J. Math. Study Vol. 49, No. 1, pp. 23-32
doi: 10.4208/jms.v49n1.16.03 March 2016

The Distortion Theorems for Harmonic Mappings
with Negative Coefficient Analytic Parts

Mengkun Zhu and Xinzhong Huang*

School of Mathematical Science, Huagiao University, Quanzhou 362021, Fujian,
P.R. China.

Received 22 May 2015; Accepted 9 July 2015

Abstract. Some sharp estimates for coefficients, distortion and the growth order are
obtained for harmonic mappings f € TL%,, which are locally univalent harmonic map-
pings in the unit disk ID:= {z:|z| <1}. Moreover, denoting the subclass TS}, of the
normalized univalent harmonic mappings, we also estimate the growth of |f|, f € TS,
and their covering theorems.
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1 Introduction

Let S denote the class of functions of the form F(z) =z+) ;. ,a,z", that are analytic and
univalent in the unit disk D:={z:|z| <1}. Denoting T to be the subclass of S consisting
of functions whose nonzero coefficients, from the second on, are negative. That is, an
univalent analytic function F € T if and only if it can be written in the form

F(z)=z—)  |as|z", zeD. (1.1)
n=2

A complex-valued harmonic function f in the unit disk ID has a canonical decompo-
sition

f(z)=h(z)+g(2) (1.2)

where I and g are analytic in ID with g(0) =0. Usually, we call / the analytic part of f

and g the co-analytic part of f. A complete and elegant account of the theory of planar

harmonic mappings is given in Duren’s monograph [1].
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In [2], Ikkei Hotta and Andrzej Michalski denoted the class Ly of all normalized lo-
cally univalent and sense-preserving harmonic functions in the unit disk with h(0) =
¢(0)=Hh'(0)—1=0. Which means every function f € Ly is uniquely determined by coef-
ficients of the following power series expansions

h(z)=z+ ) a,2", g(z)=)_buz", z€D, (1.3)
n=2 n=1

where a,, b, € C,n=2,3,4,... Clunie and Sheil-small introduced in [3] the class Sy of all
normalized univalent harmonic mappings in ID, obviously, Sy C L.

Lewy [4] proved that a necessary and sufficient condition for f to be locally univalent
and sense-preserving in ID is J(z) >0, where

Ji(z)=|W(z)*~|¢'(z)I?, zeD. (1.4)

To such a function f, not identically constant, let

w(z) :g’(z) zeD, (1.5)

then w(z) is analytic in ID with |w(z)| <1, it is called the second complex dilatation of f.

In [5], Silverman investigated the subclass of T which denoted by T*(p), starlike of
order B(0< B <1). That is, a function F(z) € T*(B) if Re{zF'(z)/F(z)} > B, z€ D. It was
proved in [5] that

Corollary 1.1.
T=T7(0).

In [7-8], Dominika Klimek and Andrzej Michalski studied the cases when the analytic
parts & is the identity mapping or a convex mapping, respectively. The paper [2] was de-
voted to the case when the analytic / is a starlike analytic mapping. In [9], Qin Deng got
sharp results concerning coefficient estimate, distortion theorems and covering theorems
for functions in T. The main idea of this paper is to characterize the subclasses of Ly and
SgwhenheT.

In order to establish our main results, we need the following theorems and lemmas.

Theorem 1.1. ([8]) A function f(z)=z—) y_,|a,|z" is in T if and only if
Y nla,|<1, zeD. (1.6)
n=2

Lemma 1.1. ([10]) If f(z) =ao+a1z+...+a,z"+... is analytic and |f(z)| <1 on D, then

la,| <1—]|agl?, n=1,2,.... (1.7)
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Theorem 1.2. ([8]) If f €T, then

1-|z| <[f'(2)| <1+]z|, z€D, (1.8)
with equality for
f(z) :z—%zz, zeD

Theorem 1.3. ([8]) If f €T, then

1 1
2l =52 <|f (@) <lzl+ 5 [z%, z€D, (1.9)
with equality for
1
f(z) :z—Ezz, zeD

2 Main results and their proofs

Similar with the papers [2], [7], [8] and [12], we consider the following function sets.

Definition 2.1. For a €[0,1), let

TLY:={f(z)=h(z)+g(z) €Ly:h(z) €T,|b1|=a}
and

TLy:= |J TLY.
a€l0,1)

Definition 2.2. Fora€(0,1), let

TSt:={f(z)=h(z)+g(z) €Sy:h(z) €T,|b1|=a}
and

TSy:= |J TS§.
ael0,1)

For f € TL%,;, applying Theorem 1.1 and Lemma 1.1, we can prove the following theo-
rem.

Theorem 2.1. If f € TLY,, then |a,|<1/n, n=2,3,4,..., and

a2
|ba| < 1+0¢Ta’ where |by|=a. 2.1)
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It is sharp estimate for |by|, the extremal functions are

2= 3224 (—1— 14+ 5)z+ 52+ (1-1 - L+ L)In(1-az), 70,

txz
fo (Z) = (22)
z—3224122- 123, a=0.
And

52
ymg#, n=34,5,.... (2.3)

Proof. If f(z)=h(z)+g(z) =z—Y s |an|z" + L ne1bnz", z€D, then |a,| <1/n by Theorem
1.1. Let ¢'(z) =w(z)H (z), where w(z) is the dilatation of f. Since w(z) is analytic in D, it
has a power series expansion

=) cuz", zeD, (2.4)

n=0

where ¢, €C,n=0,1,2,...,and |co| =|w(0)|=1g'(0)| = |b1| =a. Recall that |w(z)| <1 for all
z€DD, then by Lemma 1.1, we have

leu| <1—|cof?, n=1,2,3,.... (2.5)
Together with the formula (1.3), (1.5) and (2.4), we give

i nb,z" ! i €D,
n=1 n=1

where 41 =1, 4, = —|a,|, n=2,3,4,..., which leads to

Il
HM8

o0 [ee] n
Z (n+1)by412" E (Z (k4+1)dg 100 k)z zeD.

k=0

Hence, we obtain

n

(Tl—i—l)anrl = Z(k—i—l)ﬁ]@rlcn,k, n=0,1,2,....
k=0

Applying the formula (1.6) and (2.5), and by simple calculation, we have
2|ba| <1 ]e1|+2[a2] |col
<1—eol*+eo|

=1+a—a’
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Now, we will prove the estimate is sharp. For a € [0,1) CID. Consider a function
fo(z) =ho(z)+g0(z), such that ho(z) =z—1z2 € T, and suppose that the dilatation of f;
satisfies

Applying the formula (1.5), we obtain

a—(14+a)z+22
1-az

8o(z)=—

which implies the estimate of (2.1) is sharp. Since gy(0) =0, by integration, we uniquely
deduce

= —a+(1+a—a®)z+(-1+a+a®—a’)z>+..., zeD,

(—1-1+5)z+ 522+ (1—1— 5 +5)In(1-az), a #0,

a a2 a a2 o

go(z) = zeDD.

Obviously, |wy(z)| <1, z€ D, which means fy(z) =ho(z)+go(z) € TLY,.
In the same way,

n|by | <l|a1||cn—1]42|a2||cn-2|+...+(n—=1)|d,—1]||c1|+n|dx||co]|

n—1
< <1-|- Zk|a‘k!> (1—]col?)+|col

k=2
<2+4wa—2a% n=3,4,5,...

Hence, the proof is completed. O

Corollary 2.1. If f(z)=z—Y 5 5 |an|z"+ Y 1bnz" € TLy, then

17
by | < 8’ n=345....
Proof. By simple calculation, we have
2+ —2a2 17
sup |by|=———|4sc1a==—, n=345,...
x€[0,1) ! n ' 8n
then the corollary follows immediately from Theorem 2.1. O

Since the analytic part i of f € TL%, belongs to T, we have the following distortion
estimate of by Theorem 1.2.[9]

1—|z|<|H (2)|<1+]z|, zeD. (2.6)

Our next aim is to give the distortion estimate of the co-analytic part g of f € TLY;.
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Theorem 2.2. If f(z)=z—Y ;75 |an|z" +Y 51 bnz" € TLY,, then

_ 1—
)" E)DE‘Z‘ 2D e, 2.7)
and
|g/(z)’§(“+lzl)(1+|z|) 2eD. (2.8)

1+a|z|

These inequalities are sharp. The equalities hold for the harmonic function fo(z) which is defined
in (2.2).

Proof. Let by =g¢'(0) =ae¥. Consider the function

F(z) = e Ww(z)—a

L W e, 2.9
1—ae Ww(z) z @9

It satisfies assumptions of the Schwarz lemma, which gives

e w(z)—a| < |zl[1-ae Y (z)|, zeD. 210)
It is equivalent to

» a(1—z[*), _ |z[(1—a?)

le Ve (z)— 122 | < T—a222 " zeD, (2.11)

and the equality holds only for the functions satisfying

Pzt
ip €TZTR 2.12
w(z)=e T zeD. (2.12)

where g €R.
Hence, applying the triangle inequalities and the formula (2.11) we have

a—|z|
1—alz

<o)< atlzl e, (2.13)

~ 14alz|’

Finally, applying the formula (2.6) together with (2.13) to the identity ¢’ = wh’, we obtain
(2.7) and (2.8). The function fy(z) defined in (2.2) shows that inequalities (2.7) and (2.8)
are sharp. The proof is completed. O

Corollary 2.2. If f(z)=z—Y 7" ,|an|z"+Y 51bnz" € TLy, then

' (2)|<1+[z|, zeD. (2.14)
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Proof. Let a tend to 1 in the estimate (2.8), then the corollary follows from theorem 2.2.
immediately. O

From the Theorem 1.3[9], we can get the growth estimate of the analytic part i of
feTLy

1 1
2~ 512l <Ih)| <[zl + 5122, z€D.
Next results, we give the growth estimate of co-analytic part g of f € TLY;.

Theorem 2.3. If f(z) =z—Y s |an|z" + Y pqbnz" € TLY,, then

(1+ 3 —@)lzl+ g 2P+ (=g =+ 3)In(1+alz]), a #0,
g(z)] < zeD. (2.15)
31zP +3l2f, 2 =0,
The inequality is sharp. The equality hold for the harmonic function fy(z) which is defined in
(2.2).
Proof. LetI':=[0,z], applying the estimate (2.8), we have

Izl (a+5)(1+5)

ds.
14+as s

3@)1=1 [ g©dzl< [ Ig@)Iae)< [

By integration, we obtain the estimate (2.15). The function fy(z) defined (2.2) shows that
the inequality (2.15) is sharp. O

Using the distortion estimates in Theorem 1.2[9] and Theorem 2.2, we can easily de-
duce the following Jacobian estimates of f € TL%;.

Theorem 2.4. If f(z)=z—Y o 5|an|z" +Y 5qbnz" € TLY,, then

(1—a?)(1+|z) (1—|z])°

]f(z)z (1tafz])? , z€D, (2.16)
and
a2 — 3
U-NANGHAP, 4> o),
)< = -

(1+1z])?% a <z,

Proof. Observe thatif f € TLY;, then i’ does not vanish in ID. We can give the Jacobian of
f in the form

Jr(z)=Il(@)(1-|w(z)f), zeD, (2.18)



30 M. Zhu and X. Huang / J. Math. Study, 49 (2016), pp. 23-32

where w is the dilatation of f. Applying (2.6) and (2.13) to the (2.17) we obtain

2 (1=a?)(1—|z[)

Jf(z) = (1= 1z]) , z€D,

(1+alz[)?
and
(1+]2)? S22 LD o> 2],
Jf(z) < zeD,
(1422 a<lzl,
this completes the proof. O

Since every univalent function is locally univalent, we can give the growth estimate
of feTSY,.

Theorem 2.5. If f(z)=z—Y ;"5 |an|z" +Y 51 buz" € TS}, then

(2= 5= @)zl + 58 22 = (1+ = 5 — ) In(1+alz]), a0,

f(2)] > zeD, (2.19)
2] = [z[> + 312, =0,

and

2+1-H)lzl+ 522+ (1 -1 - L+ L) In(1+alz]), 2 #0,
f(z)|< zeD. (2.20)
|z|+ |z[*+3|z[®, 2=0,

Proof. For any point z€ D and suppose r:= |z|, we denote D,:=ID(0,r) ={z€D:|z| <r},
and let

R:=min|f(DDy)],
then D(0,R) C f(ID,) C f(ID). Hence, there exists z, € 0D, such that R = |f(z,)|. Let
[(t):=tf(z;), t€[0,1], then y(t):= f~1(T(t)), t € [0,1] is a well-defined Jordan arc. Since
f(z)=h(z)+g(z), then we can write

R=If(z0)l= [ ldwl|= [ |af|= | W(@de+g@dE|> [ (#(0)|~Ig' @) Dlee].

By ¢’ =wh’ and the formula (2.6) and (2.13). We obtain

06+!€!> (1-a)(1-12])*

Ih'@)!—!g’(é”)l=|h'(€)l(1—|w(€)|)2(1—161)(1—1+“m = italg)
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Hence, we have

(—0(=[g)? . [ A=), [ (1—a)1=p)
R AR e e M e

Integrating, we obtain the estimate (2.19). To prove (2.20) we simply use the inequality

f(2)]=|h(z) +8(2)| < |h(z) | +|g(2)].

Then, by the formula (1.8) and (2.15) with simple calculation we have (2.20), this com-
pletes the proof. O

Finally, the growth estimate of f € TS{; yields a covering estimate.
Theorem 2.6. If f(z) =z—Y ;") |an|z" + Y 1bnz" € TSY,, then
D(0,R) C f(D),

where
3 —L—(14+1-5—-%)In(14a), a £0,

a Al

The images of w € [0,1) — R are shown in Fig. 1. This figure is drawn by using Mathematica.

Proof. If we let |z| tend to 1 in the estimate (2.19), then the Theorem 2.6. follows immedi-

ately from the argument principle for harmonic mappings. O
R -
03F T
0af T —
0lf H‘M _
o 0.4 -D.I'S 0.8 - 10 o

Figure 1: The image of a€[0,1) —R.



32 M. Zhu and X. Huang / J. Math. Study, 49 (2016), pp. 23-32

Acknowledgments

The authors are grateful to the referees for their useful comments and suggestion. This
work is partially supported by NSFC (Grant No.11101165), the Natural Science Founda-
tion of Fujian Province of China (Grant No.2014J01013), NCETF] Fund (Grant No.2012F]J-
NCET-ZRO05), Promotion Program for Young and Middle-aged Teacher in Science and
Technology Research of Huaqgiao University (Grant No.ZQN-YX110).

References

[1] P. Duren. Harmonic mappings in the plane. Cambridge Univ. Press, Cambridge, 2004.
[2] L. Hotta, A. Michalski. Locally one-to-one harmonic functions with starlike analytic part.
Preprint, available from http:/ /arxiv.org/abs/1404.1826.
[3] J. G. Clunie, T. Sheil-Small. Harmonic univalent functions. Ann. Acad. Sci. Fenn. Ser. A. L.
Math., 1984, 9: 3-25.
[4] H. Lewy. On the non-vanishing of the Jacobian in certain one-to-one mappings. Bull. Amer.
Math. Soc., 1936, 42: 689-692.
[5] H. Silverman. Univalent functions with negative coefficients. Proc. Amer. Math. Soc., 1975,
51(1): 109-116.
[6] G.Karpuzov, Y. Sibel, M. Oztiirk, M. Yamankaradeniz. Subclass of harmonic univalent func-
tions with negative coefficients. Appl. Math. Comput., 2003, 142(2-3): 469-476.
[7] D.Klimek, A. Michalski. Univalent anti-analytic perturbation of the identity in the unit disc.
Sci. Bull. Chelm, 2006, 1: 67-78.
[8] D.Klimek, A. Michalski. Univalent anti-analytic perturbation of convex conformal mapping
in the unit disc. Ann. Univ. Mariae Curie-Sklodowska, Sect. A, 2007, 61: 39-49.
[9] Qin Deng. On univalent functions with negative coefficients. Appl. Math. and Comput.,
2007, 189: 1675-1682.
[10] L. Graham, G. Kohr. Geometric function theory in one and higher dDimensions. Marcel
Dekker Inc, New York, 2003.
[11] X.Z. Huang. Estimates on Bloch constants for planar harmonic mappings. J. Math. Anal.
Appl, 2008, 337(2): 880-887.
[12] S. Kanas, D. Klimek. Harmonic mappings pelated to functions with bounded boundary ro-
tation and norm of the pre-schwarzian derivative. Bull. Korean Math. Soc., 2014, 51(3): 803-
812.
[13] P. Duren. Univalent functions. Springer-Verlag, Berlin-New York, 1975.



