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Abstract. We propose a generalized Jacobi spectral-Galerkin method for the nonlin-
ear Volterra integral equations (VIEs) with weakly singular kernels. We establish the
existence and uniqueness of the numerical solution, and characterize the convergence
of the proposed method under reasonable assumptions on the nonlinearity. We also
present numerical results which are consistent with the theoretical predictions.
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1 Introduction

This paper is concerned with the numerical solutions of the nonlinear Volterra integral
equations(VIEs) with weakly singular kernels:

y(t):f(t)—l—Vy(t)::f(t)—l—/ot(t—s)"K(t,s)G(s,y(s))ds, tel:=[0,T], (1.1)

where 0< <1, KeC(D) with D:={(t,5): 0<s<t<T}, feC(I) and G is a continuous
function.
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In recent years, there has been an increasing interest in studying VIEs. The main dif-
ficulties for dealing with weakly singular VIEs are: (i) the integral operator is non-local;
(ii) the solutions are usually singular near t=0. Brunner [4] and Lubich [17] investigated
the smoothness properties of the exact solutions of VIEs with weakly singular kernels.
Various numerical approaches, using the piecewise polynomial collocation methods and
the Runge-Kutta methods, have been proposed for approximating VIEs with weakly sin-
gular kernels [4, 5,12, 23]. However, these numerical methods do not particularly deal
with the above two difficulties.

Spectral methods are capable of providing exceedingly accurate numerical results
with relatively less degree of freedoms, and have been widely used for scientific com-
putation, see, e.g., [1,2,6,13,14,19,20]. Since the spectral methods are global methods,
so they could be better suited for non-local problems. Recently, many kinds of spec-
tral collocation methods are proposed for solving VIEs with smooth kernels. Li, Tang
and Xu [16] introduced a time parallel method with spectral-subdomain enhancement
for VIEs; Sheng, Wang and Guo [21] presented a multistep spectral collocation method
for nonlinear VIEs; Wang and Sheng [22] also proposed a multistep spectral collocation
method for nonlinear VIEs with delays.

To solve VIEs with weakly singular kernels, many attempts have been made to over-
come the difficulties caused by the singularities of the solutions. Chen and Tang [9, 10]
proposed spectral collocation methods for weakly singular VIEs; Huang, Tang and Zhang
[15] studied the supergeometric convergence of spectral collocation methods for weakly
singular Volterra/Fredholm integral equations. These methods usually use orthogonal
polynomials as basis functions. Another approach for solving weakly singular VIEs is to
use the non polynomial singular functions (which reflect the singularities of the exact so-
lutions) as basis functions. For example, Brunner [3] employed a non polynomial spline
collocation method for VIEs with weakly singular kernels; Cao, Herdman and Xu [7] pre-
sented a non polynomial singularity preserving collocation method for VIEs with weakly
singular kernels.

In this paper, we develop a non polynomial spectral-Galerkin method for VIEs with
weakly singular kernels. More precisely, we construct a spectral-Galerkin method for
weakly singular VIEs (1.1), using the generalized Jacobi functions as basis functions. This
kind of basis functions have been used by Zayernouri & Karniadakis [24] and Chen, Shen
& Wang [8] for approximating fractional differential equations. The main strategies and
contributions are as follows.

e We propose a generalized Jacobi spectral-Galerkin method for nonlinear VIEs with
weakly singular kernels. The basis functions can be tuned to match the singularities
of the underlying solutions, and lead to an efficient implementation. The existing
works (cf. [9,10])

e We approximate the problem (1.1) directly without any variable transformations, as
opposed to the approach in [9,10] where a spectral-collection method is constructed
for the transformed VIEs.
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The rest of this paper is organized as follows. In Section 2, we present the general-
ized Jacobi spectral-Galerkin method for nonlinear VIEs (1.1). Some useful lemmas for
the convergence analysis are provided in Section 3. The existence, uniqueness and con-
vergence of the generalized Jacobi spectral-Galerkin method are given in Section 4. We
present in Section 5 numerical experiments, which confirm the theoretical expectations.
Some concluding remarks are given in the final section.

2 The generalized Jacobi spectral-Galerkin method

In this section, we shall propose a spectral-Galerkin method using generalized Jacobi
functions as basis functions for problem (1.1). To this end, we first introduce the shifted
Jacobi polynomials and the shifted generalized Jacobi functions on the interval I.

2.1 The shifted Jacobi polynomials on I

Fora,f>—1, let ],S“’ﬁ ) (x), x€ A:=(—1,1) be the standard Jacobi polynomial of degree n,
and denote the weight function x(“#)(x) = (1—x)%(1+x)P. The set of Jacobi polynomials
is a complete Lzzc(“'ﬁ) (A)-orthogonal system, i.e.,

JIRP P ()3 ) (x)dx =15, CRY
where 6, , is the Kronecker function, and
2%HBHIT (a4 1)T(B+1) =0
b I'(a+pB+2) ’ - 22)
" 2P+ T(m+a+1)T(m+p+1) '
, m>1.
(2m+a+pB+1) miT(m+a+p+1)
In particular, ]é“’ﬁ ) (x)=1.
The shifted Jacobi polynomial of degree 7 is defined by
7P () = JiP) (% —1>, tel. (2.3)

Clearly, the set of {ﬁ“’ﬁ ) (t)}u=0is a complete L2 , ; (I)-orthogonal system with the weight
AT
function X(sz,ﬁ ) (t)=(T—t)“tP. In fact, by (2.1) and (2.3) we know that

o u u T “+‘B+l o
[HPORP O 0de=(3) 15 @Y

For any integer N >0, we denote by {x](”"[5 ),w;“’ﬁ ) }]I\L o the nodes and the correspond-
ing Christoffel numbers of the standard Jacobi-Gauss interpolation on the interval A. Let



318 J. Shen, C. Sheng and Z. Wang / ]. Math. Study, 48 (2015), pp. 315-329

Pn(I) be the set of polynomials of degree at most N on the interval I, and if](-pé’/g ) be the
shifted Jacobi-Gauss quadrature nodes on the interval I,

wp) _ T (ap) ,
f —E(x]- +1), 0<j<N. 2.5)

Due to the property of the standard Jacobi-Gauss quadrature, it follows that for any ¢(t) e
Pana (1),

a+p+1 N T
(a,8) (,8)

> j;)(l)(i(xf 1))w; 2.6)

TP @, @)

= <E) Zq;(t] )w
j=0
By (2.4) and (2.6), we further obtain that for any 0 <m+n <2N+1,
N

FwpB) () Flap) ((ap)\ (ap) _ (a,p)

LI (P TP (1) ol =3P 8 @7)

2.2 The shifted generalized Jacobi functions on |

The shifted generalized Jacobi function of degree n is defined by (cf. [8])
PP (1) =tf ] (1),  wp>-1, tel (2.8)
Let F I(\,ﬁ ) (I) be the finite-dimensional fractional polynomial space (cf. [8])
FOD):={tFy(t): () € Py (1)} =span{P{**:0<n < N}. (2.9)

Due to (2.4) and (2.8), it is clear that the set of {P,ED"/S )(f)}nzo is a complete L2,  (I)-
Xr

orthogonal system with the weight function )((T“’_ﬁ ) (t), namely,

[P @R 0P = [ BT 0] P (1

T a+pB+1
= [EP TP Ont P a= () 28 b
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Because of (2.6), it follows that for any ¢(t) =t2P¢(t) with ¢(t) € Pan1(I),

Joox P = [ o0 dt_@)HchP( e

2.11)
TP wp) P (wh) eh)
:(§> ];)(tj > q)(t]- >w]- .
Next, let (u,v )x(“ _p and HUH s be the inner product and norm of space L p(I), re-

spectively. We also 1ntroduce the followmg discrete inner product and norm on the inter-
val I,

o= (3) B0 el

j=0 (2.12)

1
1ol - = (0:0) -
AT
Thanks to (2.11), for any ¢, € ]:I(\,ﬁ) (D),

(¢/¢)X<Ta,—ﬁ> = <<P/1P>X<Ta,—ﬁ>, H¢||X<Ta,—ﬁ> = ||¢|\NIX<Ta,—ﬁ>~ (2.13)

2.3 The generalized Jacobi spectral-Galerkin method for problem (1.1)

To describe the spectral-Galerkin scheme for problem (1.1), we first transform the integral
interval [0,f] to I using the transformation:

s=—, TeL (2.14)

Then the Eq. (1.1) becomes

1—pu
t _ tT tt T
y(t):f(t)—l-Vy(t):f(t)—l—(T) /(T—T) ”K<t,T)G(?,y(?)>d7. (2.15)
I
The generalized Jacobi spectral-Galerkin scheme is to seek Y (t) € F, I(\Il - (I), such that

(Y,9) cnsn=(f19) it (VY.9) cown, Vo Fy (D). (2.16)

We now describe a numerical implementation for (2.16). To this end, we set

N
Z R (. 2.17)
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Substituting (2.17) into (2.16) and taking ¢ = P,E*” A=H) (t), we obtain that for 0<n <N,

ZV’"( SR = (ER) L (BT

(2.18)
Set
y:<y0/"'/yN)T/ A= (anm)OSn,mSN;
_ (pl=ni=p) p(—p1-p) _(Ty2-2u_(—p1-p)
Anm = (Pm /Pn )X(TM‘U - (E) Ym (Sm,n/
(2.19)
_ (—pd—p) _ T
fn—<f,Pn >X£ry,]41>/ _(fOI /fN) ’
—u1—
On (Y) = (VY/PV(I i V)> (—pu-1)7 V(Y) = (UOI' o IUN)T‘
XT
Then, the system (2.18) becomes
Ay=f+v(y). (2.20)

In actual computation, we use the quadrature formula (2.12) to approximate the terms f,
and v, namely,

—u,1—
fn%<f,P,S : V)>X(fwfl>
T

_ <§) 2—214% (éﬂ@lﬂt))2#—2f<t](7,4,1,y)>P}g,%l,y) (t](f”’lf”))w](*’“ﬂ‘), (2.21)
and
on(y) %% g:o (tf_"’l_”)>Vﬁl]((tl(—i‘fl—ﬂ)ltl(—ull—u)t](—y,o)/T>
-G(tl(l,:"l”)t]("’o)/T,Y(tf”'1”)t]("'0)/T)>P,§"'1”) (tl(*}l,lfﬂ))wl(fy,lfy)wjgfy,o).
(2.22)

This is a (nonlinear) implicit scheme, which can be solved, for instance, by the Newton
iterative method.

3 Some useful lemmas

In this section, we present some useful lemmas. For this purpose, we first recall the
definitions of the fractional integrals and fractional derivatives in the sense of Riemann-
Liouville (see, e.g., [11,18]).
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Definition 3.1. (Fractional integrals and derivatives) For p € R™, the left and right frac-
tional integrals are respectively defined as

1 of_uy) 1P uy)
fu(x)= / dy, x>a; fu(x)= / dy, x<b, (3.1)
BTG o Gy Gy e
where I'(+) is the usual Gamma function.
For s € [k—1,k) with k€ N, the left-sided Riemann-Liouville fractional derivative of
order s is defined by

1 d°or u(y)
S —
WD3(x) = Ty 2t . ey x€(@h), (3.2)
and the right-sided Riemann-Liouville fractional derivative of order s is defined by
sy - (ZDF /" u(y)
«Dyu(x)= T(i—s) dxF Jy (y—x)F1 dy, x€(ab). (3.3)
It is clear that for any k€ Ny,
dk
Df=DF,  DF=(-1)*D¥, where D*:= e

Thus, we can define the Riemann-Liouville fractional derivatives as
Diu(x)=DF, ¥ 5u(x), Dj=(—1)*D*.If*u(x).

According to Theorem 2.14 of [11], we have that for any absolutely integrable function u
and real s >0,
aDialiu(x)=u(x), <DijxLu(x)=u(x), x€(ab). (3.4)

Next, let
FP(A) = {(1+0)Pp(x) :p(x) € P (A)} =span{ (1+x)P [ (x):0<n <N},
and
NZ,ﬁ (A):={u(x):ue L)zc(a,,ﬁ) (A), 71D£+lu € Li(ﬁﬁﬂ,}) (A) for 0<I<r}, relNy.

Denote by ¢ a generic positive constant independent of T, N and the solutions of y(t)
and Y (). According to Theorem 4.3 of [8], we have

Lemma 3.1. Leta>—1, >0, foranyueBaﬁ( ) with integer 0 <r <N, we have

a,p)

17

M—M“Lz(a7ﬁ>(A)§CN_ ‘B+r)”,1D£+rMHL2 (A)” (35)
X

(a+ﬁ+r,r)

where ﬁ%"ﬁ ) is the standard Lf( w_p) (\)-orthogonal projection upon Fy, P (A), defined by

J G ) —u)p0x P (dr=0, vpe R ®) 6
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Similarly, we define

1
B;’ﬁ(l)::{v(t):veLi(Tkﬁ)(I),on+veLi(THm,/,)(I) for 0<I<r}, reNy,

1
;,ﬁ(l)::{v(t):veLi(Tm,ﬁ)(I),on%eLi(Tm,ﬁ)(I) for 0<I<r}, reNy.

Denote by n%"ﬁ ) the L2 «_p (I)-orthogonal projection upon }"I(\,ﬁ ) (I),
Xt
(n%"ﬁ)v—v@)#%mzo, ché]:l(\,ﬁ)(l). (3.7)
T

By Lemma 3.1, we obtain the following results.

Lemma 3.2. Let a>—1, 3>0. Foranyve B;’ﬁ(l) with integer 0 <r <N, we have
17 o—0ll o <cT PN E oD D] uipern. (38)
T T

In particular, if v € H 4(I), then

|7 Po—oll op <cT"N"ED0DF o] 0. (3.9)
T T
Proof. Set u(x)::v(t)‘ . Since n(“’ﬁ)v(t)‘ and ﬁ(“’ﬁ)u(x) belong to FP (A)
t=7 (x+1) N t=T(x+1) N N
in the variable x, and hence by the definitions (3.6) and (3.7),
(«,f) _ ~(ap)
TN v(t)‘t_%(xﬂ)—nN u(x). (3.10)

The above with (3.5) and (3.2) yields

“ T\ a—p+1 ~(a, 2 N .
P02, =(5) [ (APl —u(®) (-2 (140 Fax

2
< cTrBHIN=2(B+r) / (_1D§+’u(x)> (1—x)*B+ (14x)dx  (3.11)
A

2
< cT-2BN-2(p+) / (ODf”v(t)) (T — 1) B+ d.
I
This leads to the result (3.8). Furthermore,
B+r 2 _p\aFBtryr Z 2(ﬁ+r)/ B+r 2 _\ag—p
/1<°Dt v(t)) (T—1) tdtg(z) 1<°Dt v(t)) (T—1)*tPdt.

This leads to the result (3.9). O
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4 Existence, uniqueness and error estimate

In this section, we first verify the existence and uniqueness of the solution of (2.16), and
then we analyze and characterize the convergence of scheme (2.16) under reasonable
assumptions on the nonlinearity.

Theorem 4.1. Assume that K(t,s) € C(D) and G satisfies the following Lipschitz condition:
Glsy1) =Gl y2) [ <7lyi—y2|, 7=0. (4.1)
Then, for T sufficiently small such that
T <p<1, (4.2)
the Eq. (2.16) possesses a unique solution.

Proof. We first prove the existence. Consider the following iteration process:

<Y(m)/ 90))( e =(f, (P) =1 (VY(mil)' (/))X(T’/*WU/ Voe ‘7:1(\]17”) (I). (4.3)
According to the definition (3.7) of the projection operator ngf #171) we know from (4.3)
that

Y = 7 (TP (£ py m=)y, (4.4)

Next, let Y(") =y (") —y("=1) Then, by (4.4) we get
y(m) _ n;\;u,lfu) (Vy(mfl) _ Vy(mfZ)).

This, along with the projection theorem, implies

HTC —p1= V)(Vy(m—l) Vym 2)”2
SHVY (m—1) _ VYm 2) HZ o

HY ||2 —upu—1) —pupu—1)

(4.5)

Further, by (4.5), (4.1), (2.1), the Cauchy-Schwarz inequality and using the tranformation
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t=s+ W, we get that

[e]

|
(o)
~
A
Ry
=
3
L
o

(4.6)

Thus, if cT?~2* < f <1, then ||Y("™) I -nn-1) — 0 as m — oo. This implies the existence of
T

solution of (2.16). It is easy to prove the uniqueness of solution of (2.16).

O

Theorem 4.2. Assume that K(t,s) € C(D), y € Br—‘u,l—y(I) with integer 0 <r <N, G fulfills
the Lipschitz condition (4.1) and T is sufficiently small satisfying the condition (4.2). Then, there

holds

N —ptr+1
Hy_YHX(*VJ‘*l) SCT}{ 1NV ' 1||0Dt gt y” (1-2p+rr).
T XT

In particular, ifye H”, ,_ (), then

—r— —pr+1
ly=Y1 (e <cT"NF"Hlo Dy .
T T

Proof. By (2.16) we know
Y= (F4VY).
Subtracting (4.9) from (1.1) yields
y=Y= f-r M vy —m VY.
Using (1.1) again, we obtain
—p,1- —p1- —p1-
femy T =y Ty Yy =y
A combination of the previous two equalities leads to

—u,1— —u,1—
y=Y=y—n "yt T (Vy-vy).

(4.7)

(4.8)

(4.9)

(4.10)
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This, together with the projection theorem, gives

—u,1— —u,1—
Hy—YHXpwSHy—ﬂz(q” Iyl s+ el ”(w—vnuww

- 4.11)
<|ly-my Yl H VY=V e
Next, by an argument similar to (4.6) we deduce that
Vy— VYH2 ey SCTF |y — YIIZ —n1)- (4.12)
Moreover, by (3.8) we get that for y € B—V 1— H( ) with integer 0<r <N,
—u1— _ o . 1
Iy =7k "yl s STF NI 0D | . (413)

Therefore, by (4.11)-(4.13) and (4.2), we obtain the desired result (4.7). Finally, by (3.9)
and a similar argument, we derive the result (4.8). O

Remark 4.1. The Lipschitz condition (4.1) appears to be necessary for our convergence
analysis. However, some numerical experiments below show that, even if the Lipschitz
condition is not satisfied, the scheme is still convergent.

5 Numerical results

In this section, we present some numerical results to illustrate the efficiency of the gener-
alized Jacobi spectral-Galerkin method.
5.1 Linear problem

Consider first the linear VIE with weakly singular kernel (cf. [9]):

vt =0 [ (-5 0y(s)as, €0, 61

where f(t) =t +t*2B(4.6,0.65) and B(-,-) is the Beta function defined by

e _ I\¥+Y=1 (1.
S T

The exact solution is y(t) =#>°. In Fig. 5.1, we list the discrete L ) (I)-errors and

the maximum errors of (5.1), they indicate the algebraic convergence In fact, a direct
computation shows thaty € B~ ; _,(I) with =0.35 and r = 6. Hence, according to (4.7),

we can expect a convergence rate for the L2 () (I)-norm to be of the order r—u+1=
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6.65. The observed convergence rate for the L2 w1 (I)-norm plotted in Fig. 5.1 is about
T
8.3.

In Table 1 below, we compare the maximum errors of our algorithm with that of the
collocation method suggested in [9] (see Table 1 of [9]). We observe that our method
provides more accurate numerical results.

-1 . . - r r r
B - Lousen(l)-Errors| = LZun-n()-Errors
T -3+ Y fl
-3t O~ L*(I)-Errors O~ L"(l)-Errors
_5—
" -4
—_ 1
2 -5 5 -7t
w i}
3 -6 3
g g -9
7t
-11
gl
—of -13
—10 ‘ ‘ ‘ ‘ s e
0.8 1 o N1.2 1.4 16 2 3 4 5 6 7 8 9 10
9o N
Figure 5.1: The numerical errors of (5.1). Figure 5.2: The numerical errors of (5.2).

Table 1: A comparison of L®(I)-errors for (5.1).

N 2 4 6 8
Ref. [9] 6.7887e+01 2.4594e-01 1.3307e-02 1.9500e-03
Our method | 6.5755e+00 3.1740e-03 1.1957e-04 1.4431e-05
N 10 12 14 16
Ref. [9] 4.4826e-04 1.3478e-04 4.8583e-05 1.9980e-05
Our method | 2.8175e-06 7.2733e-07 2.2795e-07 8.2480e-08

Consider next the linear VIE with weakly singular kernel:

)+ / “13(5)ds, t€[0,1]. (5.2)

We choose f such that the solution y of (5.2) is given by y(t) =t?/3cos(t). It can be verified

readily that y € B—H 1— H( ) with u =1/3, so Theorem 4.2 predicts that the errors of the
generalized Jacobi spectral approximation will decrease faster than any algebraic rate.

In Fig. 5.2, we list the discrete L? _, .1 (I)-errors and the maximum errors of (5.2). We
T

observe that the numerical errors decay exponentially as N increases.
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5.2 Nonlinear problem

Consider first the nonlinear VIE with weakly singular kernel:

y(t) :f(t)-l—/ot(t—s)Uzexp(—sl/zy(s)/Z)ds, tel0,1]. (5.3)

We choose f such that the solution y of (5.3) is given by y(t) =t'/?In(t+e). Clearly, the
exact solution y € B%| , | ,,(I). However, the Lipschitz condition (4.1) is not satisfied for
problem (5.3).

In Fig. 5.3, we plot the discrete L ) (I)-errors with y=1/2 and the maximum

“HH—
errors of (5.3). It is shown that the numerlcal errors decay exponentially as N increases.
This means that our algorithm is still valid for problem (5.3), even if the Lipschitz condi-
tion (4.1) is not satisfied.

-2

_V_L pu 1(I) Errors _V_L)z((fu.ufl)(l)—Errors
-4+ =3r T Il
0L (I) Errors —O-L*(I)-Errors
_5—
6t
Q "
: s
o s Y
g L
_10
_11,
-2 -13}
_1a r r r r r r r r 15 r r r r r r r r
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
N N
Figure 5.3: The numerical errors of (5.3). Figure 5.4: The numerical errors of (5.4).

Consider next the nonlinear VIE with weakly singular kernels:

y(t):\/Zexp(t)—|—%th—/Ot(t—s)_l/zexp(—Zs)yz(s)ds, tel0,1], (5.4)

with the exact solution y(t) =+/texp(t). Clearly, the exact solution y € B~ /21,2(1). More-
over, the Lipschitz condition (4.1) is not satisfied for problem (5.4).

In Fig. 5.4, we list the discrete L ) (I)-errors with y=1/2 and the maximum errors

of (5.4). They also indicate that the numerlcal errors decay exponentially as N increases.

6 Concluding remarks

In this paper, we proposed a generalized Jacobi spectral-Galerkin method for the non-
linear VIEs with weakly singular kernel. This method can be implemented efficiently.
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We showed the existence and uniqueness of the numerical solution and proved its con-
vergence rate under reasonable assumptions on the nonlinearity. Numerical experiments
demonstrate that the proposed method are very effective for dealing with linear and non-
linear VIEs.

Acknowledgments

The work of J. Shen is supported in part by NSF of China grants 11371298 and 11421110001;
and the work of Z. Wang is supported in part by NSF of China grants 11171225 and
11571238, the Research Fund for Doctoral Program of Higher Education of China grant
20133127110006 and the Fund for E-institute of Shanghai Universities grant E03004.

References

[1] C. Bernardi and Y. Maday. Spectral Method, in Handbook of Numerical Analysis, part 5,
edited by P. G. Ciarlet and J. L. Lions. North-Holland, 1997.

[2] ]. P. Boyd. Chebyshev and Fourier Spectral Methods. Springer-Verlag, Berlin, 1989.

[3] H. Brunner. Nonpolynomial spline collocation for Volterra equations with weakly singular
kernels. SIAM J. Numer. Anal., 20: 1106-1119, 1983.

[4] H. Brunner. Collocation methods for Volterra Integral and Related Functional Differential
Equations. Cambridge University Press, Cambridge, 2004.

[5] H. Brunner, A. Pedas and G. Vainikko. The piecewise polynomial collocation method for
nonlinear weakly singular Volterra equations. Math. Comp., 227: 1079-1095, 1999.

[6] C. Canuto, M. Y. Hussaini, A. Quarteroni, et al. Spectral Methods: Fundamentals in Single
Domains. Springer-Verlag, Berlin, 2006.

[7] Y. Cao, T. Herdman and Y. Xu. A hybrid collocation method for Volterra integral equations
with weakly singular kernels. SIAM J. Numer. Anal., 41: 364-381, 2003.

[8] S.Chen, J. Shen and L. Wang. Generalized Jacobi Functions and Their Applications to Frac-
tional Differential Equations, Math.Comp. http://dx.doi.org/10.1090 /mcom3035.

[9] Y. Chen and T. Tang. Spectral methods for weakly singular Volterra integral equations with
smooth solutions. . Comput. Appl. Math., 233: 938-950, 2009.

[10] Y. Chen and T. Tang. Convergence analysis of the Jacobi spectral-collocation methods for
Volterra integral equations with a weakly singular kernel. Math. Comp., 79: 147-167, 2010.

[11] K. Diethelm. The Analysis of Fractional Differential Equations. Lecture Notes in Math., Vol.
2004. Springer, Berlin, 2010.

[12] T. Diogo and P. Lima. Superconvergence of collocation methods for a class of weakly singu-
lar Volterra integral equations. ]. Comput. Appl. Math., 218: 307-316, 2008.

[13] D. Funaro. Polynomial Approximations of Differential Equations. Springer-Verlag, 1992.

[14] B. Guo. Spectral Methods and Their Applications. World Scientific, Singapore, 1998.

[15] C.Huang, T. Tang and Z. Zhang. Supergeometric convergence of spectral collocation meth-
ods for weakly singular Volterra and Fredholm integral equations with smooth solutions. J.
Comput. Math., 29: 698-719, 2011.

[16] X.Li, T. Tang and C. Xu. Parallel in time algorithm with spectral-subdomain enhancement
for Volterra integral equations. SIAM J. Numer. Anal., 51: 1735-1756, 2013.



J. Shen, C. Sheng and Z. Wang / J. Math. Study, 48 (2015), pp. 315-329 329

[17] C. Lubich. Runge-Kutta theory for Volterra and Abel integral equations of the second kind.
Math. Comp., 41: 87-102, 1983.

[18] I Podlubny. Fractional Differential Equations. Volume 198 of Mathematics in Science and
Engineering. Academic Press Inc., San Diego, CA, 1999.

[19] J. Shen and T. Tang. Spectral and High-order Methods with Applications. Science Press,
Beijing, 2006.

[20] J. Shen, T. Tang and L. Wang. Spectral Methods: Algorithms, Analysis and Applications.
Springer Series in Computational Mathematics, Vol. 41, Springer-Verlag, Berlin, Heidelberg,
2011.

[21] C.Sheng, Z. Wang and B. Guo. A multistep Legendre-Gauss spectral collocation method for
nonlinear Volterra integral equations. SIAM J. Numer. Anal., 52: 1953-1980, 2014.

[22] Z. Wang and C. Sheng. An hp-spectral collocation method for nonlinear Volterra integral
equations with vanishing variable delays. Math. Comp., 85: 635-666, 2016.

[23] Q. Wu. On graded meshes for weakly singular Volterra integral equations with oscillatory
trigonometric kernels. J. Comput. Appl. Math., 263: 370-376, 2014.

[24] M. Zayernouri and G.E. Karniadakis. Fractional Sturm-Liouville eigen-problems: theory
and numerical approximation. J. Comput. Phys., 252: 495-517, 2013.



