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THE CONVERGENCE OF THE SPECTRAL
SCHEME FOR SOLVING TWO-DIMENSIONAL
" VORTICITY EQUATIONS®

Kvo Pex-yu (3R A %)
(Shanghas University of Science and Technology, Shanghas, Ching)

Much work has been done for the speotral scheme of the P. D. E. (see[1]). The
author proposed a technique to prove the strict error estimation of the spectral scheme
for the K. D. V. -Burgers equation™, In this paper, the technique is generalized to
two—dimensional vorticity equations. Under some conditions, the error estimation
implies the convergence. The more smooth the solution of the voriicity equations, the
more accurate the approximate solution.

L The Scheme
Let H(a;, @, ¢)and ¥ (o, :15_,; t)be the Vo_rti;city and gtream funotion respectively.
f1(@1, @, t) are given. All of them have the period 2 for variables ®; and .
Let Q@ =set[ (24, wg)/——:rscgmi, Te<T], |
Fo(Q) ={p/p& H?, p(a,, xs) =@p(01+2m, @) =@y, @a+2m)},

_8W 8H ov oH
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We c{}nsidei:_ the fbllﬂwing problem

- 0H
ot

N TS in Qx [0, T7, (1)
H(@1, 23, 0) =Ho(ay, @a), in Q,
where v is a nonnegative constant. We suppose

J :, J : (Ho(21, 23) +fs(2, | ®a, t))day t#n

~J(H, W) —vVH =f;, in Qx (0, T],

<

+'f: J: 'f: (@, @5, ') dwdzs dt’ =0,
Let
(@, §O) = | [T (@, o0, )61, 23, 1)y s,
To fix @(ay, s, £), We require
|” | w., o, doydey=0, tc(0, 1. @

-

We take the solution of (1) as follows:

* Received December 30, 1982. The Chinese version was recaived J anuary 23, 1981,
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(B ¢)+ W H, 0), )+v 3(ZE, 22 )=(£,, ),

ox; ’
(22, %0\ (H s p),

Feu] 35”] ? 3@3 .
where o € F3(€). (3)is supposed to have a unique s-ulutmn Let
== (iﬂi_’ m,) z=(31, Ig) ]Ilnvll 32: =£1ﬂ31+3ﬁ3.

(3)

Put
H{e, t)=|§_]ﬁﬂ;(t)e“’
-"!P"(m, 1) = mE,. W, (t)e¥
ff(m.r t) ﬁmzzﬂfhl(t)ﬂih: | j'ﬂl_, 2:.
- H™ (2, t)mtg H,(t)e",
!P’{“}(a: 0= 3 Tit)e,
[ (e, t) = mZﬂf 1(t) e’ j=1, 2, -
and | RY(H)=H(z, t)— H®(z, t),

BW(Y) =W (m, t) -V (a, 1),
BO(f1) =fw, ) —fP(=, 8), =1, 2,
g 8 oH LT N
{n) % ¥ i o
We assume that H, ¥ and f, are so smooth that jwhen n—»oco, R ( o, ), R ( o, ),

R™(f1) and R™(fg) tend to zero in @x [0, T].
Let = be the mesh spacing of variable ¢ and be sufficiently small,

(@, If'r)=i[*rr(m Kr+2)—n(z, Kv)], K0

Let n™ (=, ¢t) and ¢ (x, ¢) denote the a.pprnmmatmn of H‘"}(m t) and T (g t)
respectively

N (e, Kv)= 2 0" (K7)e,

¥ =n

Y (e, Kv)= 2 iV (K7)e",

=

0=0 and o>0 are parameters, @,=e"*,
The spectral scheme for solving (1) is the following

i (?ﬁ")(ﬁv T) @’:)4‘(*7 (??("}(E ’F) +3W§“}(K ’F) W"?(K ‘F)); 'P;)

+v 32 5 (1 (K7) +omf ™ (K7)), o
=(f{"(K), @), [l|<n, O<Kz<T,

1$ |

S GO (ED)), D)= (K ) + 15 (K5), @), |1 <n, - 0<K7<T,
3:'1}} 3:.’135 -

| ir j Y@ (s, Kv)dridos=0, O0<Kz<T,

-

L™ (z, 0)=Hy'(2), z€Q.
Clearly if §=0=0;, and %" (Ks) and W’”(K r) are known, we can calculate

@
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n (K7 +7)and Yf*( K v+ v)explicitly. If we adopt the finite element scheme for (1), we
cannob get a really explicit scheme because of the exigtence of the mass matrix, This
is one of the advantages of spectral schemes. If 80 or %0, we must solve the linear
algebraic equations to get #”(Kz+7) and Y{” (Kr+7) at each time ¢ = (K +1)7,

II. Lemmas

We introduce the following notations
|n(K7) |*=(n(K%), n(K7)),

2 3
(&) i=3 2L, jn& 13- 2L
=1l j=1 &y o
1770 = [9(z, £)],
(mt}Eﬂ}{[U ]
on

lammax | 2], (ofsmmmazinter e,

1<fal E-
Lemma 1. 7f nC F4(Q), then -
2(n(K7), '!?:(K'r)) (Hn(KTJH’):—-fUm(KT)H

Lemma 2. If n€F4(Q), then

2 3y 2LED | Z0CKN (ko) | — vl m( D) 2

 f=1 c’:im; 4

Lﬂmmﬂ. 3' If 'nGFi(Q): ‘EE-F.'I(Q):";’EFH(Q): th’en
I, ), O+ E, ), ) =0,

Proof. We have

. J ] oL o oy of s o

3&?3 3:-’1?1 3&31 3&39

=—da*(J (&, §), 7).
Lemma 4. IanF;(Q)mj“J 7(%)dwy ds =0, then

I I"‘Q%J‘ (153:“@
Proof. Let (&) = 2 me'e,

1ti=1

we have from.the Yong-Hausedouff inequality (see [4])

= gss | [T Inldeiden< (S [nl ¥’

and

2 Il = Z Il “??H:fgs]}gdH |

ElH
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Moreover,

35 pmpa+ L2 ppe

. (= pdr o m|E (»  de

ZYPY m*gﬂ]ﬂ‘@ﬂ i FTATZ’)E“ Tal¥ Jo TH
"

|'f? 1
Lemma 6. If ¢CFy(Q) wj [ U (g, @a)dwydia=0, then
lgir<{y|3.

Proof. We get
| f(z) = E i,

l§1=1

So e | * = E th*‘;E‘ |1 = |3,

Lemma 8. If the following conditions kold
(i) ((K7) and {(K7) are nonnegaitve functions,
(ii) p, a, M1, My, and M, are nonnegative consiants,

Vol. 1

(iii) A(E(Kv))is such a function that if £(Kv)<Ms, then A(E(KT))<0,

H-1

(iv) §(Kv)<p+7 33 [M(jv)+Man€* (j) + A ()L ()],

(v ) peda+¥ol min(M 3, f; - K réT;_ |
then E(K 1) < petrt¥nEs
Hspectally, +f Ma=0 and A(£(jv)) =0, then for all p and £, we hww
E(K7)<pef~,

This lemma i a special case of Lemma 1 in [3],

IIl. The Basic Inequality of Errof Estimation

From (3), we have
(H:(K7), p) +(J(H(K7)+ovH,(K7), U (K7)), o)

+p E(Ex‘} (H(Kv)+ovH(K7)), —3-%
~ (fu(K7) + By(Kx) + By(K), ¢)

+v(E3(K 7), 22 ) ’ *’(Eé(g")ﬁ %)'

where

E1= H# 3t 3

E5=J(H+31-‘Hh T)_J<H w):

5 s @ oI
.E'g 3ﬂ31 (H‘I‘U‘TH;-) 3m1
By=—— (H +wﬂ,) _ 24

mﬂ

(%)
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From (b), we obtain
(HY(K7), ¢)+ (J (H®(Kz)+orHM(K7), V™ (K7)), tp.r,)

+ E(”a?{ (H® (K1) +orH® (Kr)). gz: o)

= (f1°(K7) + B (K7) + Bo(K7) +B;(K7) + B (Kv) +Hy(K7), @)

+p(1«75 (K7)+E, (K7, @ml) Fv( By(K7) + Bs(K ), gj; )

(G, 28) = (E (K) +(Kw) + Fao(Kw) + Bux (K0), )
+(Ba(E), g2 ) +( (K, Z2), (6)
where
Eﬁ S Rﬁ“ (H):
Eg=—J (R™(H) +8vR™(H), W) —J (H+8vH,, R™(T))
+J (R‘“’ (H)+or RV (H), B»(¥)), |

By = awi (R (H) +ovR™ (H)),

By— a% (R™(H) +azR™ (H)),

Ey=R"™(fy), Eio=R"(H),

_ Din " n{ O
B =R®( fs), B ___.Rc }( =)
)

Let
- e, Kv) =" (¢, Kv)~H" (2, K7)= 2= mP(Kr)e,

2=

¥ (2, K7) =p™(2, Kv) =W (2, Kv)= 3 J{°(Kr)e",

11 <n

Let & denote a suitably small positive congtant; U is a positive constant which ma.j
depends on | H .., | H|1,. and || 4. From (4) and (6) we have
(N (K7), g+ (T (7 (K7) +8w7{" (K7), ™ (K1)
+P® (K 7)), p)+ (T (H®(K7) +3HP (Kv), §(K7)), @)

0 3 S ({0 (K ) +ori (Km)), S )
= — (Hi(K7v)+HBy(Kv)+ s (Krv) + Ee(Kv)+Ey(K7), o)

~v(By(K7) + B (K7), gji ]

—v( Bu( &)+ Bo(K7), 280, ' ()

351:;,-

and

QKD U0 ) (59(K3) ~ Bio(K5) = B (K7), )

—(Bu(K ), g2 )~ (Bu(K), S2). | (8)
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]

Multiplying (7) by 2 ﬁ{“}(}f ) and summmg them for all || <n, we obiain from
Lemmag 1, 2, 8

(7= (K], -—anMKr)uﬂsz ps)w(mﬂ +vw(1”‘"}(ﬁ'r)ll>f
—ww"ln“}(lf v) IE—EST(EE“J(K ), TGP (Kz), TP(K7)+§*(K7)))
+ 2 ("N K 1:) , J (H™(K ) +8vHM (K7, lp‘iﬂi' (K%)))
<O[7"(K7)|*+O(| Ey(K )"+ ]| Bs(K=) [
FE (K7) F+|\EE(KT) |*+{ Ho (K %) [*)

(”EB(ET) |2+ | B () |+ | E+(Kw) |I’+|IE3(Kr)|1 s -

TLet m be a posmvé ﬁona“ba.nt We multiply (7) by mz (5 (K%)): and sum them.
From Lemmas 2, 3 we get

mr"ﬁ;’-";'(ffr)ﬂ +m”ﬂ'73]7?{“}(37)|2 ' my'r (I H(")(Ef)h)t . mpﬁlﬂﬂj(zfﬂl

2
er::-..-(-z;,gfb (KT) J(n(Kr), o (K7) +¢‘"} (K r))) |
+mr (G (Kz), J(H™ (K7)+3vHP (Kr), $"(K7)))

<er|n™ (Kv)|*+ s 7" (Ko) [* |

| O'I:?’IF (“EI(KT) ”ﬂ_'_“E (KT) ”5—[—-[1E5(ET) ”E“'F”EG(KT)HE

+ 1B (K ) |?) 4 O’”’"’ -] (1 s (K ) |7+ | Bo(K7)|?

| B () 2+ | (Ew) o R ¢ 1)
By putting (9) and (10) together, we obtain
(|7 (K =) | +v(m—1—g— sven®) |2 (K7) ||’+(2v ) In‘“}(fff) i

o o + ) (|7 KR |Di+v7 (mo—o~F ) |77 (KD) |
4+ P (Kw) + Fy(K7) + Fs(K7) <O|7™(K9) [*+s1(KD), (11)

where
T (K =00+ mh) (141 ) (| B E ) [P+ [ Ba(K D) [

| +1""E3(K’F) ”H”"VHEé(K’F) |2+ Eﬁ(ﬁf) Hﬂ |

4| Eo(Ew) |2 +»| B (K’F)H”-I-P EE(K’F) |2+ [|EQ(K‘F) [%),

F(K7)=2(n"(K7), J(H™ (K7 LSvHP (K'r) JKT))),
Fy(Kz)=2mre(n™(K7), J(H™(K+) +3TH(”} (K7), l,b“" (K71)))
- | +7(m—28) (G (Kr), J (7™ (K7), T¥(K7))),
FE(ET) —z(m—28) (™ (K1), J(n™(K7), ',5{“)(31')))
Multiplying (8) by 4 and summing them for all |7 <n, we have

T (Kw) 2[5 () [T+ |50 (K) [+ 150 (E ) |1+ 63 (K 2),

~where ,
3(K7) =0 Bro(K ) '+ | Bux (K %) [P+ | Bus(Kw) [P+ 1 Bua (K 5) [).
From Lemma b, we get | o |
(K7 2<2(|7 (K o) |*+83(K7)). . (12)
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IV. The Case >0

We are going to estimate| Fy|. From (12), we first obtain
[ F1(K7) | SO [H®|L,| 7™ (K7) |*+ [$*™ (K ) |f

<OQ+[RV(E) 1) [F7(KD) [*+Ce3(Bw),  (18)
We have
| FaE) | <l (o) 2+ L5 R [ 1) ([ (&) |2 +e3(K))
T (1 B @) ) [ 8, e

From Lemmas 4, 5 and | 5™ (K1) |2<On3 | 7™ (K'7) |2, we have

Fu(K) | <erlii () |+ S22 (K ) |5 ()

 |FO (K ) |1| 5P (K ) |a<sv| 7 (K72
+ 2RI (150 (K)o s(K ) |79 (B ) [, (15)
Substituting (18)--(15) into (11), we get the basic inequality |

(7% (K7) [2)s+7(m—1—8s ~ svan?) | 5 (K7) ”ﬂ +v [ 7% (K7) |
+"'T( - +m)( |7 (K7) 1) +v7° (ma‘ 7 ) | e (K-r) |13
<M*[F9(K) |*+BGE (K0) (7 (K1) [3+6*(K7), (16)

where

M*=0(1+|RO(H) [3,) (14 ) A +omd),

BG®(KD) = —pra+-ZEI=20% (3 oy e, )

20’1:?1(*?: 25)* (I (Kv) |2+ e3( K7)),

g :
8 (K'7) =0} (K7) +0a3( K1)+ (|RW(H) 3,0 +1)63(K o).,
Now we are going o choose m for three different cases.

Uase 1. a*}—%, we take

2
m=m1=max(1+_3£ +C+syrnt, =2 ),
> 20—1

u

2
(N7 B |2+ o 77 (B 5) |24+ | 7 (K#) [1+v2( 0 + 1) (|59 (K) D),
<M (K2 +BHE(KD) |72(K7) [1+e(Kw), @an

where U, is a nonnegative constant. Hence mo — o — 0. So from (16) we get

Oase 2. o =-%, wo take

m=mg=14+8s+Cy+ svrn®+ pnd,
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Therefore

(m—1—388— gvtn®) | (K7) |2+ pz? (ma' o q;’) |7 (K %) |}

=0t |75 (K7) |7,

whonce (17) holds still. |
1 4 1 '

; - k

Case 8 T <5, < T T We take

1+3e 40+ svmm? + 2oprn?
1+20vrn? —pn? *

T = MMy =
Henoe (17) and (18) hold $oo.

Lot Q0 (Kx) =[5 |*+00" 3 177 (jo) [P +ve S, 179 () 13

=1

F(Kx) =7 Db o).
=
We sum (17) for ¢=0, 7, 27, -+, (K —1)7; then

F-1

AV (E7)<F™(E ) +7 3 (MG () +BE@ () |79 (j) |9,
Finally we use Lemma 6 with

§(K7)=Q"(Kw), [(K7)= |5 (K7) |}, A($ (K7)) =B(Q"(K7)),

e - A i o ve -
P=pP (KT>: Ml M 2 Mﬂ O; Mﬂ wm(m__ga)ﬂ . -

Theorem 1. If the following conditions are satis fied
—
(1) ==0( %),

s 1 g 1
(ii ) cr:>-2 or TN <p(1_20_),

TERNR 10T 2 () 2 ve ,
(111) [IR (H)“hﬂgar T"R (w)”h“q 80(%*—23}"’_‘

o ¥ '
i A 80wn(m—25)2*

. ~(n) YF T Vs
(iv) p (K7)e! 57 40mn(m—25)3’

then

an:- ( KT) < E{n) ( KT) eH*Ef.
Now we assume

* r ™My . 1
}* TETEELA

d 5 1fu.':r:>-2‘1I

-_ﬂ T =—]|—_-

43}2J if o 5>

m . L

. ksl

(O 5 1fr.:r{2

Then we can fake m =28 in (17) and nse Lemma 6 with A(E(K7)) =0,
~ Theorem 2. If the following conditions hold

. i g 1
(l) CF'}? or T <P(1"‘"‘2ﬂ')’

(18)

(19)
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(ii) (19) holds,
(i) JB™(H)|1,-<0,
then for all p® (K7) and k, we have
Q{n} (Kv)<p™(Kz)e¥™~,
Remark 1. If 5™ (K7)—0 a3 n—>co, then under the conditions of Theorem 1 or
Theorem 2, we have

Q® (K=)—>0,

i. e. the scheme (4) iz convergent.

Clearly the more smooth the solution H and ¥, the more accurate the approx-
imate solutin #* and W™, If we use the finite difference method, the accuracy of the
approximate solution is limited for the same scheme. Thig is another advantage of

speotral schemes.

V. The Case »=0

In this case we have from (11)
(n (KD D+ v(m—1—8) |9 (K7) |*+ F1(K7) + Fa(K7v) + F3( K1)

<O|7™(K7) |*+ s} (K7). (20)
As (18) holds still, we can get the following estimations
| Po(Kv) | < e} (Bv) |2+ X (m?-+n2 (m— 28)?
+ | RO CH) -+ 28) 1| RO (@) |3, 7 (K ) |2
- I (RO (ED) [+ D) (K T), _ (21)
| Fa(K) | <erfi (Kv) |14+ LR 20F (500 (K7) 2+ 63(K7)) |5 (K )|
, (22)
Substituting (13), (21), (22} into (20), we obtain
(2™ (E7) [|*)e+7(m—1—8s) |9 (K7) |2
U (K |+ LR 20N e (K [+ 62 (K, (28)

8

where ¢*( K r) is given in Section III, and

C M" =0+ |R™(H)|3,.) (1 ’ Tﬂ)

(3’1::.9 (m—26)5[1+ "ch}('__a_r) Him—i—mﬁ(ﬁr)] .

We take
m=me=1+3e+0,
and sum (21) for ¢=0, -+, (K —1)7; then

G (B r)<E(Kw) +7 3 (M@ (jr)+ LT =20 (g je)]),

Finally by uaiilg Lemina 6 with
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E(B7)=G™(Ev), A(E(Kr))=0,

2 _ 9 ' |
p=F"(K7), My=M", My=‘"" (T 23) , M37=0, a=1,

we get . - -
Theorem 8. If the following conditions hold
(1) ==0(),

n .
(il) ”R(ﬂ) (_H) “ imgaj "R{n)(@p') ”im‘QG, and HEE (K‘F) %0, E

¥

(111 ) 5(::} (ET) EE*ETQ T ’
where 0", O™ are positive consiants, then -
@K PO (K x)et* 8"
Remark 2. Whoen n—co, we obtain,

@{n}( K+)—0,
If o> %, then we can take m =20 in (28) and use Lemma 6 with M3=0. So we get
Theorem 4. If tie following conditions hold | | -
;i 1 '
( i ) 8}?,

(i) |R™(H) |3,.<0, and ned(K+)<0,
then for all p® (Kv) and K, we have | |
Q{n}-( Kr) g-ﬁtn:n ( Km-j Eﬂ*ﬁr%_ .
Remark 8. If g"(K+)—0, when n—oco, we have Q™ (K 7)—0,
Finally we point out that if we use the spherical mean summation(see [5], [6])

IZIE b
1o, )= 3 (1-L ) e, b0,
. e « .
then we can getf a belter result.
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