J. Math. Study Vol. 49, No. 1, pp. 1-12
doi: 10.4208 /jms.v49n1.16.01 March 2016

An Example of Nonexistence of x—solutions

to the Ricci Flow

Bing-Long Chen and Hui-Ling Gu*

Department of Mathematics, Sun Yat-Sen University, GuangZhou 510275, P.R. China.

Received 25 August 2015; Accepted (in second revised version) 12 November
2015

Abstract. In this paper, we construct an example of three-dimensional complete smooth
x—noncollapsed manifold, which admits no short time smooth complete and x—
noncollapsed solutions to the Ricci flow.
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1 Introduction

In 1982, R. Hamilton introduced the Ricci flow [3] to the world of mathematics. In this
seminal work [3], among other things, R. Hamilton proved that when the manifold M is
compact, the Ricci flow has a solution for a short time. In 1989, W.X. Shi [10] extended the
short time existence result to complete noncompact manifolds with bounded curvature.

In this paper, we will revisit the problem of existence of the Ricci flow. We attempt to
show that, on a general manifold, the bounded curvature condition in Shi’s theorem can
not be dropped. More precisely, one can show the following:

Theorem 1.1. There is a smooth complete k—noncollapsed three-dimensional Riemannian man-
ifold (M, g;;) such that it admits no complete and x—noncollapsed smooth solution to the Ricci
flow for a short time with (M,g;;) as initial data.

Here, we say a Riemannian manifold of dimension n is k—noncollapsed if there is
a positive constant x > 0 such that for any xo € M with |[Rm| <72 on B(xq,r), we have
vol (B(xp,r)) > xr". A solution to the Ricci flow is said to be xk—noncollapsed (see [7]
section 8) if for any spacetime point (xo,t9) such that |Rm| <r~2 on B;(xo,r) for any t €
[to —r(%,to], we have vol (By, (xo,1)) > xr".
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We remark that in the above theorem, besides the completeness of the metric, a x—
noncollapsed condition was imposed on the solutions. We expect that this technical con-
dition could be removed.

It is well-known that the Ricci flow on spheres of dimension n with initial metric of
constant curvature K will shrink the spheres to a point at time T = m A tiny sphere
will shrink to a point in short time. Intuitively, we can imagine that the Ricci flow on a
manifold with many tiny necks N; whose cross spheres have radius r; — 0 can not move

for any short time. The purpose of this paper is trying to provide such an example.

Note that it is a nontrivial issue to control the behavior of the individual spheres or
necks on the manifold during the evolution. In this paper, instead of dealing with each
individual spheres, our idea is to choose and investigate the minimal surfaces in the ho-
motopy classes of those spheres. The point is that we do not need to care about the shape
of the minimal surfaces, we only care about their existence. Because whenever these min-
imal surfaces exist, their areas can be used to estimate the life span of the solution. Now
the difficulty of the problem is to prove the existence of minimal surfaces which must be
confined in some specific regions.

The minimal surface argument in Ricci flow was first used by Hamilton [4, 5], who
proved the incompressibility of certain boundary tori of hyperbolic pieces in the long
time nonsingular solutions. In [1] and [9], the argument with min-max constructions
of minimal surfaces was used to prove the finite time extinction for the Ricci flow on
homotopy three-spheres.

In the present paper, we will use [6] to construct minimal surfaces in certain domains.
The difficulty is to prove that the boundaries of these domains are convex or mean convex
for the evolving metrics. Ultimately, this will amount to certain technical local a priori
curvature estimate, which is the main difficulty of the paper to overcome.

The paper is organized as follows. In Section 2, we first give the construction of
the manifolds, then we outline the proof of nonexistence of the Ricci flow, modulo key
Lemma 2.2. In Section 3, we prove Lemma 2.2.

2 Examples

2.1 Construction

We will construct a warped product metric on cylinder M =R xS" ! in the form ds? =
dr?+ f2(r)dsg,_,, where f(r) is a positive even smooth function on R.

Let X1,X5, -+, X,—1 be an orthogonal basis of M tangent to the sphere §"land T= %.
It is well-known that
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1
R(T/XZ/T/X]) = _fT <X11X]>/

2

f2
R(T,X;, X, X;) =0.

R(X;, Xj, Xy, X1) = (X, Xie) (X, X1) — (X3, X1) (X, Xk)), (2.1)

In order that the constructed metric has required curvature growth property, let us
arbitrarily fix two increasing sequences of positive numbers {a;}{*; and {b;}$°, such that

lim a;=+-00, lim b;=+-co. For these sequences, we construct a sequence of smooth positive
1—00 1—00
functions 0 < ¢; <b; on [0,b;] for i > 1, which is increasing on [O,%], decreasing on [b" bi,

27
such that i
r; re 01
;+100° 2]
'3 p
r, re Z'El_l]'
pi(r)= - (2.2)

bi—r re E—|—1 b‘—§
1 7 -2 VAl 4 4

1 [ 1
_— bi—=,b;|.
"<t ah

Clearly, we may choose ¢; such that |¢}|+|¢!'| <C, where the constant C is independent
of i. Now we define a positive even function f(r) on R in the following way. Define
f(r)=e¢1(r) on [0,b1] and inductively

i—1 i—1 i
f(r) =g <r— ij> , T€ [ij,zbj] (2.3)
j=1 =1 j=1

for positive integer i > 2.
By (2.1), we see that the curvature satisfies |[Rm| < %, hence for some point xg € {0} x

571 we have
sup |Rm|(x)<C(a;+100)2, forall 0<i< 4oo. (2.4)

i—1

B(Xo, Z b])
j=1
By direct computations, we find that the scalar curvature satisfies

1 _f/2 fl/
R=(n-1)|(n-2)—— -2/, (2.5)
f? f
Note that we may choose f such that if for some point rq satisfying |f'(ro)| > 1, then we
have f(ry) > %, where C’ is a uniform positive constant.
Combining this observation and (2.5), we have
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Lemma 2.1. When n >3, for the metric constructed above, the scalar curvature is bounded from
below, i.e.
R>-C. (2.6)

In the next section, we will prove that when n =3, the manifold constructed above
admits no short time smooth complete and x-noncollapsed solution to the Ricci flow.

2.2 Proof of the nonexistence theorem

The proof of Theorem 1.1 is an argument by contradiction. Let (M, g) be the Riemannian
manifold constructed in Section 2.1 of dimension n = 3. Suppose there is a smooth com-
plete and x-noncollapsed solution to the Ricci flow for a short time [0,Ty] (Tp > 0) with
(M,g) as initial data.

Let I be an interval in R, here and in the followings, we denote the corresponding
region on the manifold by M'. For example, M[*?l = [a,b] xS2 C M and M7} ={ry} xS*>C
M.

j-1 3, -1

b; j—1 3b: j=1 ; b;
) . (L bi+4, X bi+—] [- L bi—4l— X bi—+¢]
Since for j €N, the regions M= "= * and M = " = 7 are flat annu-
luses at time t =0, they have a short time so that the curvature is bounded. Actually we

claim the following lemma holds:

Lemma 2.2. There are constants C = C(x) depending only on x, and jo > 0 such that as j > jo,
we have

|Rm|(x,t) <1, (2.7)
P P et B =1 s JZl b
Y bit+g, L bitg ~Ybi—g,—Lb—y
f01’ (x,t) GM[izl 873 8 ]UM[ i=1 R = 5] X [O,min{To,ﬁ}].
The proof of the above lemma will be given in the next section. We proceed to derive
the convexity estimate of the relevant regions.
By local gradient estimate of Shi [10], we have

|VRm|(x,t) <

, (2.8)

oL T/ S TR T P Y S AL Y

. iTg 7. iTTg . i g 7 [ . 1

for (x,t) e M= i=1 UM = =1 X[O,mm{To,W}].

D PR e -

[Lbit+g+1, ¥ bit 4 1]
i=1

Now we only consider the piece M i=1 . Since the initial metric on the

j—1
where c= Y _ b;. It is obvious that
i=1

above region is flat and it has the form dr? 4 (r—c)?ds,,

att=0
VOaVOﬁ(r_C)Z :2g04,3<10)
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[Zb+ 41, Zb+ 3 71}
on

By combining with (2.7) and (2.8), we have
Vo Vp(r—c)?>2¢up(-/0) = C(1) Vgup,

for any t€ [0, min{To,CL)}] and c—i—ﬁ—|—1<r<c+3—bf_1

Without loss of generality, we may assume that Tp < ( ) and Ty is small. This implies
VaVg(r—c)*>gup, (2.9)

for any t€[0,Ty] and c+ % +1<r<c+ %bj —1. Obviously, the similar result also holds for the
other piece where —(c+ %bj —1)<r<—(c+ % +1). We have proved the following lemma.

I S R ‘
Lemma 2.3. The regions M =1 i=1 have convex boundaries for any t € [0,Ty| and
j > jo, where jg is the constant in Lemma 2.2.

In the following, we will use the minimal surface argument. First of all, we need
the existence of the minimal surfaces. Clearly, for each j > 2, at time t =0, there is a

1 —

j b b;
[~ L bi—g—1, L bi+4+1]

smooth minimal surface LjinM = i=1 , with area < % Actually, by the
{Z i} .
construction of the metric, we may take X;=M =1 . We denote by A;(t) the minimum
- ijf—flzbJr T
of the areas of smooth surfaces homotopic to ¥; in M =1 at time £.

Lemma 2.4. For any ﬁxed ] > jo, and time t € [0, To], there exists a smooth minimal surface ¥;(t)

, o [~ oy, Z bt .
in the interior of M i=1 achieves A;(t) in the homotopy class of ¥.;.
[~ ijf—fl zb+ {+1]
Proof By Lemma 2.3, the domam M = has convex boundaries
e Zb+ 1
M{ Ermel and M{,, } for any t € [0,Tp]. Then we know that a smooth minimal
surfaces X(t) ex1sts from [6]. O

Lemma 2.5. There is a constant C >0 such that
R(x,t)>—C, forall (x,t)eM"x[0,Tp). (2.10)

Proof. This follows from Corollary 2.3 in [2]. O
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For any fixed t € [0,T)], we may compute the rates of the area changes of the fixed
i(to) under the Ricci flow (see [5], section 11):

d B 1 ,
“area,(%(to)) !to——/zj(tO)E(R—l—]A\ )+G
§—4n—1/ R 2.11)
2 X;(to)
C

< —4r+ EareaZ]-(to)

where we have used Gauss-Bonnet theorem and (2.10). Here A and G denote the second
fundamental form and the Gaussian curvature of X;(tp) respectively.
Then for any to € [0,Tp|, we have

- 1 — .
E;_tA]'<t) ‘t:t():: ligi%p A](to—i_AAti AJ(tO)
< iareat(zl(to)) P
i ] 0 (2.12)
< —4n+%area2j(t0)
- _4”+§A1<fo)-

By combining A;(0) < u% and (2.12), we see that there is j; >0 such that as j > j;, for
]
any t €[0,Tp] we have

This implies

Tp < , forany j>j.

2
27m]

Since a; — oo, we conclude that To =0. This is a contradiction. We complete the proof of
the Theorem 1.1 modulo Lemma 2.2.

3 Proof of Lemma 2.2

Now we recall the useful local curvature pinching estimate proved in [2].

In dimension 3, let A >y > v be the eigenvalues of the curvature operator M;;=Rg;;—

2Rj;.
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Proposition 3.1. For any k€ Z,, 0<é <1, there is a constant C ; >0 depending only on
k and ¢ satisfying the following property. Suppose we have a smooth solution g;;(x,t)
to the three dimensional Ricci flow, such that for any ¢ € [0,T], B¢(xo,Arg) are compactly
contained in the manifold and assume that Ric(x,t) < (n—1)ry? for x € B;(xo,70), t€[0,T].
Then we have

A+y+kuzmm{—iﬁ,—cﬁg}, (3.1)
t—l—K—k Arg

whenever x € B;(xo,(1—09)Arp), t€[0,T], where A+ p+kv > —Kj on B(xp, Arp) at time 0.
By choosing xo=%,r0=1, A= 13—619]-, and 6= ﬁ in the above proposition, we have

Proposition 3.2. For any k€ Z , there is a constant C; >0 depending only on k such that

C
(At ptkv) (e, 0) 2 =7, (3.2)
]
enh)
for x€ By(%,5b;),t€[0,T],and xeM =1 .
To state the following lemma, we need the notion of canonical neighborhood (see [8])
which is important in the singularity analysis of Ricci flow on 3-d manifolds. We say
a spacetime point (x,t) has a canonical neighborhood (with accuracy ¢) if the parabolic

neighborhood U Bs(x, L) x{s} (after normalizing the solution with the fac-

R(x,t)

tor R(x,t) and shifting the time f to 0) is e— close (in Cl] topology) to the corresponding
subset of some ancient x— solution. Geometrically, for fixed time, these canonical neigh-
borhoods are long necks or caps with long neck ends. It is known (see [8]) that there is a
positive constant C(¢) depending only on ¢ such that li_r%C (¢)=0and

selt— e 2

R(x,t)’t}

voly(Byi(x,r)) <C(e)r" (3.3)

el
v/ R(x,t) )

Lemma 3.1. For any given e >0, there is a constant K> 0 depending only on x and € such that
for any (y,t) € M x [0,To], one of the followings holds:

where r =

(1) |Rm|(y, 1) <
(2) the point (y,t) has a canonical neighborhood with accuracy e.

Proof. We argue by contradiction.
Suppose there exist ¢ >0 and a sequence of points y; € M with |Rm|(y;,t;) > I:—j] and
K;— oo, but the points (y;,t;) have no canonical neighborhoods with accuracy e.
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From each point (y;,t;) with |Rm|(y;,t;) > If—jj, we use Perelman’s point picking tech-
nique (see section 10 in [7]) to find another point (7;,f;) with Q; = |[Rm|(7;,t;) > I;—jf, such
that the conclusion of the proposition fails at (7;,f;), but holds for any point (y,t) with

1
[Rm|(y,t) 22Qj and di(y,7;) <d, (v}, 7;) +K? Q; *, tj— inQfl <t<t.

We rescale the solution around (7;,£;) with factor Q; and translate the time £; to zero so
that it is still a solution to the Ricci flow. We will show that after passing to a subsequence,
the rescaled solutions will converge to a smooth complete ancient x—solution. This will
give a contradiction.

Recall that, we assume our solution is k—noncollapsed. By using Hamilton’s com-
pactness, we may extract a subsequence which converges on the spacetime regions with
uniformally (independent of j) bounded curvature. In order to adapt the whole argu-
ment of [7] (section 12) to the present case, we observe that it suffices to show that the
convergent limit (on the regions where it exists) always has nonnegative sectional curva-
ture. To prove this, we use our local pinching estimate (3.1). Putting A =oc0 and Ky =00 in
Proposition 3.1, we know

NI—=

(At (0> -

holds whenever t € [0, f]-] for the unrescaled solution. For the rescaled solution, we have

Cy
At+u+kv)(s)> ————

whenever s € [-Q;#;,0]. Since Q;t; > K; — co, we know the convergent limit satisfies
(A+u+kv)>0.
The arbitrariness of k implies v>0, i.e. the limit has nonnegative sectional curvature. [

The purpose of this section is to prove Lemma 2.2. For simplicity, we only show the
j=b b J-l o aps =1 b
. [E bi+4, L bi+ 4] {Tbi+4}
estimate for the pieces with 7>0. For any j€IN, let M;= M =1 A= ,Si=M = .
Now we fix a very small ¢ >0 and a constant K=K{(¢) in Lemma 3.1. Set

b;

ti :minmax{te [0,To]:s|Rm|(x,s) <2K, Vds(x,%)< 7],

i Vs [0,f] } . (3.4)
By smoothness of the solution, we know ¢; > 0 for each j. Recall Theorem 3.1 in [2]
says the following:

Theorem 3.1. ([2]) There is a constant C = C(n) with the following property. Suppose we have
a smooth solution to the Ricci flow (gz-]-)t =—2R;;, 0<t<T, on an n-manifold M such that
Bt (x0,70), for 0<t<T, is compactly contained in M and
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(i) |Rm| <ry? on By(xo,r0) at t=0;

(i1)
Rim|(x,t) < %
where D >1, whenever dy(xo,x) <rgand 0<t<T.

Then we have
|Rm|(x,t) < eCP (ro—d¢(x0,x)) -2

whenever d;(xo,x) =dist;(xo,x) <roand 0<t<T.

By Theorem 3.1, we have

-2

|Rm|(x,t) <MK <%—dt(x,3?)> (3.5)
whenever ¥ €5;, de(x,%) < % and t e [O,t]-].

From (3.5), Lemma 2.2 can be proved immediately if one can show that ¢; is bounded
from below by a positive constant independent of ;.

Actually, we will show that t; =Ty for all large j. Suppose the contrary holds, we will
find a contradiction in the rest of the paper.

Let (%,t;) be a point achieving the minmax in the definition (3.4), i.e., |Rm|(%,t;)

% and there is a point ¥ € S; such that d (¥,%) < b7, moreover we have |Rm/|(x,s) < 2
whenever d;(%,x) < % and 0<t<t;.
By (3.5), we have
K_ cx (b N\
f_j <e (7—df](x,x)
This implies
b T
<J_d, (%)<
0_ 7 dtl<x’x)—\/i\/t>]
Let (s) be a minimal geodesic at time t; connecting X and ¥ of length dt]. (x,%),7(0)=
x. Then (3.5) implies
|Rm|(x,t;) <4e“Ks2, (3.6)
for all x € By ((s),5)-
For x € Bt v(s),5), te [O,tj], we have (see Lemma 8.3 in [7])

d K
g (%x) 2 —C(n)\gf
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as long as d;(%,x) < %, where C(n) is a constant depending only on the dimension n =3.
This implies

oy

] _

1 /
7 ES"FZC(TI) Kt,

dy(%,x) <

as long as d;(%,x) < b—7] for any t € [b,t;].
From above estimate, we know

b; 1 b;
g < L _ = o
de(%,x) < 7 25—|—2C(n),/Kt]< 7

for all (x,t) € B, (7(s),3) x[0,4;] if 4C(n) \/Kt; <s <d; (%, X).
It follows from (3.5) that

2

IR (x,) < e (%s—zct(n), /Kt]-) (37)
on By, (7(s),5) x[0,t;] whenever 4C(n \/_\/_<s<dt ).
By the Ricci flow equation and (3.7), we know
e gy (,0) < gij(x 1) < gy (x,0) (338)

on By, (7(s),5) [0, r8C(n),/K <s<16 Note that B, ((s),5) CBo(%, %)andg,](x 0)

ti], fo
is Euclidean on By(%, b—7’) This implies

voly, (ij (’Y(S)E) ) > = C i (n) (%)”E*CECKSQ” (39)

where a(n) is the volume of unit ball in the Euclidean space. Hence,
_3s S\n —CeCKg24,
voly, <Bt/. (x,;)) Zoc(n)(i)”e e, (3.10)

whenever 8C(n),/Kt;<s < 16
Scaling the solutlon around (%,t;) by the factor t;, so that we get a family of solutions

to the Ricci flow §;(7) = tljg(t]-r) for T€10,1]. We claim:

Lemma 3.2. As j— o0, the pointed family of the solutions §(T) will converge to a smooth complete
solution §(t) to the Ricci flow on some pointed manifold M with nonnegative sectional curvature
and maximal volume growth, for T € (0,1].

Proof. By using Lemma 3.1, we know that any point with curvature greater than X for the
unrescaled solution will have a canonical neighborhood structure. Because we scale the
solution with the factor ¢;, one can prove (see section 12 in [7]) that the rescaled solutions
at time 7=1 will have bounded curvature on any fixed bounded distance. The curvature



B.L. Chen and H.L. Gu / J. Math. Study, 49 (2016), pp. 1-12 11

can also be shown to be uniformally bounded on T =1. The solution can be extended
backward to whole interval (0,1]. The reason is that any point (x,7) in the limit with
curvature |Rm|(x,T)T > K is a limit of points which have canonical neighborhoods with
suitable curvature control. Here the key point is that the limit has nonnegative sectional
curvature on the region where the limit exists.

To prove that M has nonnegative sectional curvature, we note that for any fixed m>1,
and each time t€0,t;], By(%,m/t;) C Bt(f,sl—?) CBt(f,Z—?) for large j. Since Bo(f,73—b2f) is flat
at t =0, by pinching estimate (3.2), we know

Atp+kv>— S
bj
for the unrecaled solution. For the rescaled solution, we have
Cx tj
Adu+kv>———r-.
bj
Let j— oo, we find v >0 on the limit. That is to say, the limit M has nonnegative sectional

curvature for any 7€ (0,1].
For any large and fixed m>1, let s= m\/T] in (3.10), and let j — 0o, we know that at

time =1,
n _
volq (BM (0137m>> 2%(11)(%) g~ Celm 2, (3.11)

where O is the origin of M. This implies

lim 200(Bua(Om)) 3%“(11). (3.12)

m—»oco m"

Since the curvature of M is nonnegative, by the volume comparison theorem, we have

UOl](BM(O,m)) > 3%0((7’1) (3.13)

m?’l
for any m > 0. O

Proof of Lemma 2.2. Note that the origin O has curvature 2K at time 7 =1, hence it has a
canonical neighborhood of accuracy e. Combining (3.13) and (3.3), we get

1
Ce) 2 graln),
which is a contradiction for small € since lin&C(e) =0. This contradiction shows that the
e—
curvature bound %(S) can never be achieved in (3.4) for large j. That means t; =T for

large j. Then Theorem 3.1 gives us the required curvature estimate. O
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