,-....':.-.'.r..l".-'_,._;. e e
R Ty " AL ot Tl e T S i e LT O



256 JOURNAL OF COMPUTATIONAL MATHEMATICS -  Vol. 4

oan be translated, rotated and deformed in the shape of elliptic type according to the
decomposition theorem of velocity in a small neighborhood. The main merits of the
new model are .as follows: (1) ib provides a more flexible and more reasonable
approach to mimic physical ﬂ{}WS (2) it has higher order accura.uy in Space than the

fixed shape vortex method.
§ 2. Approximate Motlon af a Small Elliptic Blob

In this paper we are mainly concerned w1th incompressible inviscid flows in
two dimensions satisfying the Euler equa.hons in the vortex form

35:—[—% 3{-’ -j:ﬂ—i=l0,

= —é', o B3 rem - @)
3 e 3 | '
where &= (u, v) is the velumty vmtor, 7 = (m, y) is the position, ¢ is the time, s is
the stream function, £ =-§£——-§% is the vorhmty, 4=V? is the Laplace operator.

In the fcllowmg we censider an approxlmate motion of a small blob ﬂu in fluid.
Let 4 be an elllptw blob at t=0 ﬁentmd ‘a.t au== G deﬁned by

-{al(a-—nu)A(a a,,)’*"agl a R},

where A=(m;,’) is a 2>< 2 positive deﬁmte m&tmx A small elhphe blob Q, meang

that its major axis is small; '

- We will use a==(ay, ay) for the"La.grangmn ﬁoordma.tes of a fluid particle. Thus

a particle starting at the posmon uEQ., at ¢=0 follows a trajectory r(t; a)

determined by the equatmn ~ “ -

dar

{ = u(f t‘), @)
r(O a) -a

In wrltmg equatwns to approximate (2) , Wé waxpand u(:r t) at r.,(#) -r(t a,), the
trajectory of the center e, of £2,, by Taylor’s theorem -

- u(r, )‘=ﬂ(fm t)+(r—-ru)"?ﬁ(fu, it "ﬂla)’ ..

where 'Vu...( Z':f g:::) denotes the: J bla.n matnx of u and (r-—ro) Vu(nrn, £)7T is
| . e et ol
a matrix. mult1p]_1 ea.twn Sﬂbﬂhtﬂﬁﬂg ﬂ}a .gxprmnn 1111;0 (2) a.nd negleﬂtmg the

il L. AIIRKF

term of O(|r— ro]’), we gét an. appronma

:1{1,;.-:,_ P w i ome Bs ows T

R =
EYLEET
T T R - =13 '
o i N LT REVRELRE y
g Y j _ i C f R .’-"H;v
5 “ t ’ -n, 'k 18 .
: i%- o Sl o e A
S L - T +
= 5 i ‘l' x B 1 s
- : E .'..“ -I-J' ..:

Whlﬁh 13 a Ilnm Ordlﬂﬂ.i'y diﬁ'grénvﬁzaf .. Bl

._'.z_"'if r}(t) is assumed 1o’ be & known
trajectory. From above we know that (3) approximatea (2)- with.second. order |

aconracy in space. In ‘tising notations of'2» f-ﬁm B nu—ao, (8)- becomes
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N .._1( {Zz' s mo e ; ol e R -:_:3. ol
15 =z Vu(ru, )T, ¢ . o 3(4)
- z(0; B)=B8, Ty Y |

where BEQ., = {ﬁl BABT<1, BER?. Wo denote the solution of the ord.ma.ry-

differential system by z(#; 8)=d¢* (,B) thus the approx:lmate motion of £, can be

expressed by Q(2) =¢*(2,). =~ ¢
From the linear system theor}r ; W k:ncrw that the solutwn of (4) can ‘be

- z(t ﬁ)==£Z(t), ey b )

L TP

""""""

O
E being a unitary maftriz. Accm::hagto the I..lmvﬂla theoremm we have

- det Z(?) =det Z (0) expr 123 Vu {fﬂ, )"dﬁ =de1; Z (0) expj d.w u(r.,, t)dt,
In view of Z (0) -=E and mﬁompressﬂ)lhty dl'?' o ==0 we gat |

det Z (t) = 1
Substituting (5) into Q,, one gets the expressmn of the apprommate motion of £,
. P Q@) =1z|zZ () A(Z(£))TZT<1, zERT}. 9 N C),

A simple calculation shows that .A(t) =7 (1) A(Z™ )T & o posltwa deﬁmte
matrix and its determinant is constant, i.e. det A(¢) =det 4. This implies that (¢
is deformed in the elliptio shape and its ares is invariant in time. S0 we arrive al
the follomg nonﬁluswn

Proposition. If the motion of & sma.ll elhptm blob Q, is approma.ted hy the
second order accuracy system (3), then the approximate motion of €, is the sum of
a (rigid) translation following its center trajectory fﬂ(t) and a dJstortmn in  the
elliptic shape (6) with uﬂnﬂewed aTes.

§ 3 Var:able Elllptlc Vortex Model

* To solve Euler equa.tmns (1) ; suppose the vnrtmlty field is now represented by
the sum of elliptic vortex blobs &

g(w: Y, t) “ggi(m: ?}; t)-f & (7)

The elllptm vartwes f, aTe deﬁned by g e B S ! -
o : " K’LI ATl i T g’(m, y’ t),,== Tﬁ }(ﬁ}’ -/rs:,s Q‘(t)?ﬂﬁ .‘.f:r:i‘u' e e " . f*w(,'f')

wheré Lyare 'Ehmr res];mhve omulatmn, 718 Q pni ‘?ﬁmfhcﬂy distributi PRt
ﬂIl. Glllmﬁi P 4 (@ Whl('.h 15 glvan b? i ik "f' e A _;;:.' :«;1 29 '- ek, Sig i

J L] n
i . i & Tl :"' __. * Eogy s " o e , i 1-_1!,:_‘_ . 4 o 5 Sl A
= ) i it P R L R A S X, | " . -l
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where 4;(1) is a 2% 2 positive deﬁm’ﬁa matrix and r;(t) = (1 (t), ys(t)) 18 the eanter
ﬁf ﬂ; (t)

Tt follows from the results of [1] -that the induced - velocity ﬁald by the |
w}r{umty field (7) can be explicitly axprmed as : _

ﬂ(f, t) zrf y: Q:F(i)): | | . (9)1
WS 8 T X, 0088, , —¥;sind |
jeosl; , —Y ,8indy 5 S
3' #F(IIJ—F_T( + . b; | )J (ﬂ?: 'y) Egi(t): A
O S IR CIILION
- 31511191 . Y:ﬂﬂﬂﬂf b ¥
4 m:(a;-i-b;)( l ) (2, .9) EQJ )y s
, ¢= ~(10b)
(Ent,, it oo
m:(n:;+ﬁ,) By & i . 8
X = (o —a;)0080;,+(y— yy)sin G, (100)
Y ;= — (z—=;)sm 8,4 (y —yy) cos by, 5
e ae =~ af+A, Bi= ‘\/b?_'i'}‘d y (104)
a.:m_i ﬁjﬁ()’ 0) S&ﬁﬂﬁﬁﬂ . ; yre -
Y: o i . , gt
CEunTC Fam] 1 . (10e)

I:|1 the above expressions, ay, b, are the major and minor axis of Q,(¢) respachvely,
and 6, is the included angle of the major axis a with z-dxis. Recalling analytical
geometry we know that these paramatars can be defermined by the mmponents of
. | ai? ai? \ . ' -

Ay(d) = (aé p. a%’) in the following way

tg 6= —( L+

2&&’3
ﬂ%+2¢z§§"bg9,+a&’tg“9; b 1 NPT SR
YN e -l e “1408)
Gy, o byom G373
oYy T

where g;=det A,

'~ The formulas given above show that once the motlonﬂ of the alhpha blobﬂ ﬁ, (t)
{ jum1, oo, N } are known.the velomty field can be axphmtly solved by (9). Based on
“the resulta in the prevmus section we will use system (3) 10 appromma.’ee G,(t) "o
this end replacing o(t) in (3) and (4) with 'r (t) ; “0ne gets' the equatmﬁs of

the fu.ndamental mabrix Z, BT B e
a v {; -dtiv!h ’ . v AR ¥ . S (]-1)

where the center. tragectones f,(t)*of n,(%) Are. deganbed by O
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d = : B ; L-...',-T{' S
{ r’ ==u( HON f) : | B (i~2)
Ay imo=14(0), j=1, 2, -, N, | -

7;(0) being the initial center of ©,(¢). In the above u(r;(2), ¢) is given by (9) and
Vu (f, (t) t) ig also derived from (9) as follows, .

'!-E(f t) -Erfama ¢(ml ."/: Q;(i’)),

-—- t)ma > I x, 4, " -
u(r, t) g Jaya b (2, y; (3)), -(18)

_____u(r, ) =£(r, t)+-a? u(r, t)-=ﬁ;I‘nf(w, Y; ﬂf(t))+—-u(f: *)= -
I =
where s o e
. ro1
w(mb!) _____)mna,ma,, (m y) €0,
1 N )31118 cos § 5 '
& 4»-1 ‘-'F(-:rri-B; a B PR Wfﬁf - L (14a)
0z 8y (X088, - y,me,)(x,sma; 9) | N
X “2 —Bi - (2 9)EQ,
l ﬂ?j I_B?
| {EHIEQJ' : ﬁﬂﬂﬂej
|7-&,+b,)\ a; b )’ (2, y) €0y,
- et .2 99 . (.ZJSIHHJ Y,ﬁcfﬂ,)
5. 8 s gin ] - B
. 3 ﬂ‘f §
(=, ﬂ)Eﬁj |

and the parameters a,, b;, +-- are given in (100) (10f). As showad in Section 1! the
apprommafe motion of £;(2) can be expressed ag
Q;(t) ={r| (r—1r;(6)) 4,(t) (r— ff(*))r‘ﬂ r R, (14)’ |

where 4,(1)=2Z71(2)4;(0)(Z7*(?))* and Ay(0) is the initial coefficient matrix of
ollipse Q. In view of the proposition in Section 1 each of Q,(%) is preserved in
ellipic ghape and iy area is conserved bui its ax:ts r&tln and orientation may be
changed in time. Systerns (11) and (12) with (9) :and (13) yield & time (‘:-DII.‘IE]J.’I.‘IIOHS
semidigerete simulation fo the Euler equations.. 1) —._mth_ second order accuracy . in
 space. The:re are 6N. equationy (11) : (12) “51 0 04V unky
- ”.rm SRR G e i """_#mrﬁ*'rg-*«}, H}‘ﬁ\mwu{ rt

Naxt we da:m.fe a fall dlEGl'E"iB varsl &

For the sake of simplicity, equations.(12).5resm
ST R AR S B - L 4 *f?"’l"'f?*l"
whera k is a hme E‘Eepf o5 w1y (nk) ate 'ﬁh * Jeile
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(16)

From O.D.E. we know thal 7, can be integrated in cloge form ([81). In terms of
Zr=Z,((n+1)k) one gets | - _
Q= | (2 — 7" ) A7 (r—r7)T<1, rERY}, (17a)

A?+1‘ﬂ ( Zn+1) ~1 A" (( Zn)N)T _ o (17b)

a.nd A“' A ; (D) In summary the procedure for mimioking equations (1) is ad
follows. The elliptic vortex blobs £7 are moved by the law (1b) and. deformed by
the map (17), and then the new velocity field (9) at t=(n+1)k is determined by
the vortex blobs at their new positions 9t and in their new elliplic shapes 6 o R

Repeating the procedure- (1B) - and (16). one gols an approximate solution of (1).

Note that in the process of solving (15) and (16) one needs the expressions of
u(s", ok) and Ve (rs, ak) given in (9) and (18). |
. Finally we givez criterion of selecting fime step k. Let us consider a gpecial
cise where only one elliplic vortex blob & =TIyy(r; £i) exisis. When N=1 the
velocity field (9) is a linear vactor function of r for 7 €Q4(t), so thab (14)' gives the
exact rofion of 02,(¢). Some cal calculation on (11) and (12) shows that the variable—
elliptic-vortex method produces an exach solution of (1), the self rotation motion

with a constant angular valnclty

where

I _

without cha.nga in its shape‘”’. Tt is obvious for convergence requirement o resirict
the rota.hﬂn angle in one time step & to logs than a given small angle, for example

ﬂ 2
—, that is h<— (a'1+b1) or k<= “a101 Thig suggests that in the general case &

= u1 oIy
gught 10 Batlsfy _ |
Ll (a;+by)? -
_ & own o il B M T ta
'Qr gled  we Zfwd 20D Soatt B : g E ' b :
s PR ey " | ; | - _
o e e OB .,_l:'é 7 m -———-1,_! i | (19b)

"' i iﬂ‘ GJ.,-J L T W5

In tha followmg mlculahgns we. choom k accordmg to mequahty (19D).
. t§ 4. Numencal Results

tla—. v 1.. h .__-.. . .' """bi}r'l s b Fr o~ o

| In this mhun we presant SOMe numerwal expenmenta to cl_emon_gtmtg the
pérfﬁrmance of the Yaria Eléﬂ%ﬂathwvorm smiethod. . - |

1 'Dynam:tc mﬂ’ﬂd}i 6f %wo Rankine- ‘vortices. Suppose the wo Ranhne vortices

' ha‘-vg radms R denslty Pg-andam ;-pla_,ced -aii 4 distance D. We use two vmabla
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in.a reasonably ‘accurate regime R is
not allowed fo ‘be. too hig and D not
00 small. In the calculation we choose
R=1, D=8.8 and I'y=1. The time

step is chosen to be k=0.1. Numerical

resulis are displayed in F1g 1. The

patterns resemble the one given by

the vortex-in-cell: meiihﬂd in Ohns-

tiansen [10], where they use a cloud of -
point vortices. From this exampls we

can seo-how the elllptlc voriex; blobs
are translated and deformed in time.

2. Rotation of a vortex sheef, The
- sheet is' defined as the limit; of ' an
infinitely thin alhptm vortex with a
uniform vorticity dwmbutmn There-
fore the initial vnrtlcl#jr dlstnbutlon
along the sheet is given by

§(m: y,O) (t_‘wn)uﬂ -l'Q:‘I?Ql Q“O

1-83.8

N

Flg.1 Two vnrticea-preming around each other.

It is known that the sheet rofatee wﬂ:h a constant angular velocity w i . withou$

2

changa in its leng'bh and ity dmtnbutlon ([9] , ' [4]). We use the vortex method to
approximate this problem, so that we can estimate iy accuracy quantitatively. The
sheet is replaced by a row of N =80 elliptic vortex blobs at equal distance apart.

The initial vortex blobs are given by

(0.0385)-2, © )
.

(“’” ”0)"’(‘1"' ("_‘2) ) = ( 0, (0.001)

.
. w2
'\-:-.-.

= 'ﬂ# -4
i . d
3 ¥ — vt s 1oeal TR 1 SRR e, % '-.5. £

,.,.'["*“' 1-59)14'2&;.; F=3 2 er. 80,
=35

| _Tha ime Step i k=0. 01. The. resulta are
'dlsplaced in Fig. 2. By symm&try only a

half of the blobs are shown in Fig. 2. The
solid lines indicate the angle of rotation due

o the exact solution. The periods and the

small clrcle-s represent the centers of vorfex

‘blobs at different time. From Fig. 2 we

can see ‘the numerical solutions are in very

'.clom a.g:reement with the exact solution a
*"'f"f-'t—i*axcent for the end blobs.*At-#=~2 the

,a,-'...ti"n Paﬁbﬁ};nﬁbecomea ch&oinﬁﬂ’.[‘hm occurs

’ s,_.%i’ -

haiiiond Hfhw azample .ghows the vahd.ﬂ'g

6 the’ sheet -is.an-unstable rotation
;lij ﬁth ;he 'qm:tex method by 1b$

*j 1|_1 i ,.t.-“:'f
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3. Rolling-up of. vortex' gheet. We-
consider the vortex sheet of finite lengih
with . the followmg initial vorticity dis-
PR y .trlbuhun |

...........-.:.:":_".T_"i_:. .._.d_:__x.,_.‘h._ s vy ‘“",_-"' 4 _- §($, y’ 0) ey Y (1 952) Ifﬂ

- _;—lim'ﬁl y-=-0
The sheedi is approximated by.a row of
N=60 Elllptlc blobs  at  equal  distance
apart. The initial blobs are defined by

(@js !f?)"'("l'l' (.‘f“—) )
.;4;“ ((00192)-

o (0 0003)**)

P +-1—-,
B e

_._'.1." 601

=1, 2” 60.

1ige 3 Va.na.bla—elhptin-—vortex appronma.tma | Thﬁ hme s'bap is k=0, 01 ThB resulis
| to {he rolling-up of a vortexshest. ' “ghowed in Fig. 3 are raasonable in view
- of what 13 knﬁwn from tha numencal axyenments in [12] a;nd ]:4] |

_...'gz_ S

P e ;' i § 5 COI’I.CIIIEIOH

i

We have presented a new ‘Varia.ble—elhptlc—vorliex method for apprommatmg
incompressible invisoid fluid flows. ‘Also, :this method can be -eagily used to
approximate high' Reynoldﬂ namber flow by incorporating a random walk algorithm
to mimio the viseosity effect and a vortex generation algorithm % maintain the no-
slip boundary condition (see Chorin [8], Teng [1]). The deformable behavior of
e]l1p tic—vortex blpbs may provide a verpatile approagh for flow simulation. We

% that this' method will be applied to other kinds of mvmold flow problems
aa WE].]. as hlgh Raynolds number ﬂow prﬂblemﬂ
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