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NUMERICAL SOLUTION OF
THE REACTION-DIFFUSION EQUATION™

. Guo BEr-YU (3&)@5@;‘)
(Shanghas Umvdrsﬁy of Science and Technology, Shanghat, Ghm)

In this paper, we consider the numerical solutioﬁ for the equation -'

au__ aU 2 au N
U &u( (2, 4, U)-5 ) F(z, t, U)=0.

A finite difference scheme and the basio error equa.]_ity are given. Then the error
estimations are proved for the periodie problem with v (z, ) >0, the first and second
boundary value problems with »(, {)>v,>>0, and for »(U)>ve>0. Under some
conditions such estimations imply the stabilities and convergences of the schemes.

F

§ 1. Introduction

In one-dimensional space, the reaction—diffusion equation is the following
ot ol o ol
M (3, t, U)o~ (v(e, ¢, U) ad ) F(z, 3, U) =0.

‘Much work has been done to solve this equation (see [1]). On the other hand some
authors worked at error estimations. But there are still some unsolved problems:

(i) In [2], the stability is taken as the boundedness of the solution. But in
fact the boundedness of the solution of a non-linear scheme is not uniform with
the stability. Besides it is supposed that

v(z, ¢, U)? | M (=, t, U)|, K=>0.

So the following important case is excluded. |
M(», t, U)=U, w»=positive constant.
(ii) In [3], the author considered the following case:
Mz, t, U)=U? p=1,
‘but only for the periodic problem with »(w, ¢, U)=rpositive constan.
(iii) Recently the author! studied the numerical solution of Burger’s
.equation and used the same technique for the reaction-diffusion equation, but only

for some special cases (see [5]).
This paper is concerned with a general problem, i.e,

U ou @ ou
iU -~ 5 (v(@, 4, U) )~ F(m, 1, U) =0, 0<a<1,#>0, (1.1)

* Received July 18, 1983. The Chinese version was received December 15, 1980.
1) This work is done on the basis of the proposition of Professor A. B. Mitchell when the autbor visited
Dundee University i May, 1930,
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where »(z, t, U)=>0."+ - .+
The technigue nsed is to est:lmate the mdex of genarahzed ﬂt&bﬂlt-y (see [6—8]).
JIn section 2, we give some notations and lemmas. In section 3, a scheme is
constructed and the basic error equality. is proved In section 4, we give a siriot
error estimation for the permdin prohlem with »(z, £)>0. In sections 5 and 6, we
prove strict error estimations with the first or second boundary value ﬁﬂndltmns. In
section 7, we consider the case »(e, ¢, U) =p(U)>0. < e g e

'§ 2. Notations and Lemmas
Let  and 7 be the mesh spacing of variables and ¢ respedtﬁ:ely.' The mesh
point is (jh, k7).

ue(jh, b¥) = 3 [u(jh+h, be) —u(jh, k)],
A wa(jh, kv) =3 [ulgh, k%) —u(jh—h, kr)],
e gh, k) = [u(hth, ko) —u(ih—h, B)],
ey, h>==—rv<yh Fr, w(h, Be))ua(hy b)Y
e [v(}h v, wCih, b2))ie(ih, b5)1s,

u,(gh, "Ifs*r') = %——[u(jh, kz —I—*r) *—-u(j'h, fm‘)] o
We define | | |

N1

(u(?w) w(km‘)) h;u(gh k-::)fu(jh Tc'r),
lw(he) | ? = (u(kv), M(k'r)),
1UEe) [ = - 23 # (G, e, u(h, b)) W3 Ih, br) +ub(fh, Br)].

If y( 4k, kv, u(jh, fw))—l then I“(k")ll. o, 4y is denoted b}" |u(.h')l;l for
simplicity. .

Lemma 1.
o 2(u(kr), w(ke)) = [uke) P —v]u () |0 _
Lemma 2. | | ¢
(u(bz), H¥ ¥ Du(be) )+ | k) |2, v0muam =D,
ewhere

D;——-u;(Nh .E-r)[:u(Nh kv, u(Nh k*r))u(Nh —h, k%)
 +v(Nh—h, Iw u.(Nh b, zw))u(m rw)]
—-—u.(O, k-r) [» (&, kv, u(h, kr))u(O, Et)

+»(0, kv, u(0, k7))u(h, k'v)].,. g ke K
Pﬂ‘ﬁof From Abel’s formula we have . -
(e (k%) €(E7)) + (£2(R7), n(kz))
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) (NE,Ez)E(NR—h, bt) —0(k, 52)£(0, k) - (2.1)
(£.(k7), (k) +(M2(kr), E(Br)) S T
=7 (Nh—h, kv)E(Nh, kv) —1(0, B)E(h; br). o (2.2)
Let . 5 . n=y(w, t, w)vs =y, in (2.1), | | i

- p=p (o, t, Wve; E=u, in (2.2).
By putting the two resulis together, we obtain

(u(hr), H%°=*Ny(kz)) +—-—(v (.kr w (k7v)), u.(kr) ve(Fv) +uz (k) va(kv))

=--—-¢.J,(Nh k) [v(Nh, kv, w(Nh, b7) yu(Nh—h, k)
+y(Nh—h, kv, w(Nh—h, k) )u(Nh, k)]
— L 0.(0, ) [p(h, b, w(h, B2))u(0, kv)

+3(0, kr, w(0, kv))ulh, kz)1. ' (2.3)
Taking u=v=1w, We get the conolusion. |

Lemma 3. .
2(u(kz), &H* ‘ff’f’_‘”u, (k7)) + [|u(kv) | 1o, u{kﬂ}] =T | (B7) | 1, vew ueon

=5 (Lo, u(be) Ly uihe3) (k) = Do

avhere .
Da=vz, (Nk, kv)[v(NE, bz, u(Nh, kr))u(Nh h, k)

-y (Nh—h, kv, u(Nh—h, kr))u(Nh k)]

— 1 (0, k%) [v (b, kv, u(h, k%) )u(0, kv)

+v(0, bz, u(0, kv))ulh, kw) 1. g = (2.4)

Proof. By putting v=1u;, w=u in (2.3), we get

2(u(kv), HE**u(kr)) + (v (b7, u(k7)), uu(k'r)un(k'v) +uz(h)wm(k’r) = Dy.
Ben&use |

(p(h— u(kr)), u,(k'r)uﬂ(kr))=—[(v(h, u(kr)), (rw)], ¢
— T (o b, k), u (b)) — 5L b, uC))s wi(kr+7)), ete.,

t+he conclusion follows.

Lemma 4.
2(3&(‘7‘7“'): Av m-r,u{wnu(]w)) + ”“U‘W) ‘1 v (kT u{n-m]:"*ﬂ%t(kf) |1 v (5T + $(ET))

"'2'([1’(7‘7’7: H(h'))]h (k'r+-r)+u¢(kr+-r))=1)3,
-where Al
Dy=1uz(Nh, kv) [v(Nh, bz, u(Nh, b7))u,(Nh— &, kv)
+v(Nh—h, k7, w(Nh—h, kv))u,(Nb, kr)]
— 14, (0, k) [v(h, kv, u(h, kv) Ju:(0, kv) +2(0, kr, u(O In’))u,(h k%)].
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-ty Wy by iR _—

Lemma b. .
o JulEe)e (k) ||’gh—1|]a(kr)|] v (&) 1%

| g hlu(gh, b7) |"<h'E [uk)lr, r>2. o
" Teraia el If 2>0 and b is mta,bl-y small, then there exisis a fpos'!»i@«w constant

pe Suoch that -
"’(0 fw)+u’(h k7) +u“(Nk —h, kr) -I-uf‘(Nh Iﬂ:)

<elu(kv) |1+“o(1+—) [u(Ee) 2.

Lemma 7. If the following conditions are satisfied

(i) p, A and B, are nonnegative constants, 1<t < I;

(ii) a, bi, ¢ and d are constants, 1<i<I; -

(iii) 7(kv), A (kv)), (M (k7)), V (k7)) are such mesh functions that 'H(h)?
0, and .

| AMmke))<4,  for n(ks) <hs,
1 | ¢ (n(k7))<0, . for n(ks)<h’,
e et O V (n(kv))=0,  for n(kr) <k’
(iv) 7(0)<p and
1) <prtv 3 { A1) (14 Zp 0 (Ge)) +E (G (n(Go) |
(v) pe“"”'""ﬁmm (%, fm} hj_ h, %), then
-n(k,r) gpsdkf'[fd' 1).
Lemma 7 is a special case of Lemma 1 in [7].

§ 3. Difference Scheme and Basic Error Equality
We define the following difference operator

J(u( gk, kv), v(9h, Ic'r))m-——'v(jh kv)uz( 9k, k'r)

+'§['v(fih, kv )u(jh, &v)ls. (3.1)

We have (see [4])
(J (u(kz), 'v(fﬂ')), w(kz)) + (J (w(kr), v(kr)), u(k'r))

- -é-{u(Nh,b'r)'!l(Nh, kv)w(Nh—h, kr)

+u(Nh—h, kv)o(Nh—Pk, kv)w(Nh, kv)

+o(Nh, kv)w(Nh, kv)u(Nh—h, kv)

+o(Nh—h, k)w(Nh—5h, kv)u(Nh, kv)

—u(h, kYo (k, kv)w(0, kv) —u(0, kz)v(0, kv)w(h, kv)

—o(h, kv)w(h, k)u0, br)— (0, br)w(0, kr)ulh, kr)}. (8.2)
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The difference scheme for solving (1.1) is the following

Ln(u(gh, kr)) =w(3h,kv) +J (u(jh, kv) +3vu( jhs bx), u(jh, fﬂ'))
—d”""“"'”"""’[u(yh kr)—!—a"m,(jh kfu)] F(;h kr, u( jh, kv)) =0, (3.3)

where 0<<3<1, 0%0‘%1 If a‘=3 0 (3 3) is an exphmt scheme Otherwme it is
‘an implicit soheme. " o A e -

Assume that u(jh, k7) a.nd t]:ua nght term of the scheme have respeo'ﬂivaly ‘the
orrors % ( jh, kv) and f(jh, kz); then b Ml TR ¢

u,(7h, bv) +J (%(jh, kv) +81m,(jh Im;), u(jh Iw') —!—u(gh k%))
+J (u( jk, ]afr)+3'm,(5h ?ﬂr), 'w(_gh k’s’)) |
- AN v, O, kr)+-m.h>} [%( jE, ;W) +a'1ru :( jh kr)]
-I-A””"-’“"[u(jh Ic'r)—l—a'm(gh h’)] ¥ u s Vet pag o
Bk, ke) +F b RE),. - o ot 0w a0 (8.4)
where |
F(jh, k%) = F(jh, kv, u(jh, k) +1 (-4h, E-ru))*—F(jh kr, u(jh, kv)),
»( 4k, kv) =v(jh, kv, u(jh ke +u( gk, kf))—p(gh kv, u(jh, kv)).

Taking the scalar prodm:st of (3 4) with 2%(jh, kr), weé hava fro:m Lemmas 1, 2
and 3

ﬂu(kw) |F——fr u,ﬁw)ﬂ“+2(u(kr), J(u (k'r;) —I—ﬁﬂa,(kr), u(h‘) +ﬁ(k1")))
+2(“ (IW): J (“U"T) +6*ru,(kr), ‘”(k"ﬁ'))) +2|‘”0W )hﬂkf.lﬂﬁﬂ-i-ﬂﬂiﬂ]

+o7 [[u(]w) |1.m:ww H{kTHu(k‘r)J]# o7’ |u,(k1:) Ilrl’(ﬁ*n"(i'ﬂ-l-ﬂfkfﬂ
+oavBo(kv) + B1(kv) +oxBa(kv)

=2(U(k7), H* [u(hr) +oru(be)]+F Fr)+fhv)), ~ (3.5)

where
By (k%) o @l([v (kw, w(k-r) +u(kf))],, u,,(kr-{—'r) +uf(h'+*r)),

By (k7)) = —uz(Nh, bv) [» (N, k'r, u(Nh Icfr)—l-u(Nh kv))u(Nh h h’)
+y(Nh—h, kv, w(Nh—h, &v) +d(Nh—h, b)) u(Nh, k7)]
+u,(0 kr)[w(h kr, u.(h k) +u(h, kv))u(0, kv)
+v(0 k'r u({l Fﬂr)+u(0 ke))ulh, kv)],

Bg(kfr)———uw(Nh ?n*)[v(Nh kv, u(Nh, k'r)+u(Nh k-r))u(Nh h h*)

+y(Nh=h, kv, u(Nh h Fw)-l—u(Nh —h, k':))u(Nh )]

+1,,(0, kv)[»(h, k7, wCh, bz) +u(k, k) )0, kv)

+2(0, ¥z, w(0; kv) +u(0, kv) ) ulh; br)].

Weo take the scalar produet of (8.4) with m*ru,( jh h‘) , where m is a positive
uumber chosen below, then :

mwﬂut(hr)«ﬂ“+mr(uf(kw), ;T(#(kr) —I—S'vuf (k'r), u(kr) +u(fw)))
+ (U (bw) s J ((hr) +8vu (Fr) s U 7)) +ma® |4, (87) |1 varwantien
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MT |~ | mT>
+T[|‘”G’T) ip(h.umr)ﬁ{km]# g ]u-, GW) Il""”"“"‘"“"’““"” |
% = : ¢ HE W e o o RN

-m'r (B, (h:) +Ba (1:1') —!—cr-rB; (kr)) o & e G5 T
- (u., (be), B Tubs) +omus ()] + F (i) + }' gbf)), - (3.6)

where
By (k%) = —uz(Nh, kv) [y (Nh, &, u(Nh k%) +w (Nh, %)) u (Nh—h, k)
+v(Nh—h, bz, M(Nhr-h lm:)+u(Nh — 4, Im'))u,(Nh k*r)]
+ 24 (0, k-z') [v(h Iﬂ'r u(h, kv) +u (k, k'r))u;;(o k'r)
w0, kr, w0, M)M(O k)i, (B, Be)], - ¢ o od P e
By (kv) = — iz (Nk, kx) [v (WD, kr, w(Nh, kr) +ﬂ.(Nh k'r))u,(ﬂh ~h, k)
+v(Nh—h, br, u(Nh = . k) +u(Nh —bh, kr})u,(Nh h')]
L O R TG, b wlh, ) G, kf))u,(ﬁ Jw)*
+2(0, kv, u(0, k) +u (0, #v))uy(h; kt)]. T
Combining (8.5) with (3.6), weget . = . .- . - o
””(]"7)“24'7(‘75“1)“”#@"?) H9+2|M(ET)|1gu(lﬁr u{kﬂ:l-u{hn o

A m.«- ;
+T(G'+'—')[|‘“(k7) 13, v, uckrj+u{kﬂﬂt+72(mﬂ' 5 )|”t(i"") llrv{kﬁﬂﬂ‘ﬂﬂihn

+2 (@ (k7), T @ r), w(®r) +u (bv))+md7® (s (br), T (ut(kr) u(b7) +u (iw)))
e ACACOREACICORICORRTIC 123)
287 (4 (kv), J (e (br), u(B) -+ (k7))

+r(a+ﬂ) By (k) + By (kv) +0vBa (b7) + —5- Bﬂ(h): .ma-'r" ‘E‘ (& )

2 2
DA, v R 5 (3.7

where
% | Ao (hz) =2(u(kr), F (b7)),
Ay (kv) =mz (u, (kv), F(RD)Y, ..
Ag (Iw) (2u (kv) +mwu, (k¥), f(k-r)) o
Ay (bv) = (20 (k7)) +mviis (k7), .::1”““'} [u (k) +a"m, (In-) :D
Ay () = —mr (u,(k7), J (u (kz) -+ dvuy (br), w(k7))),
As(b7) = —2(u(kv), J (b)) Svuy (ke), U (k7))).
Aﬁcordmg to (8.2), (3.7) identifies the followmg equa.hty
"“’(‘h') |7 +7(m—1) [aty (k) |1“+2\H GW) |3, 007 uler)+EkT))

+T( o —|—._..) [ I 1% (k‘;‘) l 1, b (kFs ifk‘l']-l'-ﬂ(h}}] “*"’T ("m-ﬂ'— % _,ﬂ-) [ ﬁi‘ (kT) ! %1 v(ET, "EH‘F)'!""M}]

g Ba (k%) +257= Bu(hv),

1 "y :

+1r(2 +r.r)B.].(Ia1:')+Bi(k'r)+a'*ng(k~r) .
+20;(h) E.A;(EW) sl bl Mt (3.8)
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where __ | * | o
O (k7) -»r(m 28) (%, (k1) , J ( (kv), u(kr) +u(kr))),

Ui(k'r)-= E(Nh kv)u(Nh—bh, kv) (u(Nh kv) +u(Nh—h, IW)

+u(Nh, kw) +u(Nh h kw))——-ﬁ(ﬂ !w)u(h k-r)(ts(O Iw)
uh, br) 4000, kD) +EG, D)), . x
‘mg"ﬁ i, (Nh, ko), (Nh—h, kv) (W(NR, k7) +u¥h=h )

5 (b, be) + 5 (Nh—h, bz)) - mga i (b, B0, ) k)
+u.(0 k) +4(h, ko) +4(0, k), - g =
Os (kv -ﬂ?‘_(u,(m h-)u(Nh -, k) +u,(Nh —k, kfr)u(Nh I;-r))(u(Nh k)
+u(Nh~—~h k) —!—u(Nh k%) +u (Nh—h, kr))
T Gy (h, k) (0, br) +it, 0, Iw)u(h b)) (wCh, )

+u(0 h') +4 (h, k) +u (0, f""‘))

§ 4. Error Estlmatlon for Periodtc Problem

In thig section, we consider the periodic problem with » (g, {, w) =v»(2; ) >0.

Let L, M and N denote nonnegative constants throughout which may depend
on % (jh, kv). Suppose that |

(1) the boundary condition is periodic, i.e.

Nh=1+h, u(jh, bv)=u(jh+1, k-r), . (4.1)

@ v<vs, |Gr| <o, RCE

(8) A=1h" "‘-cim L (4.3)

() o[Fa, i, utv)—F(z, §, v)y] <M ﬁﬁ; v|"3, M;=0orl, (4.4)

(5) | F(a, t, u+v)—F (2, t, u)l-gﬂgﬁ;[u i FmOorl. (4.5)
From (4.1), we have Ag(kr)==0 and | | | | | o

‘s B, (kv) =0, 1@@1 (4.8)

Ok =0, 1<I<8. &D

From (4.2) and (4.8), we have | | - o | o

|'an(br)]£M||u(k-r+-r)ﬂ’ S S I )

From Lemma &

s'rllu,(k-r) ﬂ’—l——(m 28)%( ﬂu(k-r) |’+k||u(h) l[”lu(kf) |1) for :r.;.}(}
Iou(k'l?) f =
' el (he) 12+ — 20 (fi (b [+ [u k) [9), for ve=0.

(4.9)
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From (4 4), (4.5) and Lemma 5, we get

Ag(kr)ﬁﬂﬁiﬁ,h TG (b) [0, | SN (4.10)
[Al(kw)lgs%ﬂu,(kw) ﬂ+—ﬁﬁ;h=-= u(kr)uﬂwj : (4.11)
lAa(kr)lﬁswﬂ%:(kr)ﬂﬂ—F-@ GEDPHFED, T @a2)
|4elew) |<ecil G P+ H GG ). 0 (4.13)

Now we aTe going to estimate | 45(k7) |. From (3.1), we got -
— A5(b7) = 2@ (k) ua(hr) +Svuse () . -

 — 2 (@) (k) , ulhr) +Bru (b)) + s (),

where ._ i
| .AEUM)-——{M (NE, kv)i(Nh—h, Fz) (u.(Nh k%) +8vu, (Nh, bv)

4G-u(Nh—h, kr)+6m(Nh —k, k%)) —u(k, Fv)u(0, k) ulh, kr)

+37u,(h, kv) +u(0, .h') —[—Sm,(ﬁ b'r))}
{n the other hand we have |

| (??f)ﬁ=7?3§+7?f#+—' n-f-_—"“"?b‘fz-

> -A; (kf) =—(%ﬂ(7¢1«‘) s (?W) +3Wa (f"ﬁ‘))
- +ia oSSiale), 5i) -I—Sm,(k‘r))
P (u (kﬂr)u.(h); u-(?n') +3mu(h'))
(‘” (kv)iiz (b'r) ; u«a(h') +3Ww (k'r))
Therefore

— Al = (55, wali) +am.~.,<kr)) j
+-%(E(kf)§.(h), ta (B%) + 37U (B7)) |

— - i () iz (), v (b) + B0 (b)) + 22K (4 14)
Becanse of (4 1), As(k¥) =0; then - .
- As(b) [<MJuGE)|.  (4.15)
By substituting (4.8)—(4.15) into (3.8), we obtain | | v
% (k%) |7+ (m— 1 — 4e) |4, (hv) |2+ |4 (R2) |3 0am

+«=(¢r+ )[\u(kr) 3 uan]s 78 (ma -5 g)]ﬁt(m) L2 i
<R (kv) +[F (o) |7, ' -' (4.18)
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where 5 3 ’ — R
. B (k7)) = M (Ju (k) |2+ [|u:(b1r+r)[| —I—h‘i('m ‘26)”(1—sig11 vo) |% (k%) |4)

3 3 BA ) [ U 5 W) 2

+ [MFE (m— 26)" gign vnﬂu(k'r) ﬂ“—l] | (k%) [1,.,.;.,)
Now we are going to choose m for three cases.

(_Jase 1. a‘:->-1-. We take

2

m==m1=ma.x(1+4a+po, o ) po}O.L

Then m-—-%‘l—a} 0, and (4.168) implies

1 ) )3 +po 5, (Bb2) 12+ [ (k) [2smy+7( 0+ ) [|u k) an]s
<EGw) + Gl @

‘We use the folluwmg notations

Q(’H,(ET), v, Po) = |u(ks) [*+27 EE_1~( |H(J'1-') |%,00%) +*Po'rﬂﬂf(ﬁ) [%),

p@©, H=lEOF+H TP

Then from (4.17)
QG k), v, Do) Qﬂm(ﬂ(o) ) +M‘F§R(ﬁ‘) (4.18)
Finally we use Lemma 7 with ; B
P==Pu(%(0) P, ’?(bf)=Q(ﬁ(h), v, .’Pﬂ):

Vi (bv)) =sign volu (k) {00,

where @ and ¢ are arbltrary, I=p+q+1,
e ={1 for T<é<p, E=1

B ~ larbitrary, for 1%%&10,, M,=0,
byss __{"‘ 152 . for 1<i<tq, Ni=1,
Py arbitrary, for 1<i<q, N = 0,

_bﬂ-Fﬂ"-I:;:ll 2 {.‘Sigﬂ |m_ 20 l " for I’I}=Oi.
Bﬂ+ﬂ+_1 arbitrary, for Pu}ﬁ, o
e { arbitrary, for »p=0,
—1, for ve>0. -

Therefore there exists a positive constant 7' (o) dependmg on p such that if
pi (i (0), F)<Nh®, kv<<T(py), then ) .

QiE), », 29 <MAREO, D, @19

‘wWhere
&, Afall B=0,i>1,

: 4.20
k% , Otherwise, ( )
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' . ot . an

b= max(g sign |m 28| (1~2sign v, max (F72)).
New0

Especially, if 8>221 we can take m—23 Hence if p=q=0 then for all oy and k
we have (4.19).

Case 2. a'-=l. We take

2

5 o
.. m = mg=1+4s +pu+21w1
‘Since
T l s (b)) |3, . o0my < 4004 [ 1, (B70) [j’
we have
(m— 1~ 4e) iy (be) [2+9%(1 = ) Lt () By >p0e i, () 1. 4.21)

Then we have (4.17)—(4.20) also. Eapecm.lly, if 5> 2 2 3 _pr—-g—-ﬂ then for all Ou
‘_and k, (4.19) holds.

| 1 1
Case 3. cr{-—2-, A< (=97 We take

' ; _1‘]‘48‘]‘@0"“4&!’10’ it
y & e Aoy "

Then we have (4.21) too, and (4.19) follows. Especially, if 3}—, p==g=-0 then

2
for all p, and %, we have (4.19). .
Theorem 1. If the following conditions are swmsﬁed
(1) eonditions (4.1)—(4.58) hold, |
1 1
(2) ¢ > or A< o

(3) m(E(0), KNI, ke <T (1),

- . Qu(kv), », z'»‘u) < Me"* oy, (4(0), ).
Especially, if p-==g-—0 and

then

M Jot gy
o> Eff—, fﬂfﬂ'=%¥
m; oy
5 for ﬂ"<’i——-, :

R
- )

then for all py and k, estimation (4. 19} holds. :
Theorem 2. If the conditions of Theorem 1 are smﬁzs ﬁed, and scheme (3.3) s

consistent with order's,, 8,>8, then the scheme is convergent.
Proof. Let U(3h, fw) and u(jh k) be tha snlutlons of (1.1) and (3.3)

respectively,
u(jh ?w) U(gh kf) +5(3k ]mr)

{L;.[U(yh k7) —l—u(gh }’cr)] =B
I [U (jh, K‘T)] =f(.?h kz),,

Then i
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where : o T
17 (ko) |2 = O (%)
By the same proof as in Theorem 1, we get
QEAH), ¥, p0) <HPp @ (0), 1),
where I and M only depend on U. So
QE(kv), v, po) =O0(h*=)—>0. as h—>{.

Remark 1. For the convergence, we require S.Q% at most. For the special

values of p, ¢ and v, we can get better results. |

§ 5. The First Boundary Value Problem
This section deals with the first boundary value problem. We suppose thai

(i) Nh=1, o me (5.1)
(1) %(1, kr)=gs(®z), 14 (0, k7)=go(kv), _. . (B2
(iii) »=positive constant, for simplicity. F | - (6.3)

Clearly (3.8) holds still with'Bo(kf}==A3(br)=0. (4,9)—(4.12) hold also. We
have

i | Ay (k7) I‘QETH”:(W) n=+M(E“(h') !ﬂ"*'g:t'l"ﬂn) (5.4)
From (4 14), we have

IAu(kr)|<MHu(h)ﬂ’+ = [u2(1—h, i:'r)+'u’(h b'v)]-{-Mh(gl—l-g (.5}
We find that o
By (br) =2 [W2(A—h, k) +E2 (b, ) ~ GRG0 —3G0)],  (5.6)

a7 B, (kt) -Eg.‘i{& (L—h, kv)it:(1—h, kz) +g1(bv) 4 (1—h, k)

S 3:” (kf) EE (1 W h: kT) g Eickf) Eii (kf) -l-t? (h: h> E# (h: kf)
+ Go (k) ity (B, b) — Gor (kw) B (b, k%) — Go(B3) Jor (k) }-
Sinoce .

G(—h, k)#,(1—h, kv) '-_%_'ti:-:ﬂa—h, "kfu)].—%[izm—h, k7)), eto.,

we have
ang(h-)} S [ (1—h, h)+u”(h k:)];

(cr+s) tﬁf(l h, b7) +ut(h, ko)1
[uf‘(l -3 Iaw)+uﬂ(h )
_'E(ﬂ(}”) +gq(k‘r)+r g{,(h)l—l—a;ﬂggt (k7). (5.7)

We can estimate ——— B (k%) in the same. way 2s noted by (5.8). Similarly we have

2
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O Bu(hr) = ZZET (@A~ h, ko) +iEE(h, Be) — G (B) ~FH (F)]e

Now we are going to estimate |C;(k7) |, t=1, 2, 8. Firsily,
O3 (k) = G2 (k)& (1— b, ) (G (be) +B(L~h, F7))

L Go(bw)T(h, k) (Gollr) +(h, b))

+-——91(kr)u(1 —h, k-r) (u(l, k7) +u(l—Ah, h‘))

_.? Go(ke) (b, F7) (u(0, bv) +u(h, k). (5.8
Sinoe | o
G AL —h, ) <ZEa1A—h, h)+—":-g (k)
g;(k*r)u”(l——h, kr) Q—Ih- uﬂ(i-—?h,_ h)-j—-;-g%(kr)iﬂ(l—h, kv),
G1 ()AL=, k) <ZE@(1~h, v) +'fT Fik), ete. (5.9)
We obtain *# |

|01(h')|'€§ [@? (I~ Pk, k) +u?(h, k)]

_ M”’*’ [§3(ke) 72 (1= b, Ior) + (0B, )T
M

(g3 (k%) g5 (hv) + g1 (kv) + g8 (kv)]. (6.10)

Similarly we have

|Oa(ier) | <227 [ (1—h, k) +it3(h, Ev)]

} M*”“‘ (2, (ko) (1, k) -+ (be)T2(h, )

+ Mhﬁ (g (k7) + g (kv) ‘5‘91(}“")91# (k%) +g5(kv) g5 (k7)], (6.11)

10,(}::)[=< [u42(1—h, k'r)—l—uﬂ(h k) ]

svrﬂ
7 [

Mvh

+ B —~h, kv) +52(h, k)]

g5 (kr)u?(1—h, kv) +g2(kv)u?(h, kr)]

+ M’;”""' (G ()it (=, k) 38, (o), )]

Mh

[31 (k7) +£?0 (k"") +'§1 (k7) +§o (I"'T") +729f(k7) g1, (k%)

+229% (k) g3 (bw) 1. (5.12)
We substitute the above estimations intc (3.8); then -
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e e st . ik et

{5 (ki) [P (1 M ) [ ) [P +w [ (B) (497 (05 ) L1 o) [

-l-wﬂ(ma* - a’}h&t(kfr)ﬁ

+2[1-be— (gl(kr>+g () + 5 a-:—:) wgm (kr))](u-"’(l -, k%)
+2(h, k%)) +5 (a+_)[uﬂ(1 R, kr)+u”(h ]ﬂ‘r)];

. ’;,1 (am—%‘--—a—m)@ (1 z;_ h)+uf(h k‘:’))

<R1(M)+ﬁg(k'r), T (5.13)
where - .

Bi(bv) =Miu (zw')”||ﬂ+u ﬁ B | ) |2+ M ;ii N A2t u () |22
b (— v+ Mh(m—28)*Jutke) | % () |, |
B () = MIF ) 12+ 2L (G2 ) + G (he) + 75 () 47798 (k)

+Mh CHLD, + g3 (k) +7° g3 2(k7) g3, (k) +72g8 (?W) g (70‘5‘))
We suppose that N is a suitably small positive constant and
.‘?1‘€Nh gi<SNh. (5.14)

Now we are going to estimate the error. First we consider the case o> % By

s o6+ M +Mh)
o g
2 P‘J?oj.

20 —1

oy =g == max(l -+ M & +po,
we obtain from (5.13)

[ (bv) 1+ ol (o) uum(rw) 2+ve (o-+--)nu<z=w> ht
+-ﬂ-(a+ )[uﬂ(l h, k%) +uﬂ(h k¢)]¢€ﬁ1(kr)+ﬁg(kr),
sotha,th | | w

Q% (kr), ¥, o) <pi® (u(0), f, 91, 9'0)+'F2R1(?T);_.. - (6.15)

where ol
p}l?l} (ﬁ (0>: }: 51: Eﬂ) ﬂﬁ;(ﬂ) -“E_FT Eﬂ “-?(-?T) "ﬂ
S 1)+ HRTGD +RF)-
Then we use Lemma 7 with , 8
n (k) =Q (1 (kv), ¥, Do),
p=pP(@(0), T, G5, 90)5
V(Iw) = |u (k%) |1.

The error estimations for ¢ "ﬁ 0L o «:-1— can be derived smula.rly.' .
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Theorem 3. If the following conditions are salisfied
(1) (6.1)—(6.3), and (5.14) kold,
i3 1 4
L) a}-fw e O (1—20)’
(i) pV<NAh®, kv<T(p),

{31, if ali M,=0, i>1,
S==

-%—, otherwise,

&—max(—lslgn |m—28|, max ( $—4 )),

2 I<é< 2¢
N g
tm g gl P F
Q(u (kv), v, po) <Me "o (1 (0), 7, g1, o)+ (5.16)

Especially, if p=qg=0, and

' %m}, for a'}i,
01 —é—m};’, qui' a‘=-l,
- 1 1
» [—2—-%3, fﬂ‘i’ﬂ'{z, |
where " M | -
Mma=1-+4e+po+ 921; )

o 4+168+4p,+ 1800
4 +18Ava —9Ap

then for all oV’ and kb, we have (5.16).
Remark 2. The convergence can be obtained provided .
Lau(jh, b)) =F (b, ke),  |F (b, #0) | =0G#), Bu>s, -
|g1(h7) [ =O(R), |go(hv) | =C’xh)-'“ |
Remark 8. If g;=0, or go=0, then
max | u?(h, M)I'Q{“(h)ll

0<f<

Therefore
2 hlii(jh, kz) xfﬂﬁh‘"f [ () i () 12,

If(ﬂ: (kv), l%(k'r) =3 I ﬂﬂﬂ%:(kﬂ |+ Mha“‘llu(fﬁf) IIE'IH@"F) |3

so (6.15) becomes .
QD) v, ) <G, F, G §

k—1

+M§;{nu(mn +(—v+ Mh(m—20)°[ (o) |

+ 38R G I B G

Finally we get the same result as in Theorem 3, but

s_max(;_;_mgn |m—25], ﬂ?‘i(i;@z ) Eif (=20
M0 - ol '
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Clearly if p<2, ¢<3, then s<0.

§ 6. The Second Boundary Value Problem

For simplicity, we suppose that (B. 1), (B. 3) hold, and
(i) d=0=0, | (6.1)
(i) (1, bv) =g1(hT), 4.0, k) =go (k7). (6.2)
Then (3.7) holds with By(kv) = As (k7) =0. From (5.6) and Lemma 6, we have
| By (k) | <ve | (o) |1+ M (|G (o) [ +gi (ke) + 5 (R7)) -

Similarly

|- By ) léér“[ﬁf(kr) 124 M2, () |2+ 53 (k) + G5 (Ro).

‘We can prove that
| (22 (k), J (u(kv), u(hr) +%UW))) |
<5 % (k7) |24+M |G () |2+ MA G (Ro) || | u (B) |3,
| m (e (), J (B (b)), u(bv) +3(h7))) |
' <evliy(r) |2+ MA (15 ko) [+ |5 ) |8 (e D
By substituting the above estimations into (8.7), we obtain

i () 13-+ (m —1— M 8) [ (k) |2+ | () | 1+—5— L8 G0) |3e

- mwﬂ | 2, (k) |2—s1rﬂ|§,(h) |

‘QM“”(]W) “2+M ﬁ E;hﬂf |% (k) ‘+ﬂ+g g ﬂ:hg'?ﬂa(h) | 2+2

=1

41— Me— Mh | (k) |*) |4 (k) [1+M (] f(fﬂ‘) 243 (b7) + 95 (k7))
Theorem 4. If the following conditions are mte.sﬁ&d
(1) conditions (5.1), (8.3), (6. 1) ‘and (6.2) hold

1
(2) A<o

@ oGO, F, §s, G0 =1 © +7 3 (17 o) P+ 72CG) + 554 <A
then for all kv<T (pz’), we have . . - | =
QG (o), », po) <MD @O, F, §an §0)-
We can get the convergence as in Remark 2. -

§7. The Case v(x, t U) =P(U)

For mmphmty we supposa ot -

(i) u(s, t) =ul@+1, 1), Ni=1-+h, - o | (7.1)
(i1) v(o, b, W=r@), - (7.2)
(iii) for all u€ (g, b), we have
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__#__———.__.-___—_

O<vo<yv (s, ¢, u) <wy, 3"’3(;*) Jﬁ"’m (7.3)
(.hi") 3'0"‘——0, - ; g ] : - k7'4)
S S ' & s (1.5)

We can obtain the following error equality
ju (k) |i+7(m—1) ﬂ“:(k"')ﬂ +2[w (k) 3, o+ 50y |
—mz (u, (kt), ARy, (k7)) +mz (s (b)), J (ke), u(kr) +u (In:)))
+ (2u (kv) +mvtie(B7), J (u(kr) +8m(?n') , u(kr))) B !
= (28 (bv) +mvily (k) F(bs) + £%Ou(hr)), SR e)
Assume w(jh, ¥v) € (a, b), M ; (ﬁ) is such a nonnegative function that if ¢<{N%, then
i i(2) <ay; especially, i 1(2) <L, We have

Yo
]*m-'r (Et UF‘F) ! Aﬂ;{ﬂ{k‘r]'l*llﬂﬂ'}}u (M)) I

< T (bw) |+ 80m? B (18 (B (%) 1 (B) 3 scsauerssiens
e Gy (), T @), (b)) |
<L ) [+ BB (i G ) i () |2 (b) |2, scummrsiianny
| (20 (Bv), £*Pu(kr))!

<H ([ () [ (1 () 181 89) |3 scamersionn)

We can estimate other terms in (7.6) and get
[ (&%) [+ (m—2) [t (kz) |2
-gm(ﬂuan-) I2) V3 (B%) |24+ (— 2+ (8 +B) Ms( [ () [ 2)

+drm B, (i (o) |®) |u ) | ¥y +izgonny + M | F (B7) [ 2. (7.7)
Let %, & be sufficiently small and m=2; then we have from (7.7)

ju (57) |*<px (v (0), ) +2'rk§ Mo ()i ) |9 [u () |2

k-1

+7 3 [ 2+(a+h)ﬂff(l|u(:r)H’)+16:~.M1(Hu(afr)l=)]

X IHQT) llnv{ﬂ(!fHﬂ{JﬂJ
Finally we use Lemma 7 with
| a

n(bv) = Ju (kz) |2,
V(k'r) i ‘H(k'ﬂ) in(umrHE{kﬂ]'
Theorem 6. If u(jk, kr) € (a, b), conditéons (7.1)—(7.8) hold, and

——

;‘"‘:_3“3" ox(4(0), FYSNB,  be<T (py),

then . ”
(% (k) |*<Me™* g, (u (0), F).

The convergence can be derived by nsing the same technique as in Theorem 2.



(11

(21

£31
[4]
(57
[6]
[7]
[8]

.+ - JOURNAL OF:COMPUTATIONAL MATHEMATICS X . Vol. 3

References

. A. Meiring, A, R. Mitehell, B. D. Sleeman, Numerical studies of reaction-diffusion, Dundee University,

Report NA /39, 1980.

. D. Hoff, Stability and convergence of finite difference methods for systems of nonlinear reaction-

dlffusmn equations, SI4M Numer. Anal., 15 (1978), 1161—1177.
FAH, Soliton A0%(HTHH, B 2T R, 28 (1978), 502—597.

5 A, Burgers B Eo)RER (DS (I, BEEEH A RFER, 8 (1981),350—359; 4 (1982), 220—228.
A, RS HROES L, 1982,

AR R R RN R B AR R, BB, 17 (1974), 242258,

Kuo Pen-yu, Numaerical mﬁthods for incompresaible viscons flow, Scientia Sinica, 20 (1977), 287—304.

Guo Ben-yu (Kuo Pan—yu} ,On stabﬂlty of dmcretmahan ’ Sawﬂtm Smm, 26 (1932) ; SeTies & 702—-715.




	File0001.jpg
	File0002.jpg
	File0003.jpg
	File0004.jpg
	File0005.jpg
	File0006.jpg
	File0007.jpg
	File0008.jpg
	File0009.jpg
	File0010.jpg
	File0011.jpg
	File0012.jpg
	File0013.jpg
	File0014.jpg
	File0015.jpg
	File0016.jpg
	File0017.jpg

