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Abstract. We consider an (n—k+1)-out-of-n system with component lifetimes being
correlated. The main objective of this paper is to study the conditional residual life-
time of an (n—k+1)-out-of-n system, given that at a fixed time a certain number of
components have failed, assuming that the component lifetimes follow a multivariate
Erlang mixture. Comparison studies of the stochastic ordering of the (1 —k+1)-out-of-
n system are presented. Several examples are presented to illustrate and confirm our
results.
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1 Introduction

An (n—k+1)-out-of-n system is a system such that it consists of n components and works
if and only if at least (n—k+1) out of the n components are operating (k <n). Thus, this
system fails if k or more of its components fail. If k=1 the system is a series system,
and if k=rn the system is a parallel system. The system is often considered in the indus-
trial and survival analysis context. Denote the lifetimes of the individual components by
X1,X2,-+, X, and let Xj., < Xp.y < --- < X, be the corresponding order statistics. Then
the lifetime of the (1 —k-1)-out-of-n system will be represented by the kth order statistic
X.n- Let X denote the lifetime of a component of a system. Then X;=(X—¢|X>t) may be
interpreted as the residual lifetime of the system at time ¢, given that the system is alive
at time £.
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In recent years, the residual lifetime of an (n—k+1)-out-of-n system has been studied
extensively. [2] considered the residual lifetime of an (n—k+1)-out-of-n system under the
condition that at most (I —1) components have failed at time t, i.e., (Xj., — | X}, >1),1 <
1 <k <n.[14] extended the concept to an (1 —k+1)-out-of-n system under the condition
that at least j components have failed but the /th failure has not occurred yet at time ¢,
ie., (Xgn—tXju <t <Xpp),1<j<1<k<n. Similar research can be found in [1], [3], [13],
and [22].

The research in this area in general focuses on the distribution function, the mean
residual lifetime (MRL) and stochastic ordering properties of residual lifetimes under the
assumption that the components of a system are independent. See [8], [9], [18], and ref-
erences therein. In many real situations however, there may be a structural dependence
among components of the system. As a result, there are several recent studies considering
the dependence among the components. For example, [15] adopted Archimedean copula
to reflect the dependence among the components. Others may be found in [7], [17], [18]
and references therein.

In this paper, we study the conditional mean residual lifetime function and stochastic
ordering properties of an (n—k+1)-out-of-n system with assumption that the lifetimes
have a multivariate Erlang mixture. The multivariate Erlang mixture is a useful model
as it can capture the dependence structure of a large number of multiple variables well.
Compared with copula method that is a dominant choice to model multivariate data
these days, a multivariate Erlang mixture is more flexible in terms of dependence struc-
ture and has a wide range of dependence. Furthermore, it is easy to deal with high
dimensional data with a multivariate Erlang mixture, while a copula approach may be-
come much more difficult to use for higher dimensional data. See [12], [19], [20] and
references therein. Hence the results in this paper may be useful when the components
of a system are of strong dependency and the number of components is high.

Each marginal of a multivariate Erlang mixtures can be viewed as a compound expo-
nential distribution. In this paper, we show that if the counting random variables satisfy
the multivariate totally positive of order 2 (MTP;) property, then the conditional residual
lifetime X,t{ = (Xien =t Xjon <t< X)), 1<j<I<k<n is stochastically non-decreasing with
respect to j and k and non-increasing with respect to [. These properties are consistent
with the results when the component lifetimes are independent.

This paper is organized as follows. In Section 2, we present some properties of ex-
changeable variables with the joint distribution being a multivariate Erlang mixture. The
purpose of the section is to simplify the proofs in following sections. In Section 3, we
study the conditional mean residual lifetime of an (n—k+1)-out-of-n system under the
assumption that the lifetimes of the components follow an Erlang mixture. In Section
4, we stochastically compare the conditional residual lifetimes of the (n—k+1)-out-of-n
system with respect to its various parameters. We conclude Section 5 with some remarks.
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2 Properties of exchangeable mixed Erlang variables

[12] introduces the class of multivariate Erlang mixtures and shows that the class has
many desirable properties. A multivariate Erlang mixture is defined as a random vector
X=(X1,Xa,---,X,) with probability density function (pdf)

) 00 n mi—1,—Bx;
h(x)=h(xi, %)= Y - Y am{l—[ﬁ(ﬁz’;_li } (2.1)

j=1

where m= (mjy,---,my), &m’s are the mixing weights satisfying am >0 and

£

m=1 m,=1

and B is the common rate parameter (¢ =1/p is called scale parameter).
It is shown in [12] that each marginal random variable X, of a multivariate Erlang
mixture has a compound exponential distribution, i.e.,

NP
X,=) Eip, p=1--n, (2.2)
i=1

where E;p,i=1,---;p=1,--- ,n are iid (independent identical distributed) exponential ran-
dom variables with mean 1/ and the weights ay, form a joint probability function of a
multivariate counting random vector N=(N1,Ny,---,N,,), that is,

am=P(Ny=mq1,Ny=mp,--- N, =my). (2.3)

We denote the density of an Erlang distribution with shape parameter m and rate
parameter f3 as

x)m—1p—Bx
f(x|m,p)= % (2.4)

Thus, the survival function is given by

N m—1 x re—ﬁx
Fxlmp)=y, PV 5)
r=0 '
The distribution function F(x|m,B) =1—F(x|m,p).
For any permutation {7y,---,7,} of {1,---,n}, if

d
(Xr[]/"'/Xr[n):(Xl,"',Xn), (26)

namely, (Xr,, -, Xz,) and (X3,---,X,) have the same distribution, then we call Xj,---, X,
exchangeable variables. The vector (X3,---,X,) or its distribution is said to be exchange-
able as well.



4 Gui Wetal. / J. Math. Study, 50 (2017), pp. 1-16

We will study the properties of the conditional residual lifetime of an (1 —k+1)-out-
of-n system. The proofs of the results in next sections are presented under the assumption
that (X,---,X,) is exchangeable. We now present some properties of exchangeable vari-
ables with the joint distribution being a multivariate Erlang mixture.

First, by Corollary 2.1 of [12] and the property of exchangeable random vector we
immediately have the following property.

Property 2.1. If (X3,---,X,) is exchangeable with joint distribution being a multivariate
Erlang mixture, then the marginal distribution of Xj,j=1,---,n is a univariate Erlang
mixture and X3,---,X,, are identical.

In fact, any p-variate marginal (X;,---,X;,), is a p-variate exchangeable Erlang mix-
ture, {i1,--,i,} is any subset of {1,---,n} with cardinality p(p <n).

Property 2.2. If the joint distribution of Xj,---,X, is a multivariate Erlang mixture, then
(X3,--+,Xy,) is exchangeable if and only if (Nj,---,N,,) is exchangeable.

Proof. (1)If (Ny,---,N,) is exchangeable, that is, for any permutation {7ty,---, 7, } of {1,---,n

X, =0m, My = (My,,--+, My, ), then

WX, Xm,) = E 2 ocme X, |m;, B)

mp= =1 m,,_l

f (x| m;, B) Z Z “man xj|m;,B)

j=1 mi=1 m,=1

Hf x]’m]/ <x1/ /xn)- (27)

Ms

m

1

&)

SR
~E

umg

Hence we conclude that (Xj,---,X,) is exchangeable.

(2) If (X3,---,Xn) is exchangeable, that is, for any permutation {7y, --,7,} of {1,---,n},
h(xpy, -, %m,) =h(x1,--+,%,), then similar to the above procedure, we have

21 lemeHf x;|m;,B) 21 Elzxmnf xj|m;,B) (2.8)

According to the identifiability property of the multivariate Erlang mixture, we have
Xm, = Qm, thatis, (N7,---,Nj,) is exchangeable. O

Property 2 provides us an idea to construct a set of exchangeable Erlang mixture vari-
ables. The dependence of Xj,---, X, relies on the dependence of Ny,---,N,,.

Example 2.1. Let U=N—1and (Uy,--,Uy) ~ Mult,(M—n;1,--- 1) thatis (Uy,--,Uy)
is from a multinomial distribution with number of trials M —n and event probabilities

b



Gui W et al. / ]. Math. Study, 50 (2017), pp. 1-16 5

(%,---,%),then

D‘m:P(leml/"'/Nn:mn)
:P(ulzml_l,"',Un:mn_l)

_ M—n 1o B
_< my—1,--,m,—1 >(E) Jifmy+ - +m, =M,

and the rest mixing weights are set to be 0. It is obvious that (Ny,---,N,) is a random
vector with exchangeable distribution and hence (Xj,---,X}) is exchangeable.

The next property provides a method to obtain more discrete exchangeable variables.

Property 2.3. If variables Yi,---,Y} are exchangeable and another variable Y is indepen-
dent with Y7,---,Y,,, then N;=Y;+Y,i=1,---,n are exchangeable variables.

Proof. For any permutation {7y,---,7,} of {1,---,n},
P(NT[] :ml,"',Nn'n:mn):E[P(YT[]+Y:m],"',Y7Tn+Y:mn)|Y]

= Z:P(Yn1 +k=my, -+, Y, +k=m,)P(Y =k)
k=0

[ee]

= ZP(Yl—l—k:ml,n-,Yn—l—k:mn)P(Y:k) :P(Nl =mq, --,Ny :mn). (2.9)
k=0
Hence, the result holds. O

Remark 2.1. In practice, we often extend a certain univariate distribution to multivariate
case as described above. If we set variables Yi,---,Y; to be identical independent, then
from Property 2 we know the corresponding multivariate distribution is exchangeable
because it is easily to know that identical independent variables are also exchangeable.

3 Conditional residual lifetime of (17 —k+1)-out-of-n system

We will study the conditional residual lifetime of an (n—k+1)-out-of-n system, given
that at least j components have failed but the /th failure has not occurred yet at time ¢:

Xlt{,]‘,l,n = (Xk:n_t’Xj:n <t< Xlzn)/ 1 §]< [<k<n.

Let X= (X1, -+,X,) be the vector of the components’ lifetimes having joint density
function i(x). In order to simplify the notation, we denote

YLy LY

m=1 m=1 m,=1

o]
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in next sections and we suppress the common rate parameter .
For the conditional residual lifetime X,f(] 1= (Xien =t Xjn <t < Xpy) of an (n—k+1)-
out-of-n system, the distribution function is denoted by

F,f,]-’l,n(x) = P(Xip —t <x[Xjy <t < Xpy) for x>0

and the survival function f,t(’]-,l’n( )=1-F,,(x).

First we derive the survival function F k,j,l,n( x) and then calculate the conditional mean
residual lifetime which will be defined later. To simplify the calculation, the results in this
section are under the assumption that the lifetimes of the components are exchangeable.
The corresponding results when the joint distribution is an arbitrary multivariate Erlang
mixture are presented in appendix.

Theorem 3.1. If the lifetimes of X=(Xy,---,X,) have joint density function h(x). For 1 <j<
I <k <m, the survival function of the conditional residual lifetime is given by

Z"‘mmeZQDZ k ln i Xt’m)

- i=j C;
Fpjn(x)=" - , (3.1)
Z rxmwmzzfpl
i=j G
where
TE F(t[ms)
wm=] [F(tlmi), ¢i(t)=]]= /
g o gﬂf!ms)
C; is any subset of {1,---,n} with cardinality i, p(x,t|m)= F%—:f‘t’@ and
m
—(C¢ M—
F,(< ’Z)n (2, tlm) = Z Z H (1—¢(x,t|ms)) H o(x,tlms), (3.2)
p—O C( )SEC( ) seC!

i(p)

where Cf is the complementary of C;, Cy(,) is any subset of Ci with cardinality p and le( p) =
Ci=Citpy

Proof. When the multivariate Erlang mixture is exchangeable, we have

P(Xk;n >t+x, X, >t> X]':n)
P(Xlzn>t2Xj:n) ’

—t
Pk,j,l,n(x) :P(Xk:n —t> x’Xl:n >t 2 X]n) =
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and
P(Xk:n>t+xrxlzn>t2Xj:n)
I—1k—i—1
=) ) P(exactlyiof X's are <t,t< exactly p of X's are <t+x)
i=j p=0
I—1k—i—1 , i+p
n!
=) ) Tl n—i—p)! ermHF tims) T (F(t4x|ms)—F(t|ms)) H (t+x|ms)
i=j p=0 l.p.(l’l—l— s=i+1 =i+p
I—1k—i—1 | ) i+p
n!
= Zﬁi“mnﬂws% 0TI G-gplxtm)) TT eCotm)
i=j p=0 BPPITITP) = s=it1 s=itptl
) -1 n
= Zamwmz( ; )Qbi(t)lpi,k(x,t), (3.3)
m=1 i=j

where C;={1,--,i} and

kil o\ HP
poton="E (") T a-gtutim TT etesim)

p=0 P s=i+1 s=i+p+1

Similarly, we can obtain that

00 -1
n
P(Xj;n§t<Xl:n)I Zamwm2< ; >(Pl(t) (3.4)
m=1 i=j
the result follows immediately and it is obvious a special case of (3.1). O

Remark 3.1. For exchangeable variables with a joint distribution being a multivariate
Erlang mixture, the survival function of the residual lifetime can also be written as (see

[18]) .
B (1 Joutl o

—t i=j
Fijin(x)= = ,
n
Z( 1 )Gi,ﬂ(t)

i=j

(3.5)

where G;,(t) = P{A] ,} = P(Xy <t,--, X; <t, X1 >t , X, > t) and E,ani(x,t) is the
survival function of the (k—i)th order statistic of conditional random vector (X;,1—

t,-, Xy, —t\Af-’n), Af-’n denotes event [X1 <t,---,X; <t,Xj11 >t , Xy > 1].

Example 3.1. (Example 2.1 continued)
We set M =4 and n =23 in Example 2.1, then the joint distribution of the components
is given by (with the common rate parameter f=1)

h(x1,%2,%3) = % [f(xlll)f(lel)f(X:«;IZ)+f(xl 1) f(x2[2) f (x3[1) + f (1 |2)f(Xz|1)f(X3|1)] :
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Figure 1 shows the survival curves for different time points for j=1,/=2,k=3.

1.0

0.8
|

surv(x)

0.4

0.2

0.0
|

Figure 1: Survival curves for different times.

[5] investigated the MRL functions of parallel systems and [8] considered systems
with independent but nonidentical components. Here we consider a system consisting of
dependent components with lifetimes having a multivariate Erlang mixture. The condi-
tional mean residual life function is defined as the expectation of the conditional residual
lifetime,

Auk]In_E[Xk]In] E[an_t‘ §t<Xl:n]' (3.6)

Generally speaking, it is difficult to obtain an explicit expression for an MRL. It is an
advantage to use a multivariate Erlang mixture in this situation as an explicit expression
for an MRL is available.

The following result from [10] will be used to derive the MRL in this section.

Lemma 3.1. Let Xy, ,X;, be independent random variables where X,,p=1,---,n has pdf

qu f(x[m, p).

Then the pdf of rth order statistic is given by

frin( Z Gm f(x|m,np), (3.7)
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where :
_1 m—1 1 ) TTAP) TT /)
qm_nmAnZ;n( ml_ll'“/mn_l ) (T—l)!(l’l—r)!;qmr ng/ ];[:-I‘rlQm] !
Amn= (ml,-o-,mn)\Zmi:m—l—n—l,mi,i:l,o-o,n are positive integers p,

i=1
Y P denotes the sum over all n! permutations {p1,p2,-+-,pn} of {1,2,--- ,n},

A —(p: .
oW =Y a" and G =1-Qif).
i=1

Theorem 3.2. For 1 <j<I<k<mn and t >0, the conditional mean residual lifetime is given by

Z"‘mmeZ‘Pl Iuk in—i t’m)

i=j G

Hijin () = ’ (3.8)
Z Wi Z Y _ilt)
i=j C;
where ;4,(553717 ;(t|m) is the mean function of the (k—1)th order statistic from independent variables

Z,)i=(Z,—t|Z,>t),veCS, where Z, has an Erlang distribution with shape parameter m,,.
p P p pet p 8 pep p
Proof: Note that

yk,j,],ﬂ( Xk] l n / Fk] l n (3'9)

We notice that we only need to calculate the term

:uk in— 1 / Fk in— 1xt’m) (3-10)

Let random variables Z,, p € C{ be independent variables with X, has an Erlang distri-
bution with shape parameter m,,p € C{. Then the residual lifetime of Z, at time ¢ denoted
by (Z,): has an Erlang mixture distribution with pdf

e P b (B &
f(t]mp)mzl(mp—m)]ﬂx’m)—mg:l% f(x|m), (3.11)

hp(x)=

where

(p) m=<mp,

Ym =

f(t\mp) (mp—m)!’
0, m>my,

{ e (1p)"

Hence, (X,);,p € C{ are independent but nonidentical Erlang mixture variables.
According to (3.2), F FCS) s exactly the survival function of the (k—i)th order statis-

k—in—it
tic from independent variables (Z,);,p € C{ and thus p ](El) ,_;(t) is exactly the mean func-

tion of the (k—i)th order statistic.
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From Lemma 3.1, the pdf of (k—i)th order statistic of (Z,),p € Cf is given by

fresn=i)= X quf (s, (n~)B), 612)

where the mixing weights g,,,m =1,2,--- can be seen in Lemma 3.1 with n replaced by
n—iand k replaced by k—i. Then we have

ot qum (3.13)

This completes the proof. O

Remark 3.2. The mean function of the (k—i)th order statistic of (Z,);,p € C{ can be ob-
tained by calculating the following integral expression directly:

WD 0= 3 T [T T a-otetm) T oloimids, @19

p= 0 C (p) SGCI'(;,,) sEle(w

where the notations C;(,) and le( p) are the same as what presented in Theorem 3.2. We
can also obtain an analytic expression, but it is tedious and is omitted here.

Example 3.2. (Example 3.1 continued)
The conditional mean residual lifetime of the system given in Example 3.1 can be
easily computed through expression (3.8). Here we set the time t=10, then it follows that

13123(10) =1.5652.

4 Stochastic orders of (n—k+1)-out-of-n system

In this section, we examine some stochastic orders of the conditional residual lifetime of
an (n—k+1)-out-of-n system.

Definition 4.1. Let X and Y be two random variables with distribution functions F and G and
survival functions F=1—F and G=1—G, respectively. Then random variable X is said to be
smaller than random variable Y in the usual stochastic order (denoted by X <4Y) if F(x) <G(x)
for all x.

Definition 4.2. Let X and Y be two n-dimensional random vectors with joint density function f
and g. Then X is said to be smaller than Y in the multivariate likelihood ratio order (denoted by
X<, Y)ifforall (x1,---,x,) and (y1,---,yn) in R",

fxr, -, x0)8Wa, - yn) < fF(x1 Ayt X0 AYn ) (X1 VY1, -+, X0 V), (4.1)

where x \y=min{x,y} and x\Vy=max{x,y}. If X<, X, then X is said to satisfy the multivariate
totally positive of order 2 (MTP,) property.
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Some common distributions have the MTP, property such as multivariate gamma
distribution, multivariate logistic distribution and negative multinomial distribution. Other
examples and properties about multivariate totally positive distributions can be found
in [6].

The following results will be used in our derivation.

Lemma 4.1. If X=(Xy,---,X;,) has a multivariate Erlang mixture and N= (Ny,---,N,) is the
corresponding counting random vector as defined in Section 2. Then

N<,N=X<,X. (4.2)

Proof. It is known that each marginal of X = (Xj,---,X;;) has a compound exponential
distribution as in (2.2) and it is obvious that the density function of E;,p=1,---,n is
logconcave. Under the assumption that N satisfies the MTP; property, it follows from
Theorem 6.E.5 in [16] that we have

N Ny Ny Ny
Y Eit,,) Ein | <ir | Y_Eit,~,)_Ein |, (4.3)
i=1 i=1 i=1 i=1
namely,
(Xl/"'/Xn)Slr (Xl/"'/XH)/ (44)
which means X also satisfies MTP; property. O
The following lemma from [16] will also be used in our derivation.

Lemma 4.2. Let X1,Xp, -+, Xy, and Y1,Y,- -+, Y, be two positively correlated sets of continuous
random variables. Then

Xi<sY; fOT all i= X, Sstyj:n, i<j, m—i>n—j. (4.5)

Next we study the stochastic orders of the conditional residual lifetime with respect
to k,j,I,n. The proofs in this section are under the assumption that the lifetimes of the
components are exchangeable. The corresponding results when the joint distribution is
an arbitrary multivariate Erlang mixture are presented in appendix.

First, according to the definition of order statistics, we can immediately obtain the
result that X,i il 18 stochastically non-decreasing with respect to k.

Theorem 4.1. Under the assumptions of Theorem 3.1, for 1 <j<I<k<mn and t >0, we have

t t
Xt st Xiey1,jn- (4.6)

Now we consider X i with respect to j and [. The following theorem shows that if
N satisfies the MTP; property, then X,i j1,n 18 non-increasing in I and non-decreasing in j.



12 Gui Wetal. / J. Math. Study, 50 (2017), pp. 1-16

Theorem 4.2. Under the assumptions of Theorem 3.1, for 1 <j<I<k<n and t >0, if N satisfies
the MTP, property, we have

t t . t t
(D Xkjin <st Xijiw  (2)Xijin st Xiji11n- (4.7)

Proof. Using (3.5), Fltc,j,l,n _Fltc,j,l .1, has the same sign as

-1
n =(C) =(C)
Z < i > P{Af,n}{kai’nii(x,t) - Gk_’,,n_](x,t)}. (4.8)
i=j
If N satisfies the MTP, property, from Lemma 4.1, we have X satisfies the MTP, prop-

erty. [4] showed that E,(EZW (x1) —E,(fl?n_ ;(x,t) >0 when X is exchangeable and satisfies
the MTP, property and hence f,t(’]-,lln(x) > f,i’]-,l 112(x) . So we complete the proof of part
(1) and part (2) can be proved in a similar way. O

Example 4.1. We consider a 3-out-of-3 system with the lifetimes of components having
an Erlang mixture. The shape parameters of the joint distribution are all permutations
with repetition of the vector (3,7,12). Then the number of the components of the joint
distribution is 27 and all mixing weights are set to be a same value % It is obvious that
the corresponding primary counting random variables N satisfies the MTP; property.

We compare the random variables X; i (x) and X} L (x). According to the above
theorem, X§,1,3,3 <g X§,1,2,3' Figure 2 shows the survival curves for X§,1,3,3 and X§,1,2,3 at
time £ =5.

1.0

0.8
|

survival

0.4

0.2

Figure 2: Survival curves for [ =2,3.
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Theorem 4.3. Under the assumptions of Theorem 3.1, if N satisfies the MTP, property, we have

Xi 1 gon <st Xk 1gkn 1 (4.9)
Proof. 1t follows from (3.5) that Fli—l,k,k,n—l (x) _Fli—l,k,k,n<x) has the same sign as
=(C_1) =(Ci_1)
P{A}_1 1} P{A 1, HGy 1y (0) =Gy 3 (1)) (4.10)

Cq . . . .. .

g n"jl)_ . +(%) is the survival function of minimum of conditional random vector
—=(C; . . . ..

(Xk—t,-+ , Xy—1—t|A}_,, ;) and Gi n":}gt(x) is the survival function of minimum of con-

ditional random vector (X —t,---, X, —t{A;_; ).
Let x = (x1,-+,xn), A={x:x1 <t ,xp_ 1 <txpg >t ,xp-1 >t} and B={x:x1 <
e, xp_1 <t,xp>t, -+, X, >1t,x, >t}. We can easily obtain that

where G

AVB={xVy:x€A,yeB}=A, AAB={xAy:x€A,yeB}=B.

If N satisfies the MTP, property, from Lemma 4.1, we have X satisfies the MTP, property.
Then we obtain (see [4])

(Xn_t/"',Xk_t’XEB) Sst (Xn_t/"'/Xk_t|X€A) (4‘11)

_(Ciifl) _(Ciifl) t t
From Lemma 4.2, wehave G| 7/, (x)> G ks (x), and hence X 1k Sst X L kkn 1

This completes the proof of the theorem.

A Conditional residual lifetime

The following proofs are under the assumption that the joint distribution of the lifetimes
is an arbitrary Erlang mixture.

Proof of Theorem 3.1. Note that for 1 <j<I<k<n and t,x>0,

P(Xk;n >t+x, X, >t> X]':n)
P(Xlzn>t2Xj:n) ’

—t
Fk,j,l,n(x) :P(Xk:n —t> x|XI:n >t2X]’:n) -
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and

PT’(Xk:n >t4x, X, >t> X]':n)

I—1k—i—1
) Pr(exactly i of X's are <t,t < exactly p of X's are <t+x)
i=j p=0
1—1k—i—1 )
=2 2 20 Y am[TF(tms) T (F(t+xlms)—=F(tms)) [T F(t+xfms)
l:] p:O C,‘ C,(p>m:1 SGC,‘ SGCI'(;,,) SGC/( )
1—1k—i— ) n__
=) Z ZE Y am] [E(tms)gi(t) TT (1—e(xtims)) TT o(xtms)
i=j p=0 iCi )m:1 s=1 SEC,-(F) SGC;(M
- Z mmeZQDZ Fk in—i xﬂm)
m=1 i=j C;

which is the numerator of (3.1). Similarly, we can obtain that
Pr(Xjn <t <Xpn) 2 ocmmeZ@
i=j G
the result follows immediately. O

Remark A.1. Similar to (3.5), we have another version about the conditional residual
lifetime (also see [18]):

YL PONG, (st
Fli,j,l,n(x): — ] (A1)

LY PE

i=j G

where C;={cy,---,¢;} is the set of all permutations of {1,2,---,n} satisfies c; <cp <--- <g;
and ci i1 < <oy,

PO (E) =Pr(Xe, <t Xe, <t, X, 2, X, > H),

C+1

we denote event [X, <t,--+, X, <t,Xc,,,>t,++,X¢, >t] by AtC) and G,(( l)n (x, t) is the sur-

vival function of (k—i)th order statistic of condltlonal random vector (Xc b, Xe, —
tA®C),

Proof of Theorem. Theorem4.2 Using (A.1), f,t(,j,,,n _Fltc,j,l +1,, has the same sign as

Ezzp@(op(cﬂ(ock L ZEZP DG, ().

i:j Ci Cl i= ]C Cl
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For each Cj, there exists C| such that C; C C] and C;+C; = C/+C]. Therefore, the above
equation could be written as

/

I-1 c — ¢
VY Y PP DH G, () =Tt (x.t).

i= G

Let A={x:x., <t,--,x;; <t,X¢, >t ,xc, >t} and B={x:xc, <t,---,xc, <t,xe, >t X0, >
t}. Because C;C C;, then we have AVB=A and AAB=B. The next procedures are similar

to the proof in Theorem 4.2 and we have X,f(’].’l i Sst X,i i O

Proof of Theorem 4.3. The proof is similar to the procedure of Theorem 4.2 and we omit it
here. O
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