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Abstract. Using an integral identity for a once differentiable mapping, this paper es-
tablishes Hadamard’s integral inequalities for s-convex and s-concave mappings. In
particular, our results improve and extend some known ones in the literature. Finally,
these inequalities are applied to special means.
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1 Introduction

Throughout the present paper, we use I CIR to denote the real interval, I° to denote the
interior of I.
Let f: I CIR— R be a convex function and a,b € I with a <b, then

a+b 1 b fla)+£(b)
— )< — dx<t——>—2~~=, 1.1
f(z)_b—a/af(x) = 2 (1.1)

This remarkable result is well known in the literature as Hermite-Hadamard’s in-
equality for convex mapping. Both inequalities hold in the reversed direction if f is con-
cave.

We know two kinds of s-convexity/concavity (0 <s <1) of real valued functions are
famous in the literature.

A function f:R; — R, where R} =[0,+0) is said to be s-convex function in the first
sense, if the inequality

flap+pv) <a’f(u)+p f(v)
holds for all ,v€R,, and all a, >0 with a®+°=1.
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Definition 1.1. ([7]) The function f:IC[0,00) — R is said to be s-convex function in the
second sense on I, if the inequality

fAx+(1=Ny) <A f(x)+(1=A)f(y) (12)
holds for all x,y € I, A €[0,1] and for some fixed s € (0,1].

In this paper we mainly study Hadamard’s integral inequalities for s-convex and s-
concave mappings in the second sense. Kavurmaci et al. proved the following result
connected with the right part of (1.1) in [9].

Lemma 1.1. ([9] Lemma 1) Let f: I CR — R be a differentiable mapping on I1°, where a,b € I
with a<b. If f' € L[a,b], then the following equality holds:

LA Df@ 1y,

b—a
_ (J;—_‘;)Z /Ol(t_1)f’(tx+(1—t)a)dt+ (bb__?z /01(1—t)f'(fx+(1—t)b)dt~

(1.3)

In recent years, a lot of inequalities of Hermite-hadamard type for convex and s-
convex functions were presented, some of them can be reformulated as the following
theorems.

Theorem 1.1. ([6]) Suppose that f:[0,00) — [0,00) is an s-convex function in the second sense,
where s € (0,1], and let a,b€ [0,00), a<b. If f € L[a,b), then the following inequalities hold:

Theorem 1.2. ([11] Theorem 2.1) Let f:I CIR — R be a differentiable mapping on I°, where
a,be° witha<bandlet q>1. If |f'|7is convex on [a,b], then the following inequality holds:

(55 52 [ < (3%)<b—a>(\f’<a>\+\f’<b>|)~ (15)

Theorem 1.3. ([1] Theorem 2.5 and [10] Theorem 2) Let f: 1 —IR,I CIR be a differentiable
mapping on I° such that f' € L[a,b], where a,b€ 1, a<b. If |f'|7 is concave on [a,b], for some
fixed q>1, then the following inequalities hold:

() s [ ] <2 ()|

and

A = L
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Theorem 1.4. ([10] Theorem 3) Let f:1—1R,I C [0,00) be a differentiable mapping on 1° such
that f' € L[a,b], where a,b€ [ with a<b. If | f'|7 is s-convex on [a,b], for some fixed s € (0,1) and
q>1, then the following inequality holds:

O
R |

For some recent results connected with convex, s-convex and other forms of convex,
the reader can refer to [2, 3-5, 8, 12, 14-15] and the references therein.

Based on our previous works [13, 16], in this paper we are going to introduce new
Hadamard’s integral inequalities with two parameters for a class of s-convex and s-
concave functions and improve some known results in the form of corollaries.

(1.8)

==

< IRy

2 Main results

Before proceeding towards our main theorems regarding of Hadamard type inequality
for the s-convex function, we need a variant of integral identity, which is derived from
Lemma 1.1.

Lemma 2.1. Let f:I CIR — R be a differentiable mapping on 1°, where a,b € I with a <b. If
f' € Lla,b], then the following equality holds:

-+ A OITOL Ly
—x)? x—a
:(bb_a) /Ol(y—t)f’(tx—l—(l—t)b)dt—(b_a) /1(y—t)f’(tx+(1—t)u)dt.

0

e 2.1)

for each x € (a,b) and y €[0,1].
Proof. We note that

—x)2 —a)?
]:(bb_’;) /Ol(y—t)f’(tx-l—(l—t)b)dt—();_L;) /Ol(y—t)f'(tx-l—(l—t)a)dt.
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Integrating by parts, we get that

]:(bb_a) [Z_; (tx+(1- ))\é+%b/1f(tx+(1—t)b)dt}

—u[y ftx+(1— \0-1——/ f(tx+(1—t)a )d]

[Z—;)f v b)+m/b f(u)du}

—%[y )= oS0 s [ S

X—a X—a

=(1-y)f(x)+ y[< f%)j—a(b_X)f(b)] _bia/abf(u)du

Lemma 2.1 is thus proved. O

Remark 2.1. Under the conditions of Lemma 2.1, if we take y =1, then Lemma 2.1 coin-
cides with Lemma 1 established by Kavurmaci et al. in [9].

Now, the main results about Hadamard’s integral inequalities for s-convex and s-
concave mappings will be presented.

Theorem 2.1. Let f: 1 CIRy— R be a differentiable mapping on I° such that f' € L[a,b], where

a,bel witha<b. If |f'|7 is s-convex on [a,b], g>1, p= q—il’ s€(0,1], and for each x € [a,b]

and y € [0,1], then the following inequality holds:

e
Sl o L2 1
<(-wty) " |G (K@l Tl @)+ G (ko)) ],
2.2)
C2(1—y) T 4y(s+2)—1 252 —y(s+2)+5+1
where K= —— 21y (s52) md T==— 612

Proof. From Lemma 2.1, it follows that

1(1—y>f<x>+y (x=a)f (”b)_*a(b IO 2 fuyau

xa
< /\y

(tx+(1—t)a (dt+ (b=x) /|y ((tx+(1-)b) [at
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q

Using well known power-mean inequality, for g >1 and p=——, it yields that

g—1
/ lv-

((tx+(1—t)a) |dt = /\y {0 y—t|7|f (b + (1= 1)a )a) |dt

S(/O !y—f\df) </0 ly—

f'(tx+(1—t)a) ‘th>%

and

/01|y— f’(tx—l—(l—t)b)‘dtg </Ol|y—t|df>%(/ol|y—

Since |f’|7 is s-convex on [a,b], we know that for every ¢ € [0,1]

f'(tx+(1—t)b) ‘th) %.

fta+(=0b) [ <[ @]+ (-2 w),

and thus, we obtain

‘<1_y)f(x)+y[(x—a)f(b) u SR
= ( [ lv-riar) © ( [ v=1( (1—t)s|f’<a)!”’+fs|f’<x)|”’)df)%]
([ o) (el a-mlror)s) ;]
[ {5 |

<

[ e (0@ e
N% [ / 1|y—t|(t5|f’(x)|q+(1—t>5|f’(b>!")df]ﬁ}-

Using the fact that
s+2 1 s+2_
/ y—t/(1—t)° yzﬂ;r(syf;;z) L [ ly—tiFdi= 2y (eryS(Jgi)zJ;SJrl'
We get the required result. O

Corollary 2.1. Under the conditions of Theorem 2.1,
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(1) if we choose x = %tt, 0, and s=1, we have
2 Y=

1 1 (2.3)
b—a 1\ \f’i|q+|f’ @'\ 2 E O
<3(3) [( } >+( B ) /
(2) if we choose x:%,y 1, and s=1, we also obtain
b
'f(a);rf(b) L [ a
(2.4)

ey [(!f’%ﬁ:zv’ |>3+<|f’%|q6+2|f’ |>]

Corollary 2.2. Under the conditions of Corollary 2.1 (1), using the fact Y/ ; (a;+b;)" <
iqal+Yy bl for0<r<1,ay,...,a,>0and by, ...,b, > 0. Then using the convexity of |f|’,
we obtain

(5) i,
<227 @) [rEhrror) (@b ror) |
<55 (3) () (iri+lro)
8;)(b—a>(|f'<a>|+|f'<b>|),

which is an improved result comparing with inequality of (1.5). And the inequality of
(1.5) is just Theorem 2.1 established by Kirmaci and Ozdemir in [11].

Theorem 2.2. Let f:1 CIRy— R be a differentiable mapping on I° such that f' € L{a,b], where
a,be I witha<b. If |[f'|7is s-convex on [a,b] and q > 1, for each x € [a,b], y € [0,1] and some
fixed s € (0,1], then the following inequality holds:

' 1-y) f(x)+y[(x—a)f(ab>_+a<b—x>f<b>] L /ab Fu)du

T4 (b—x) 2(1 £ (x) "+ f' () \3]
b—a '

y [(x—a)2(|f’<a)|q+!f’(x)\q)
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Proof. By Lemma 2.1, using the famous Holder integral inequality in the following way,
we get

1=y LEZIOTOZITO] D"

ot S
[(/ ly—t| 7T 1dt>q( |7 (- (1-)a )( dt>q]
(L) ()

From inequality (1.4), the following inequalities can be easily obtained

A\

F(tx+(1—1t)a ‘dt—i—

‘dt

| /\

(tx+(1—t)b) ‘th> %].

1

"(tx+(1—t)a /\f )|Tdu < |f |q+\f'(x)|q),

1

; ’(tx—l—(l—t)b)‘dt<s+1(|f \”’+|f’(b)\”’).

Then, we have

+(”b"_’;)2[(zqq__ll(f%(l-y)?f))qq(5)% I+ ®) \)5]

[Pt s +(b—X>2(|f’(X>\q+‘f,(b)‘q)%].
a

This completes the proof of Theorem 2.2. O

Corollary 2.3. Under the conditions of Theorem 2.2,
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(1) if we choose x = %,y 0, and s=1, we obtain
'f a—l—b _b_/ Flu
g—1\ (1\i |7+
<(3-1) <§> ( )[(\f I+
1
< () (@l (1) +(

= =

() +lrml)
|

)

()l

|

(2.6)

==

29—
2

(2) if we choose x = %, y=1,and s=1, we have

L0 L[ s
) ) O (s (D) irwpy]
+
2

() [r@i e (F)) +( |

It is noted that the result of the first inequality (2.7) is better than the inequality (1.8)
presented by Kiramic et al. in [10].

IN

)
{COTNIET

IN

(2.7)

Theorem 2.3. Let f:1 CIRy— R be a differentiable mapping on I° such that f' € L{a,b], where
a,belwitha<b. If |f'|1 is s-concave on [a,b], for each x € [a,b], y€[0,1] and some fixed s€ (0,1)
and q>1, then :

1oy 0+ LSO CIIOL L g

<2 (22)" (Fea-pt) (Sl ol |

Proof. We proceed similarly as in the proof of Theorem 2.2, the only difference is that we
use the s-concavity of |f’|7 and inequality (1.4), then
(X
(%)

e

(2.8)

1

v+ (1=0)0) [t = 7| )2

4

similarly,
1

'(tx+(1—t)b) ‘th§25*1
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So, we can show that

ORI Ny

< (x-ap </1| t|q1dt Tl(/ (tx+(1—t)a |”’dt)
— b—a 0 y=
=) [N b\ ([ :
oz [(/0 i) ([ 1 )b)|th)'7]
q—1
(x—a)*[ g1 ( ul 2N T (X ta
= b—a 2q—1<y T+(1-y) ]) 2 <T)‘
q—1
(b—x)2[g—1 ; 21 2-0N\177 1y rx+b
e [ v ) |2 ()
-1 -1 2| g1 x+a I (x+
e e A 2oy T (x—a)? | f1 (530 [+ (022 £ (*5)
—2"<2q—_1> (Wl‘i‘(l y) ]) [ b—a ,
which completes the proof. O
Corollary 2.4. Under the conditions of Theorem 2.3,
(1) if we choose x—”+b and y=0, we have
a+b 1 b g—1 b—a\, s1/(|,.,/3a+b ,(a+3b
‘f(T>_m/af(”)d‘ (Zq 1) (4 )2q< ( 4 )‘+ ( 4 )D

PPN (57)

<(£5)" (59)(
(2) if we choose x =%t and y=1, we have
OO 1 e < (£25) " (55927 (

(&) O (I )+

It is observed that the first inequality of inequalities 2.9 and 2.10 give an improvement of
inequalities 1.6 and 1.7 established by Alomari and Kirmaci, respectively.

)

(2.9)

e ())

)

(2.10)

3 Applications to special means

For positive numbers, f>a >0 and n € Z\{0,—1}, define
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_Dé-i-ﬁ a— ‘B - ‘Bn-i-l_lxn-i-l n
Ala, B) === Lwp) =g gy W"ﬁ)—[m} '

These quantities are respectively called the arithmetic, logarithmic and generalized
logarithmic means of two positive number « and .

Now, we give some applications to special means of real numbers using the results of
Section 2.

Proposition 3.1. Leta<b, 0<s<1, we have

|A(a®,b°) —Li(a,b)|

-1

<o) (3) () { i ] s o))
- 4 2 s+2 s+1 s—|-1

(3.1)

Proof. When we choose x="%12, y=1, the inequality (3.1) follows from (2.2) applied to the
s-convex function in the second sense f:[0,1]—[0,1], f(t)=¢°. The details are omitted. [J

Proposition 3.2. Leta<b, 0<s<1, for all §>1, we have

A6, 5) — L3 (a,0)]
1
(ML) (zqq__ll)qT ) R (SN M

Proof. When we choose x =%, y=1, the proof is similar to that of Proposition 3.1, using
Theorem 2.2. O

Proposition 3.3. Leta<b, 0<s<1, for all g>1, we have

|A(a’1,b’1)—L’1(a,b)| <27 (b_a>< q—1 ) “3a—|—b‘—2q+‘a+3b‘—2q]. (3.3)

1 )\2g—1 1 1

Proof. When we choose x = M , ¥y =1, the inequality (3.3) follows from (2.10) applied
to the s-convex function in the second sense f:[0,1] —[0,1], f(t) =1. The details are
omitted. O
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