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POLYNOMIAL PRESERVING GRADIENT RECOVERY
AND A POSTERIORI ESTIMATE FOR BILINEAR ELEMENT
ON TRREGULAR QUADRILATERALS

ZHIMIN ZHANG

Abstract. A polynomial preserving gradient recovery method is pro-
posed and analyzed for bilinear element under quadrilateral meshes. It
has been proven that the recovered gradient converges at a rate O(h'**)
for p = min(a, 1), when the mesh is distorted O(h'T®) (a > 0) from
a regular one. Consequently, the a posteriori error estimator based on

the recovered gradient is asymptotically exact.

Key Words. Finite element method, quadrilateral mesh, gradient re-
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1. Introduction

A posteriori error estimation is an active research area and many methods
have been developed. Roughly speaking, there are residual type error esti-
mators and recovery type estimators. For the literature, readers are referred
to recent books by Ainsworth-Oden [2] and by Babuska-Strouboulis [4], a
conference proceeding [16], a survey article by Bank [5], an earlier book by
Verfurth [23], and references therein.

While residual type estimators have been analyzed extensively, there is
only limited theoretical research on recovery type error estimators (see, e.g.,
[2, Chapter 4], [6, 7,9, 10, 15, 22, 28, 29]). Yet, recovery type error estimators
are widely used in engineering applications and their practical effectiveness
has been recognized by more and more researchers. Currently, ZZ patch
recovery is used in commercial codes, such as ANSYS, MCS/NASTRAN-
Marc, Pro/MECHANICA (a product of Parametric Technology), and I-
DEAS (a product of SDRC, part of EDS), for the purpose of smoothing
and adaptive re-meshing. It is also used in NASA’s COMET-AR (COm-
putational MEchanics Testbed With Adaptive Refinement). In a computer
based investigation [4] by Babuska et al., it was found that among all error
estimators tested (including the equilibrated residual error estimator, the
77 patch recovery error estimator, and many others), the ZZ patch recovery
error estimator based on the discrete least-squares fitting is the most robust.
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It is worth pointing out that the recovery type error estimator was orig-
inally based on finite element superconvergence theory, in hopes that a re-
covered gradient was superconvergent and hence could be used as a substi-
tute of the exact gradient to measure the error. The reader is referred to
[4, 11, 16, 18, 25, 33] for literature regarding superconvergence theory. In
order to prove superconvergence, it is necessary to impose some strong re-
strictions on mesh, which are usually not satisfied in practice. Nevertheless,
it is found that in many practical situations, recovery type error estimators
perform astonishingly well under meshes produced by the Delaunay trian-
gulation. Mathematically, this fact has not yet been rigorously justified.

In a recent work, Bank-Xu [6, 7] introduced a recovery type error esti-
mator based on global Ls-projection with smoothing iteration of the multi-
grid method, and they established asymptotic exactness in the H!'-norm
for linear element under shape regular triangulation. However, the recovery
operator is a global one.

On the other hand, Wang proposed a “semi-local” recovery [27] and
proved its superconvergence under the quasi-uniform mesh assumption. The
main feature of his method is to apply Lo projection on a coarser mesh with
size 7 = Ch® with a € (0,1). Consequently, there is no upper bound for the
number of elements in an element patch when mesh size h — 0.

As for element-wise recovery operators, Schatz-Wahlbin et al. [15, 22]
established a general framework which requests, for linear element, given a
fixed 0 < € < 1, that

(e (3 )

Here h is the size of element 7, H > 2h is the size of the patch w; (sur-
rounding 7), where the recovery takes place, and C' is an unknown constant
which comes from the analysis. Let H = Lh. In order for m < 1, we need

C(L*h*+ L “InL) < 1.

Depending on C, this essentially asks for sufficiently large L and sufficiently
small h, which implies many elements may be needed for the recovery oper-
ator. Nevertheless, in practice, many recovery operators work well with an
H/h that is not large (usually 2).

Therefore a theoretical justification for recovery that involves only a few
elements surrounding a node is necessary. In other word, it is desired to
study the case when H = 2h. The situation is further complicated by
quadrilateral meshes where mappings between the reference element and
physical elements are not affine. We encounter some delicate theoretical
issue in analysis. See [1, 3, 8, 13, 14, 19, 21, 30, 31, 36] for more details.

In this article, we propose and analyze a gradient recovery method which
is different from the ZZ recovery [34]. We show that the a posteriori estimate
based on this new recovery operator is asymptotically exact under mesh
distortion O(h!T®) when o > 0. Here o = oo represents the uniform mesh
and a = 0 represents completely unstructured mesh.

The main feature of this new recovery operator is:
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(1) It is completely local just like the ZZ patch recovery;

(2) It is polynomial preserving under practical meshes, a property not
shared by the ZZ;

(3) It is superconvergent under minorly restricted mesh conditions;

(4) It results in an asymptotically exact error estimator when the mesh
is not overly distorted. The error bound is in the form of

(1.1) i+ O ) < [ V(u —up)|| <+ O(RYFP),

rather than
1
o' + higher order term < ||V (u — up)|| < Cny, + higher order term

in most error bounds in the literature. Here C'is an unknown constant, which
may be very large and hence makes the error bound not very meaningful in
practice.

We comment that A can be reduced to o(1) and still maintain the asymp-
totic exactness of the error estimator. If we give up the asymptotic exactness
requirement and only ask for a reasonable error estimator, we may further
reduce the condition to “a sufficiently small constant v > 0”.

The main results of this paper include a super-close property (Theorem
3.3), a global superconvergent recovery result (Theorem 4.2), and a local
superconvergent recovery result (Theorem 4.3). The error bound (1.1) is a
consequence of Theorems 4.2 or 4.3. All these results need a mesh assump-
tion, Condition («), which is introduced in Section 2. Basically, we allow
quadrilaterals to be asymptotically distorted by O(h'T%) (o > 0) from par-
allelograms. Note that o = 0 represents arbitrary meshes. Therefore, the
mesh considered here is next to arbitrary (with a little structure). Indeed,
when a very practical mesh refinement strategy, bisection (link edge-center
of each opposite side of a quadrilateral) is applied, we have a = 1 (see
Lemma 2.1).

2. Geometry of the Quadrilateral

Let K = [—1,1] x [~1,1] be the reference element with vertices Z;, and let
K be a convex quadrilateral with vertices ZZ-K(xiK, yiK), 1 =1,2,3,4. There
exists a unique bilinear mapping Fx such that Fx(K) = K, Fx(Z;) = ZX
given by

4 4
i=1 i=1
where
1 1
1 1
Ny= 31+ +n), Ni= (1= +n).
We can also express

T = ag+ a1§ + agn +azln, Yy = by + b1& + ban + b3&n;
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where by suppressing the index “K”,
dap =x1+ a2+ w3+ e, 4bo=y1 +y2 +ys+ys;
4ar = —x1 + 20 + T3 — T4, 4by = —y1 + y2 + Y3 — ya;
dag = —x1 — w2+ w3+ w4,  4b2=—y1 — Y2+ Y3+ ya;
daz = w1 — w2 + 23 — x4,  4b3 =Y1 — Y2+ Y3 — Ys-
To any function v(z,y) defined on K, we associate 0(£,n) by

0(&n) = v(z(&n),y&n)), or D=volFk.
The Jacobi matrix of the mapping Ff is
_(®e ye\ _ (a1 +asn bi1+bsn
DF = (¢ = :
(DF)(E, ) <37n yn) <a2 +as§ be + b3
Let Vv = (9,v,0,v)T, it is straight forward to verify that
(2.1) Vi = (0¢0,0,0)" = DF Vv,
(2.2) 8&@ = [(a1 + agn)ax + (b1 + bgn)f)y]”v,

(2.3) 8?;7113 = 7[(a1 + agn)dy + (by + b3n)d," *(as, b3) - Vo

+[(a1 + a3n)0z + (b1 + bsn)9y]" [(a2 + az&) 0y + (b2 + b3&)dy|v,
and 0,0 and (‘92:]?1@ can be expressed in a similar way. The determinant of
the Jacobi matrix is

I = Jx(&m) = Jg + T+ I3,
where
Jg( = a1bs — brao, JIK = a1bs — bras, J2K = boag — asbs.
The inverse of the Jacobi matrix is
1 —b —
(& ) =mrot= g (Lt )

Note that a3 = b3 = 0 when K is a parallelogram in which case F is an
affine mapping, and further ag = b3 = as = by = 0 when K is a rectangle.

Starting from Z;, we express the four edges (with the midpoint P;) as
four vectors v;, i = 1,2, 3,4, pointing counter-clock-wisely (Figure 1). We
denote the midpoints of Z3Z, and Z1Z3 as Op and Os, respectively. For
analysis purpose, it is convenient to identify 2-D vectors as 3-D vectors by
adding the third component 0. We can verify that

1
PPy = §($2 +a3—24— 21,2+ Y3 —Ys—41,0) = 2(a1,01,0),
1
PP = 5(553 +a4— 21 — T2, y3 +Ya — Y1 — Y2,0) = 2(az,b2,0),
1
0102 = §($1 +a3— 22 — T4, Y1 + Y3 — Y2 — Ys,0) = 2(as,b3,0).
Then

(2.4) 2y/a2 + b2 = |PyPy|, 2\/ad+ b2 =|PPs|, 24\/a2+ b2 =00
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FIGURE 1. Geometry of a quadrilateral

(2.5) 4(arag + bibe) = PyPy- PyPy = |PyPs|| P P3| cos ag,

(2.6) 4(ajag + b1bs) = PyPs- 0109 = |PyP3||0104] cos B,

(2.7) 4(aza3 + babz) = 0103 - Py Py = |010;|| Py P3| cos vk,

where the meaning of angles ok, Ok, and g is obvious from the context.

i j k

1 1
(2.8) Jé(k = |a1 bl 0] = ZP4P2 X P1P3 = Z|P4P2HP1P3‘ sin ar,
ag b2 0
i j k 1 1
(2.9) JlKk = |a1 bl 0] = ZP4P2 X 0102 = Z‘P4P2H0102| sinﬁK,
as b3 0
i j k 1 1
(210),]2](’6 = |a2 bQ 0| = ZP1P3 X 0102 = Z|P1P3H0102’Sin’}/[(.
as b3 0

We could also express

I = 2[(za—23) (y2—y1) — (za—21) (ya—y3)| = 2wz xv1], [J3] = 2[vaxvsl.
Let hx be the longest edge length of K, we introduce the following con-

dition:

Definition 1. A convex quadrilateral K is said to satisfy the diagonal

condition if

(2.11) di = 0109 = O(h}}®), a>0.

Note that K is a parallelogram if and only if dxg = 0. Therefore, the distance
between the two diagonal mid-points O and O3 is a convenient measure for
the deviation of a quadrilateral from a parallelogram. The two extremal
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cases @ — oo and a — 0 represent parallelogram and completely unstruc-
tured quadrilateral, respectively. Anything in between will pose some re-
striction, especially a = 1 is the well-known 2-strongly regular partition,
see, e.g., [13, 36].

The diagonal condition was previously used by Chen [12] for triangular
meshes, where two adjacent triangles form a quadrilateral that satisfies the
condition.

The following lemma states a known fact regarding the 2-strongly regular
partition (o = 1). Although this fact is widely used, we have not seen a
formal proof of it in the literature. An elementary proof is therefore provided
in the Appendix.

Lemma 2.1. Let 0102 be the distance between two diagonal mid-points of
any of four refined quadrilaterals through the bi-section of K. Then

1
|0102| = Z|0102‘

Recall that the bi-section reduces the length of longest edge by half, which
is hg /2. Therefore, the diagonal condition (2.11) is satisfied with o = 1.

To measure this deviation, Rannarchar and Turek [21] used the quantity
ox = max(|m — 601, [r — 6s]),

where 61 and 6, are the angles between the outward normals of two opposite
sides of K.

Definition 2. A convex quadrilateral K is said to satisfy the angle condition
if

(2.12) ox =O0(h%), a>0.

Lemma 2.2. The diagonal condition (2.11) and the angle condition (2.12)
are equivalent in the sense

di = O(hil®) <= o = O(h%), a>0.

A special case of this lemma has been proved in [19, Theorem 4.13] under
some complicated mesh restrictions. Here we provide a direct and much
simpler proof in the Appendix without any mesh assumption.

Definition 3. A partition 7}, is said to satisfy Condition («) if there exist
a > 0 such that

i) Any K € 7y, satisfies the diagonal condition (2.11).

ii) Any two K, K9 in 7p, that share a common edge satisfy a neighboring
condition: For j = 1,2,

K K K K
(2.13)  a;' =a;?(1+ O(hk, +hi,)), b =0;2(1+O(hi, +hi,)).
To assure optimal order error estimates in the H'-norm for the bilin-

ear isoparametric interpolation on a convex quadrilateral K, namely, the
estimate

(2.14) Hu — ’LL]H()’K + h|u —urj1,x < Ch%(\u|27K,
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we need a degeneration condition, which was introduced by Acosta and
Duran [1].

Definition 4. A convex quadrilateral K is said to satisfy the Regular de-
composition property with constants N € R and 0 < ¥ < m, or shortly
RDP(N,V¥), if we can divide K into two triangles along one of its diago-
nals, which will always be called d;, in such a way that |d;|/|d2| < N and
both triangles satisfy the maximum angle condition with parameter ¥ (i.e.,
all angles are bounded by V).

Remark. This is a weaker condition than many other similar degenerate
conditions, cf. e.g., [13, 14, 31, 36]. It was proved in [1] that RDP(N, V) is a
sufficient condition for (2.14) to be hold, and the authors conjectured that it
is also a necessary condition. Recently, Ming-Shi confirmed this conjecture
by a simple counter-example [19].

We denote X = X (&,n) = Xo + X1 where
b —b b
on( 2 1), X1=X1(£,77)=< 3)(5,—n>-

—ag al —as

Lemma 2.3. Let a convex quadrilateral K satisfy the diagonal condition.
Then

XX 2 =1+ 0(%), [IXX 2= I - XoX |2 = O(h%).
Proof: It is straightforward to verify that

1 b —b 1 ar b n
L G 2 ) s

Jg L ([ by —=b1) (7
= 74— b
JK * Ji (—CLQ ar ) \§ (a3, bs)
where [ is a 2-by-2 identity matrix; and
JE K 1 [ by —b
X X =T XoX '= (e 2pr—— (7 ) (7 b3).
1 0 (JKE + e n) T \—as ) \¢ (a3, b3)

By the definition of Jx and geometric relations of (2.4), (2.8)—(2.10), we see
that

I3 oy I A o
=1+ 0(h%), = O(h%), = O(h%),
JK JK JK

by the diagonal condition (2.11). The desired conclusion follows. O

3. Superconvergence Analysis
We consider the variational problem: Find u € H'(£) such that
(3.1)  alu,v) = (Vu, AVv) + (b- Vu,v) + (cu,v) = (f,v), Yve H(Q),

where A is a 2-by-2 symmetric positive definite matrix and € is a polygonal

domain which allows a quadrilateral partition 7; with h = [Igla;_( hig. We
S

assume that all functions are sufficiently smooth, in particular,

(3-2) 1A = Aollo.co.x = O(h%),  [Ib—bollo,00.c = O(h),
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where Ag and by are piece-wisely constant functions that on each K € 7j,
1 1
A = s [ Alwo)dody, bolic = i [ b p)dody
K] i 1K i

We also assume that a(-, -) satisfies the inf-sup condition to insure that (3.1)
has a unique solution. Using

1 .

p— 7X 3
Vo P Vo,
we write
(Vw, AVv) g = / (Vw)T AVudzdy = / L(XW;)TA(X%)dgozn,
K kK JK
(b-Vw,v)g = / vb - Vwdzdy = / b - X VbdEdn;
K K
and define
* 1 = A =~
(3.3) (Vw, AVv)s = E /K (XoVi)T Ag(XoVo)dEdn
= / (V)T BEVadedn,
K
(3.4) (b- Vw,v)s = bo - Xo / oVwdedn,
K
where .
BX = ﬁ(xg( T AKXE.

We introduce the following lemma, which can be verified by straightfor-
ward calculation.

Lemma 3.1. Under the condition (2.13) and (3.2), we have
ot = SR+ O, +h5g)), 1BS = BR2| = O(h, + hit,).

Theorem 3.1. Let the assumption (3.2) be satisfied, and let K satisfy the
diagonal condition. Then there exists a constant C' independent of u and
K, such that

(3.5) |(Vw, AVv) g — (Vw, AVv) | < Chi||[Vwlo k|| Vvlok,
(3.6) (b Vw,v)k — (b Vw,v)k| < Ch||Vwloxlv]lox-

Proof: We decompose

(3.7) (Vw, AVv) g — (Vw, AVv)j = (Vw, (A — Ag)Vu) g

n / Ji[(Xw))T Ag(X VD) — (XoVa) T Ao(XoVo)|dedn
K YK

1 1 - .
— — =) (XoVd) " Ag(Xo Vi) dEdn.
# LG = R KoV oKV oy

(3-8) [(Vw, (A = Ag)Vu)k| < Chig|[Vwllox [|Vollo.s-
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Using X = Xg + X3, we express
/ S (XV0)T Ap(X VD) = (XoVa)T Ao( X0 Vo)l

_ /JK[(XOVw) Ao(X1V0) + (X1 V)T Ag(Xo V)
+ (X, V)T Ao (X1 V)] dEdn.

The first term can be estimated as
1 - . - A~
\ / T(XOVM)TAO(X1VU)d§dn\
K JK
1 A 1 A
= |/(Xvw)TX_TXgA0X1X_1(XV@)Jdedm
K JK Jr

= | / (V)T (Xo X HT A0 X1 X~ Vudady|
K

Note that (XoX 1)TA40X1 X! = O(h%) by Lemma 2.3. The other two
terms can be estimated similarly. Then we derive

(3.9) 7 K[(XVw)TAo< V) — (XoVid)" Ao(XoV))dEdn|

< Chy|

Next

o) | [ (5 - %)(XN@)TAo(Xo%)dfdm

1 N
= | / 1—7 Xv )TX_TXgAOXOX_l(EXVﬁ)Jdedn\

JK _ .
= | (o) = ) (V) (XX A XoX s
0

< Chik|[Vwlo,klVvllo,x-

Note that by Lemma 2.3,

JK K

JKé(ﬂ: y) + ?n(x y) =O0(h%), (XoX HTAXoX ' =1+0(h%).
0

We then obtain (3.5) by applying (3.8)-(3.10) to the right hand side of (3.7).
Now we write the convection term as following:

(3.11) (b-Vw,v)g — (b- Vw,v)j

= / b - (X — Xo)Vibdedn + / (b — bg) - XoVidédn.
K K
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We estimate the two terms separately.
(3.12) | / b+ (X — Xo)Sibdedn|
K
= | / b - (I — XoX V)X Videdn|
K

_ \/ vb- (I — XoX ") Vwdzdy|
K
< ChglIVwllokllvllox,

by Lemma 2.3.

(3.13) | /K d(b — by) - XoVdedn|
= | /K 8(b—by) - XoX (X Vb)dédn|

= |/ v(b —by) - XoX ' Vwdrdy|
K

< Chik|[Vwlloxllvllo.s,

by Lemma 2.3 and (3.2). Applying (3.12) and (3.13) to (3.11), we obtain
(3.6). O
We then define two modified bilinear forms

ap(u,v) = Zah(u, Vg, bp(w,v)= th(u,v)K
K

K
where
(3.14) ap(u,v)x = (Vu, AV0)i + (b- Vu,v) g + (cu,v)g,
(3.15) by (u,v) g = (Vu, AV0)) + (b- Vw,v) + (cu,v) k.

Given a quadrilateral partition 75 on a polygonal domain 2, we define
the bilinear finite element space

Sp={ve HY(Q): t =voFx € Q1(K), VK € Tp,}.

Theorem 3.2. Let 7}, satisfy the condition (o) and RDP(N, V), and let
u; € Sp, be the bilinear interpolation of u € H3(Q) N H(Q2). Then there
exists a constant C' independent of h and w, such that for any v € Sp,

Jan(u = ur,v)| + |bp(u —ur, )] < C(WFulz0 + h2|u

3,0)[vl1,0

Proof: For convenience, we set w = u — uy. By (3.14) and (3.15), we can
express

an(w,v) = bp(w,v) = Y [(b- Vw,v)gx — (b Vw,v)k].

KeTy,
Recall (3.6), and we have
(3.16) jan(w,v) = bp(w, )| < C Y b Vwlosrllvlox
KeT,
< Ch"™ulaqlvlloq,
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since by the RDP(N, V) assumption, (2.14) is valid. Therefore, we only
need to estimate by, (w,v). Again, by the RDP(N, ¥) assumption, we have
(3.17) |(cw,v)| < Ch2Julzgl|v]o0-
Hence, our task is narrowed down to estimate

(Vu, AVv)j, and (b-Vw,v)}

for K € 7;,. By the definition (3.3) and (3.4), we see that all coefficients are
constants now and we only need to estimate following terms

/ Dethd D, / e D0, / 8,0, / 8,0y, / 0Octh, / 00,1,
K K K K K K

a) Let @ € Py(K). There are only two terms £2,7? not in the reference
space of the bilinear interpolation, therefore,

/ 8512135@ =0, Yvels,.
K

By the Bramble-Hilbert Lemma,

@18 | [ detoci| < CUDYlaqi 1060l o
< C(hit®ula,k + Picluls ) |v]1 k-

We have used (2.2) and (2.3) in the last step. Similarly,

(3.19) \ / Oy 0y0| < C(hi®|ula, i + Pic|uls k) o] k-
K

Next we discuss the cross terms. For any v € S, we can express
Oed = 0¢6(0,0) + ndZ, b, Oyd = 8yv(0,0) + £0Z, 0.

Note that 8527717 is a constant. We write
/ (OO0 % OpywOeD)
K

= 9,9(0,0) / It + 9¢9(0,0) / O + 92,5 ( / £0eth + / nOyW).
K K K K
Since for @ = €2, or 4 = 72,

[ oci=0. [ ayo—o.
K K

Therefore, by the Bramble-Hilbert Lemma,

(320)  19,9(0,0) / Dty + 9(0,0) / O,
K K
< OID%al| 2y IVl 2y < O (R lulz,ie + i luls i) o] k-

Next we consider,

L1 2 _ V. L 2 1\92 -
[ o= [ (& -voeo = [ (- veza
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. . 1 "2 -
852772}/1%5851" =3 /1%(52 - 1)8§2u8§2,7v
1t .
= 5[ (€@ -k -1
1 ! 2 2 A A 1 2 3 A0 ~

Similarly,

1 /! o 1 o
-3 / 1(772 — 1)(02:0,0)(1,n)dn + 3 /K(n2 — 1), > 10y0.
Therefore, we have
1 !
(3.21) 92,0( / E0gd + / ndyth) = 5 /6 (#* — 1)0faoyodt
K K K

1 > A A~ ~
+ B /[%[(52 - 1)8227714851) + (n* — 1)82n2u8nv],

/
where / indicates a sign influence whenever it applies. For the second term

on the right hand side of (3.21), we have, from (2.3),
1 .
(3.22) 3 /K (6% = 1)02,/00¢0 + (1° — 1)8, 200,1)]

< C(hdfule,x + hicluls g)|v]1k -

In light of (3.18)—(3.22), we can express

K 4
(3.23) / (V)T BEVodedn = % > 117 / (t(s)? — 1)0*udsvds
K = !

J
+ (O(hid )|ula, ik + O(h%)|uls,1)v]1.x,

where [; are four sides of K. By the neighboring condition (2.13), any two
adjacent elements K1, K5 that share a common edge satisfy (see Lemma 3.1)

1B — BR2|| = O(h*),
Therefore, we have, by the trace theory,
bgl o sz

b1y = by o /(t(s)2 — 1)02udyvds]
l

(3.24) 22—

IN

Cho‘]llz(h_l/ ]DzuDUH-/ |D3uDv + D*uD?v|)
K K

IN

C (A lul2, i + h?Juls ) |v

1LK-

In the last step, we have used the inverse inequality. Adding up (3.23) with
the edge integral estimated by (3.24), we obtain, under the homogeneous
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Dirichlet boundary condition,

(3.25) | Y (Vw, AV)5| < C(R ™ ulaq + B2 lulso)lv)e.
KeT,

b) we now consider / 10w where we can express
K

b= @(0 0) + 9¢0(0,0)¢ + 8,9(0,0)n + 0z, HEN.

Since for any @ € P(K), we have
/aw (0,0) + ,0(0,0)17) = 0,
by the same argument as in b), we have
(3.26) / 06 (5(0,0) + 8,5(0, 0)m)| < CI D%l g lloll, 5

KVl k-

/ ococ = [ (e~
/3sw€77——/3§w —-1)'(n* = 1) /5 1(n* = 1),

we have

(3.27) | /K 0t (9600, 0)€ + Deyoén)

Next, by 1dent1t1es

< 1020 & 1060l & + 102, @l 1 108,010 4
< CO(hi|ulz,x + hi|uls k)

Again, we have used (2.2), (2.3), and the inverse inequality in the last step.
Combining (3.26) and (3.27), we obtain

(3.28) [ #0ci] < Cllula + biclubasollolh
Similarly, we have

(3.29) y/ 80,0] < C(hSlulax + haculs.)[0] .-
Note that X = O(hk), therefore,

(3.30) (B0 - Vo, 0’| = [Bo - Xo /me

< Chg(hilulo,x + hicluls.g) vl k-
Adding up all K € 7, and using the Cauchy inequality, we obtain
(3.31) ] Z (bo - Vw,v)*| < C(hHO‘]u\m + hz\u|379)HvH1,Q.
KeTy,

Combining (3.17), (3.25), and (3.31), we establish the assertion for by (w,v).
g
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Theorem 3.3. Assume that 7}, satisfies the condition () and RDP(N, ¥).
Let u € H3(Q) N HY(Q) solves (3.1), let up,ur € Sy, be the finite element
approximation and the bilinear interpolation of u, respectively, and let a(-, )
satisfy the discrete inf-sup condition on Sp,. Then there exists a constant C
independent of h and w, such that

(3.32) |a(u —ur,v)| < C(W*ulz,0 + h?|ulz 0)lv]|0;
(3.33) Jup, — urll1,0 < C(W T ulan + h2|uls ).
Proof: Let w = u — uy, and by Theorem 3.1,
la(w,v)k —ap(w,v)k| = [(Vw, AVv)g — (Vw, AVv)¥k|
S Ch?(va O,KHVUHO,K'

Adding all K € 7j, and using (2.14) with the Cauchy-Schwarz inequality, we
have

la(w, v) — ap(w,v)| < Ch™*|ulaqlv]1 0
Recall Theorem 3.2, and we obtain

la(w, v)| < Ja(w, v) = an(w, v)| + |an(w, v)| < C(WF|ulz0+h?|u

30)Ivl10,

which establishes (3.32). We then complete the proof by the inf-sup condi-
tion in
a\up —ur,v
Al —urllo < sup L 00Y)
ves,  [vlle

a(u —ur,v)

= sup < C(h'*uly0 + hPlulsq). O

ves,  Ilvlhe
4. Gradient Recovery

In this section, we introduce and analyze a polynomial preserving recovery
method (PPR). We define a gradient recovery operator G : Sp, — Sp, X
Sp, on bilinear finite element space under a quadrilateral partition 75 in a
following way: Given a finite element solution uy, we first define Gruy, at all
nodes (vertices), and then obtain G, u;, on the whole domain by interpolation
using the original nodal shape functions of S}.

Given an interior node (vertex) z;, we select an element patch w;, where

w; = U K.
KGTh,ZiEF(
We then denote all nodes on w; (including z;) as z;;, j = 1,2,...,n(> 6), and
fit a quadratic polynomial, in the least-squares sense, to the finite element
solution wuy at those nodes. Using local coordinates (z,y) with 2; as the
origin, the fitting polynomial is
AT
pQ(xay;zi) = PTa =P a,
with .
P" = (Lz,y,2%,2y,y), P =(1,&n,88n,n0°);
(a1

T ~T 2 2 2
a = (al,ag,ag,a4,a5,a6), a = ,hCLQ,hCL3,h a4,h a5,h CLG),
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where the scaling parameter h = h; is the length of the longest element edge
in the patch w;. The coefficient vector a is determined by the linear system

(4.1) Q"Qa = Q"by,

where b = (up(2i1), un(zi2), -, un(2in)) and

L & m &§ &am n
1 & m & &m 1
Q=|. 7 T e
L & m 51?7, Enlin 77721
The condition for (4.1) to have a unique solution is: @ has a full rank, which
is always satisfied in practical situations. In fact, ) has a full rank if and
only if z;;s are not all lying on a conic curve. In practice, this is not a
restriction at all: Any interior node 2z; is a common vertex of at least three
quadrilaterals. This makes n > 7 > 6. An elementary argument reveals
that a sufficient condition for ) to have a full rank is all quadrilaterals are
convex.
Now we define

(4.2) Ghuh(zi) = VPQ(O,O;ZZ').

When Neumann boundary condition is post, there is no need to do gra-
dient recovery on the boundary. However, if the Dirichlet boundary con-
dition is post, the recovered gradient on a boundary node z can be deter-
mined from an element patch w; such that z € @; in the following way:
Let the relative coordinates of z with respect to z; is, say (h,h), then
Grup(z) = Vpa(h, h; z;). If z is covered by more than one element patches,
then some averaging may be applied.

Remark 4.1. In an earlier work [26], Wiberg-Li least-squares fitted so-
lution values to improve and to estimate the Lo-norm errors of the finite
element approximation.

Now, we demonstrate PPR on an element patch that contains four uni-
form square elements (Figure 2). Fitting

ﬁ?(ga 77) = (17 ‘fa n, 527 5777 772)(&17 e 7d6)T
with respect to the nine nodal values on the patch. Now

g=(1,1,1,1,1,1,1,1,1)7, £=(0,1,1,0,—1,—1,—1,0,1)7,

n= (ana 1,1,1,0,-1, -1, 1)T7 Q= (é:g:ﬁ, 5275777772)7
T ~\—1 AT 111111
@Q7Q7 = dialg g 5510 5)

5 2 -1 2 -1 2 -1 2 -1

0 1 1 o -1 -1 -1 0 1

0 0 1 1 1 o -1 -1 -1

-2 1 1 -2 1 1 1 -2 1

0 0 1 0O -1 O 1 0 -1

-2 =2 1 1 1 -2 1 1 1
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4 3 2
1
5 z
6 7 8
Figure 2

(4.3)

_1AA . 1 (ug —us +us — ua +ug — ug _1 _—
Gru(z) = EVpg(O,O) = <u2 s s —ur g —ug) EZCJUJ'
J

Note that the desired weights ¢; are the second row of (QTQ)1QT for
the 2-derivative, and the third row of (Q7Q)~'Q7 for the y-derivative, re-
spectively. Moreover, Z ¢ = 0 and Gpu(z) provides a second-order finite

(A
difference scheme at z.

Given v € Sy, it is straightforward to verify that
v 21
0x'2" 37  3h
ov, h 2h 1 2
%(—57 3) = 37}(”0 —v5) + 371(1}3 — v4),

ov_h 2 1
oxr* 2" 37 3h
@(E f%) — i(
ox 2" 3’  3h

2
v] — ) + 37L(’U2 — v3),

2
(Uo — ’1}5) + %(U7 — 1}6),

2
v] —vg) + %(Ug —v7).
Therefore,
1.0v h 2h ov, h 2h ov, h 2h ov, h 2h
€T — [ = (- (- T _ ("
we) =4l 3ty ey 3 e Rk
The recovered y-derivative can be obtained similarly. Hence, in this special
case,
|Grho(2)] < [v]1,00.0,-
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By linear mapping, this is also valid for four uniform parallelograms in that
(4.4) |Grv(z)] < Clv|ic0w,, YU € Sh.

with C independent of h and v.
Theorem 4.1 Let 7}, satisfy Condition (o). Then the recovery operator G}
is a bounded linear operator on bilinear element space such that

IGhvllopo < Clvlipa, Yve Sy, 1<p<oo,

where C' is a constant independent of v and h.

Proof: We observe that the diagonal condition together with the neigh-
boring condition imply that for any given node z, there are four elements
attached to it when h is sufficiently small. In addition, these four elements
deviate from four parallelograms that attached to the same node in the
following sense,

Q= Qo+ h*Q1,

where ) and Q)¢ are least-square fitting matrices associated with those four
quadrilateral elements and four parallelograms, respectively. We want to
express (Q7Q)71QT in terms of (QF Qo) 1Q¥. Towards this end, we have

Q"'Q =Q(Qu(I + h*Ey),
where
E1 = (Q§Q0) 1 (Q] Qo+ QF Q1 + h*QT Q).
Therefore,
(QTQ)'Q" = (I+h*E1) Q) Qo) 1 (Q) +h*Q1) = (Q Qo) ™' Q +h*En,

where

By = (Q5Q0)'QT =) (h"E1) E1(QF Qo) Q"
§=0
We see that
(4.5) (QTQ)'Q" =(Q1Q0)'Qj + O(h*).

Therefore, the fact that Qf Q is invertible guarantees that Q7@ is invertible
for sufficiently small h. Moreover, by (4.5), we have

Gho(z) = %Z(Ej + O(h™))w,

J

where G}, is the recovery operator under the quadrilateral mesh that satisfies
the diagonal condition and the neighboring condition, and cjs are weights

1
for the related parallelogram mesh so that, by (4.4), 7 Z ¢; is a bounded
J
operator on Sp such that

1 -
I > Gvjl < Clolt s
J
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Therefore, in the quadrilateral case, (4.4) is also valid, provided Condition
() is satisfied and h is sufficiently small. If (4.4) is valid for each node of
K, then we have,

(4.6) IGhlloses < Clolioowr: Vo € Sh,
where wg is defined as
WK = U K.
K'eT, K'NK#0D

Note that (4.6) is true for all K € 7}, including boundary elements, since by
our construction the boundary recovery is simply some averaging of nearby
patches. Therefore,

(4.7) ”GhUHO,oo,Q S C‘U

1,00,825 Vo € Sh~

This establishes the assertion for p = co. As for p < oo, we notice that
all norms are equivalent for finite dimensional spaces, and with a scaling
argument,

3 / CrolP < Y WGl x
KeT, 'K KeT,
< Goh? ) o} Lk
KeT,
< Osh? Y h2/ IVolP <C Y o«
KeTy, K KeT

Here, all constants C;’s and C' are independent of p, v, and h. The conclusion
then follows. O

Another important feature of the new recovery operator is the following
polynomial preserving property:
Lemma 4.1. Let K € 7, and u be a quadratic polynomial on wg. Assume
that K and all elements adjacent to K are convex. Then Gpu = Vu on K.

Proof: The convex condition guarantees that the least-squares fitting has
a unique solution. On each of four element patches, the recovery procedure
results in a quadratic polynomial ps that least-squares fits u, a quadratic
polynomial. Therefore, po = u, and consequently, Gpu = Vps = Vu, a
linear function, at each of the four vertices of K. Therefore, Gpu = Vu on
K. O

Remark 4.2. Note that we do not make any mesh assumptions in Lemma
4.1 except the convex condition, which is always satisfied in practice. Basi-
cally, as long as the least-squares fitting procedure can be carried out, the
polynomial preserving property is satisfied. As a comparison, the ZZ re-
covery operator does not have this polynomial preserving property under
general meshes, see [32] for more details.

Theorem 4.2. Let 7, satisfy the condition (o) and RDP(N,V). Let
up, € Sy, be the finite element approximation of u € H3(Q) N H} (), the
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solution of (3.1), and let a(-,-) satisfy the discrete inf-sup condition on Sj,.
Then the recovered gradient is superconvergent in the sense

IVu — Gruplloo < C(R"*|ula0 + h?|uls0),

where C' is a constant independent of u and h.
Proof: We decompose the error into

(4.8) Vu — Grup = Vu — Gru + Gp(ur — up).

Note that Gpu = Gpuy since uy = w at all vertices and the recovery oper-
ator G, is completely determined by nodal values of u. By the polynomial
preserving property and the Bramble-Hilbert lemma,

(4.9) IVu — Grullopa < Ch2|ulzpa, 1<p <.

By Theorem 4.1, GG, is a bounded operator for all interior patches. There-
fore,

(4.10) |G (ur —un)l§o = D 1Gh(ur —un)lls x
KeTy,
< O fur—unlf g < CP(Tula0 + WP fuls0)?
KeT,

by Theorem 3.3. The conclusion then follows by applying (4.9) with p = 2
and (4.10) to (4.8). O

Theorem 4.2 assumes a global regularity u € H3(2), which may not hold
in general. However, higher regularity requirement is usually satisfied in an
interior sub-domain. In the rest of this section, we shall prove a local result
based on interior estimates. In order to concentrate on superconvergence
analysis, treatments of curved boundaries and corner singularities will not
be discussed here. We merely assume that they have been taken care of in
the following sense,

(4.11) |u—upll-1.0 < C(f,a, DR, p=min(1, ).

The negative norm term is the only one in our analysis that takes into
account what happens outside of a local region §2;.

We shall show that under assumption (4.11), superconvergent recovery
will occur in an interior sub-domain. Toward this end, we consider Qg CC
Q1 CC Q where Qg and ; are compact polygonal sub-domains that can be
decomposed into quadrilaterals. By “compact sub-domains” we mean that
dist(20, 0 ) and dist(Qq,09) are of order O(1). Outside 21, we may have
quadrilateral or triangular subdivisions. We may also have refined meshes
near the corner singularities and curved elements on the boundary regions.
We assume that all these together will result in (4.11).

We define a cut-off function w € C§°(Q2) such that w =1 on Qpand w =0
in 2\ ;. We decompose u into

u=u4+u, U=uw.
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Let @y be the bilinear interpolation of @ and let i, € Sp(1) = Sp, N HG (1)
be the finite element approximation of @ on §2;. There holds
a(t — up,v)o, =0, Vv e Sp(h).
The index §2; indicates that the integrations in the bilinear form are per-
formed on the subdomain. Further, we let
ﬁ]ZU[—fL], ﬁh:uh—ﬁh.

Note that we have @iy = uy on )y since w = 1 on €)g. However, iy # up on
Qo in general.
Apply Theorem 3.3 on 21, and we immediately obtain

(4.12) lan — arlla, < ChUP|a]3.0,.
However, for any k& < 3,
k
(413)  |alko, = [wlro, <Y 1D uD"wlp,0,) < Clk,w)|ullka; -
§=0

Therefore, from (4.12),
(4.14) lin — s

Next, we consider i, — . Since © = 4y = 0 on )y, there holds
(4.15) [tn — tr]l1,00 = [|an]

Note that for all v € Sy (£21),

100 < s — drfl10, < Chllullsq,.

1,00 = [|Un — @|1,00-

a(tp, — a,v)q, = alup —u,v)q, —a(ty, — ,v)q, = 0.
As a result,
(4.16) 1% — dnll1.0, < C(R?[|alls0, + |4 — nll-1,0,),

by Nitsche and Schatz [20, Theorem 5.1] (All the conditions of this theorem
can be verified in the current situation, see Remark 4.3 below).
With the same argument as in (4.13), we have

(4.17) |4
Observe that

s = lu—llso, < fulls0, +llulls0, < Cllulls o,

13 = nll-10, < [ — nlloo, < CR?|lull20,,
therefore, by assumption (4.11),

(4.18) & = anl-10, < llu—wunll-1,0, + @ —an]-10

< Ch'™P(C(f.a, Q) + [[ull20,)-

Substituting (4.17) and (4.18) into (4.16), we derive

(4.19) i — anllnn < CHP(lulls 0, + C(f,a,2)
Combining (4.19) with (4.14) and (4.15), we obtain
(4.20) [lun — w10 [an = a0 + lin = @rll1,00

<
< O (Jlulls.e, + C(f,0,2)).
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Now, following the same argument as in Theorem 4.2, we immediately
obtain the following result on a general polygonal domain.

Theorem 4.3. Let Q C R? be a polygonal domain and ¢ CC ©; CC €.
Assume that 7, satisfy the condition («) and RDP(N, V) on ;. Let uy, €
Sy, be the finite element approximation of u € H3(21) N HZ () that solves
(3.1) with a(-, -) satisfying the discrete inf-sup condition on S},. Furthermore,
let (4.11) be satisfied. Then there exists a constant C' independent of h such
that

IGhun = Vulli0, < Ch™(Julls.0, + C(f.0,Q)),  p=min(1,0).

Remark 4.3. In the proof of Theorem 4.3, we used a result of Nitsche
and Schatz [20, Theorem 5.1], which requires following conditions from the
underlining finite element space:

R1. Coercive and continuity of the bilinear form;

A.1. Approximation in an optimal sense;

A.2. Superapproximation property;

A.3. Inverse properties.

In our situation, R1 is assured by the inf-sup condition and A.1. is actually
(2.14). Here we sketch a proof for A.2. under a quadrilateral mesh. The
verification for A.3. is similar.

We wand to show that for g CC G CC Q, vy, € S, and w € C§°(Qp),
there exists an 7 € Sp,(G) such that

(4.21) lwon, = nlli,e < Chllvpll1c-

By direct calculation over a quadrilateral element K, we have
2 1 & m— |2
fwon =l = [ S 1X9@T - i)Pdgdn
Kk JK
82 — 112 82 ——\ 112 2 2
< C Haigg(wvh)HLQ(f() + ’\W(th)”p([g) < Chiclvnllzn k)

Indeed, since O¢z29;, = 0 for a bilinear function on K , we have

0% %0 dw Oy,

I _ " 9 2 Z"h

= wvpl(ar 4+ asn)0y + (b1 + bgn)ay]Qw + 2DFgVw - DFgVuy,.

We then have the needed power for hx. Another term [|wvy, — 7l|z2(x) can
be similarly estimated. Finally, we simply add up K C G and taking the
square root to obtain (4.21).

5. A Posteriori Error Estimates

Let ep, = u — up, the task here is to estimate the error ||Ve|lo.o, by a
computable quantity 7. According to Zienkiewicz-Zhu [35], i, is the error
estimator defined by the recovered gradient,

Ny = ||Gruw — Vuplo,0,-



22 ZHIMIN ZHANG

We need the following assumption:

(5.1) Ven

0,00 = Ch.

Theorem 5.1. Assume the same hypotheses as in Theorem 4.3. Let (5.1)
be satisfied. Then

Mh .
————— =1+ 0(h"), = min(1, ).
Weullon, - HOW pmminile)

Proof: By the triangle inequality,
Mh = [Vu = Grunllogy < [[Venlloge < mn + [|Vu — Grunllono-

Dividing the above by ||Vepll0.0,, the conclusion follows from Theorem 4.3
and (5.1). O

Remark 5.1. Theorem 5.1 indicates that the error estimator based on our
polynomial preserving recovery is asymptotically exact on an interior region
Q. This result is valid for fairly general quadrilateral meshes.

Remark 5.2. If we use o(1) to substitute O(h%), the conclusion of Theorem
5.1 would be 1 + o(1) and the error estimate would still be asymptotically
correct. Furthermore, we may use a more practical term: “a sufficiently
small constant v > 0”7, instead of o(1). We would lose the asymptotic
exactness, nevertheless, the effectivity index would still be in a reasonable
range around 1, as observed in practice.

Appendix

Proof of Lemma 2.1. Let the longest edge length of K be hg, then the
longest edge length after one bisection refinement is hx /2. We shall show
that the distance between the two diagonal mid-points of any one of the four
refined quadrilaterals is dy /4, a quadratic reduction.

1) The coordinates O show that P Ps, PyP, and O;03 bisect each other
at O.

2) |O1P| = |Z3Z4|/2 = |Z3P3| since O1 P, connects two edge centers in
AZ2737,.

3) |Z3Q1] = |Q101] since two triangles AQ101 P> and AQ1Z3Ps are con-
gruent.

4) |Q1Q2| = |0O01|/2 = dk /4 since Q1Q2 connects two edge centers in
AZ300;. O

Proof of Lemma 2.2. From
. 1
[v1][vs| sin(m — 01) = o1 < vs| = S |J}"]
1 1 )
= §|P4P2 X 0109| = §1P4P2|d1< sin (B,

we have
PP P, Pld
sin(m — 6;) = [PaPs X 0104 = | PaPoldic sin Ok
8lv1[vs| 8lv1]|vs|
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Similarly,

sin(m — 6y) = 7‘P1P3’dl( sin v .
8lva||v4l

Note that

min(|v1|, [v3]) < [PyP| < max(|vi], [vs]),
min(|va|, [va|) < |P1 P3| < max(|ve|, [va]);

and when o is small,

sin(m — 01) &7 — 01, sin(m—0) =7 — 0.

The conclusion then follows. O
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