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Abstract. In this note, for k—quasiconformal mappings of a bounded domain into the
complex plane, we give an upper bound of Burkholder integral. Moreover, as an ap-

plication we obtain an upper bound of the L —integral of ,/]J; and |Df]| for certain
K—quasiconformal mappings.
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1 Introduction

Let O and )’ be two bounded simply connected domains of the complex plane C. A
homeomorphism f: Q) — () is called k—quasiconformal, if it belongs locally to the
Sobolev class '\Wlloi (Q)) and satisfies the Beltrami equation

of _,.o

3 Vfaz ae. z€Q),

where the Beltrami coefficient has bounded Lo norm: |[|pf||e <k < 1. In particular, a
homeomorphism of C onto itself is called principal solution of the Beltrami equation

o
9z oz
if it satisfies the asymptotical normalization condition
b b

f(z):z-l-z-l-zz-l—---, for |z| —o0.
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We denote the formal partial derivatives of f by

. _of 1/of .of =, , of 1/adf .of
or=r=gt=3(5riay) = ¥=r==3(5+5)

and use the notation

IDfl=Ifl+Ifel and Jr=|f:]~|f*.

Here the value |Df| is the operator norm for Df and J is the Jacobian of f.
A continuous function E:R"*" — R is said to be quasiconvex if for every f € A+
Cy(Q,R"), we have

E[f]::/QE(Df)dxz/QE(A)dx:E(A)|Q|,

where A stands for an arbitrary linear mapping (or its matrix) and QQCIRR" is any bounded
domain. In other words, one requires that compactly supported perturbations of linear
maps do not decrease the value of the integral. This notion is very important in the
calculus of variations [7]. Another notion is that of rank-one convexity, which requires
just that t— E(A+tX) is convex for any fixed matrix A and for any rank one matrix X. E is
rank-one concave (resp. quasiconcave) if —E is rank-one convex (resp. quasiconvex). The
most famous rank-one concave function in dimension two is the Burkholder functional
defined for any 2 x 2 matrix A by

Bp(A)= [gdetA+<1—§>|Ayz] |A[P72, p>2. (1.1)

where |A| is the operator norm of A, see [3]. Morrey’s work [8] implies that quasicon-
vexity implies rank-one convexity. For the dimension 1 of R" is bigger than 2, Sverédk’s
paper [10] showed that the converse is not true. However, for dimension n=2, [5] and [7]
gave the evidence to the possibility for a different outcome. So in [1], the authors gave
the following conjecture in the spirit of Morrey,

Conjecture 1.1. Rank-one convex functions E:IR>*?2 —; R are quasiconvex.

For the A=1d, the authors of [1] showed that the Burkholder function is quasiconcave
within quasiconformal perturbations of the identity. They showed that when f: () — ) is
a k—quasiconformal map of () onto itself with extending to the identity on the boundary,
then

[ Eoondz= [ (1= HEEL Y (@4 s [ Bad=lol,  12)

where 2§p§1+%.
In this paper, we first use the method learned from [1] to prove the following result:
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Theorem 1.1. Let f:C — C be the principal solution of a Beltrami equation

f2(2) = p(2) f2(2),
for a given u(z) with |u(z)| <kxp(z), 0<k<1, D={z:|z| <1} and it has the expansion

Then, forall 2<p <1+ %, we have

[ 0= [ (1= 2EEL Y (2 4 e P [ oG tidhdz=r(- ). (13)

For the arbitrary bounded domain (2, we have the following result:

Theorem 1.2. Let f: Q) — L(Q) be a k—quasiconformal map of the bounded ) onto its affine
image, extending continuously up to the boundary, where it coincides with the affine mapping L.
Here L(z) =z+ %Z with |by| <1 is a linear mapping and

R 1, if diam(Q)<2,
T 4w diam(Q) >2

Then, forall 2<p<1+ %, we have

/QB,,(Df)dzg/QB2<z+%Z>dz:< —“}%‘2)

This paper is organized as follows. In Section 2, we will introduce some preliminary
lemmas used in this paper. In Section 3 we give the proofs of Theorem 1.1 and Theorem
1.2. In the final section, we discuss some applications of the main theorems.

2 Preliminary lemmas

Let M(Q),0) denote the class of complex valued c—measurable functions on a measure
space (Q2,0). The following lemmas will be used in this note.

Lemma 2.1. (Interpolation Lemma for the disk [1]) Let 0< pg,p1 <oo, and {®,:|A|<1}C
M(Q,0) be an analytic and nonvanishing family with complex parameter A in the unit disc.
Suppose

Mo:=||Do|[p, <00, My:=sup|y<1||Ppllp, <oo and M;:=sup_|[Pxl[p, <oo,

where
1 1-r1 2r 1

e
pr l14+rpy 1+4+rp;
Then, for every 0 <r <1, we have

1-r 2r

M, < MIF"MI¥ < o, (2.1)
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Lemma 2.2. (Area Theorem [2]) Suppose that f € W,;>(C) is analytic outsider the disk D(0,r)
and has the expansion

f(z):z—l—;—i—;—l—-o-, for |z| >0 .

Then

/D(O,r J(z,f)dz=m < Zn\b °r _2”> (2.2)

Lemma 2.3. ([4]) If f is a k—quasiconformal mapping of a domain Q) C C into C, then for every

pe21+1),
— —_ -1 p
a (p( 11>f>k<21;k>*’ (Vir) <Bo(0n. (23)

3 Proofs of Theorem 1.1 and Theorem 1.2

First we will use holomorphic interpolation method and holomorphic motion to give the
proof of Theorem 1.1 inspired by [1].

Proof of Theorem 1.1

We fix an exponent 2 < p <1+-—— and look for holomorphic deformation of the

Iz ||<>o

given function f. To do this, we w111 construct an analytic family of Beltrami equations
together with their principal solutions as the authors did in [1].
Let F*(z) be the principal solutions of the following equations

— 1. (2)F) u(z)
—"ll/\< )FZ’ Iu)l( ) < )‘]/l )’

Here 7, (z) is an analytic function in A with

0@ el A
1+na(z) "14|u(z)| 1+A7

for p=1+ )%0 More explicitly,

pAlu(2) |
(1+A) 1+ |p(2)]) = pAlu(2)]
It is easy to see that 19(z) =0 and F°(z) =z as A =0. There exists some complex number

A=Aq such that when A = Ag, we have T, (z) = |p(z)|, so that F*(z) = f(z). Here and the
following, we let p=1+ Aio, po =00 and p, =2. We choose a nonvanishing analytic family

{@2r}jrj<1 by

T\ (z)=

Py (2) =F (2) (1+71(2)).
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It is easy to see that for A=A,

@2 (2)| = (A |k (2) )| fo| = | fel + 2] = [DS].

We shall then apply Lemma 2.1 (the Interpolation Lemma) in the measure space M (D,o)
over the unit disk, where

_ 1 plu(2)|
e = (116} ]?) (1_ 1+|ﬂ(2)!)dz’

and b} is the coefficient of % for the expansion of F*(z). In particular, for A=A, we have

_ 1 __plu@&)|
""’(Z'AO)‘WO 1+w(z>r)dz'

where b, is the coefficient of % for the expansion of f.

When A=0,F%(z) =z, hence F)=1,9=1 and My=||®||c = 1. In the follows we will
estimate My =supep||Px|2 <1.

In view of Lemma 2.2

|1z <r(1-10 ),

i0pA
L for some 6 € (0, 277), outside the unit disk.

with equality if and only if F} =z+ ‘
We find that

(2, FY) = [EN2) P 2 (2)P) = |2 (2 >|2(1 2Re T(A()))

- ()] 21 n(2)]
_’qD’\(Z)’Z<1_p1—|—]y(z)‘Rel+/\) Z‘¢A<Z)‘2<1 Pl—l—\;u(Z)’)

Hence

@ (2) Pdor(z,0) < ——

A
R

therefore

M1ZSuP|A\<1/D|¢A(Z)|2d0(2,7\)SSHP\A|<1 B /]ZPA )dz<1.

W
For every 0 <r <1, in view of the Interpolation Lemma, we have
Mr _Supl)“ T{’ ’®)\ ’ ’ 1+r } < M0]+rM1+r <1.

After the substitution r = 517 = Ao, the inequality is immediate

plu(z)| _
/D(l—m>\Df]P_( e /y% Y do(z,00) <t (1— b 2) /Bzz—i—blz)d
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So the proof of Theorem 1.1 is complete.

Proof of Theorem 1.2

Since
R— 1, if diam(Q)<2,
M, if diam(Q)>2,

we get Dg D (). In view of the proof of Theorem 1.1, we just let

B 1 _ple@E)l
BT e TG

and can obtain following

]

/DRBP(Df)dzg/DRBz(z-i-%Z)dz:( L) Drl

Let

Z—l—ﬁf, if ZGDR—Q,
z+b—12%, if zeC-Dg.

{ f(z), if zeQ),

And since

in view of (3.2) and (3.3), we get

2
/QBp(Df)dzg/QBz(z-l—%Z)dz:|Q|( -%).

So the proof of Theorem 1.2 is complete.

4 Upper bounds of the L” —integrals of /] and |Df]

47

(32)

(33)

In this section, as an application of Theorem 1.1 or Theorem 1.2, we obtain upper bounds

of the LY —integrals of ,/J; and |Df].

Theorem 4.1. Let f: Q) — L(Q) be a k—quasiconformal map of the bounded Q) onto its affine
image, extending continuously up to the boundary, where it coincides with the affine mapping L.

Here we assume that the mapping L satisfies L(z) =z+ %Z with some |by| <1 and

R 1, if diam(Q)<2,
T Qi diam(Q) > 2.
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Then, for all 2<p <1+ %, we have

J) e e s (1

Proof. By the Lemma 2.3, for every 2<p <1+ %, we may write

/Q<\/E)sz (1 (;9(11 k21+kP 1/B (Df)dz (4.1)

By Theorem 1.2 and (4.1), we have

J) e e s (1

O

Corollary 4.1. Let f: Q) — L(Q) be a k—quasiconformal map of the bounded Q) onto its
affine image, extending continuously up to the boundary, where it coincides with the
affine mapping L. Here L(z) —z—l- Lz with |b1]| <1 is a linear mapping and

R— 1, if diam(Q)<2,
T Qi diam(Q) >2.

Then, forall 2<p <1+ %, we have

/'Df’pd ~1- 2;k1)k'(1 !b1|2>,m

Proof. By the equality

() - ().

we get from Theorem 4.1 that

(=) [iopries [ () tez B (1108 oy

Hence,
1+k |b1]?
Ply< %
/Q‘Df’ 2 TR (1 T )10l

The claim of Corollary 4.2 follows. O
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