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Abstract. In this article, we study a general class of nonlinear degenerated elliptic
problems associated with the differential inclusion B(u) —div(a(x,Du)+F(u))> fin Q)
where f € L1(Q). A vector field a(.,.) is a Carathéodory function. Using truncation
techniques and the generalized monotonicity method in the framework of weighted
variable exponent Sobolev spaces, we prove existence of renormalized solutions for
general L!-data.
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1 Introduction

Let () be a bounded open set of RY (N >1) with Lipschitz boundary if N >2, where the
variable exponent p:()—(1,00) is a continuous function, and w be a weight function on ),

i.e. each w is a measurable a.e. positive on (). Let Wg #C) (Q),w) be the weighted variable
exponent Sobolev space associated with the vector w. We are interested in existence of
renormalized solutions to the following nonlinear elliptic equation

<E’f){5(;{2)—div(u(x,Du)+F(u))Bf ;r; (;Q

with a right-hand side f which is assumed to belong either to L*(Q) or to L!(Q) for Eq.
(E,f). Furthermore, F and B are two functions satisfying the following assumptions:
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(Ag) F: R — RV islocally lipschitz continuous and B:R — 2R a set val-
ued, maximal monotone mapping such that 0 € 5(0), Moreover, we assume that

B () eL (), (1.1)

for each [ €IR, where B° denotes the minimal selection of the graph of 8. Namely Bo(!) is
the minimal in the norm element of (/)

Bo(l)=inf{|r] /reR and rep(l)}.

Moreover, a: QxRN — RN is a Carathéodory function satisfying the following
assumptions :

(A1) There exists a positive constant A such that a(x,&)-& > Aw(x)|&|P*) holds for
all RN and almost every x € Q).

(Az)  |ai(x,8)] < aw PO (x)[k(x) +w!/P'¥) (x)|E]PX)-1] for almost every x € O, all
—=1,...,N, every ¢ € RN, where k(x) is a nonnegative function in L' ()(Q), p/(x) :=
( ( (x)—1), andoc>0

)/

(As) (a(x,&)—a(x,n))-(E—n) >0 for almost every x € Q) and every &7 € RN,

We use in this paper the framework of renormalized solutions. This notion was in-
troduced by Diperna and P-L. Lions [7] in their study of the Boltzmann equation. This
notion was then adapted to an elliptic version of (E, f) by L. Boccardo et al. [5] when the
right hand side is in W=7'(Q), by J.-M. Rakotoson [17] when the right hand side is in
L'(Q), and finally by G. Dal Maso, F. Murat, L. Orsina and A. Prignet [10] for the case of
right hand side is general measure data. The equivalent notion of entropy solution has
been introduced by Bénilan et al. in [4]. For results on existence of renormalized solu-
tions of elliptic problems of type (E, f) with a(,) satisfying a variable growth condition,
we refer to [19], [12], [2] and [1]. One of the motivations for studying (E, f) comes from
applications to electrorheological fluids (see [18] for more details) as an important class
of non-Newtonian fluids.

For the convenience of the readers, we recall some definitions and basic properties of
the weighted variable exponent Lebesgue spaces LP*)(Q),w) and the weighted variable
exponent Sobolev spaces W7(*) (Q),w). Set

C4(@)={pec()minp(x) >1}.

For any p € C+(Q), we define
p"=maxp(x), p~ =minp(x).

xeQ) xeQ)

For any peC. (Q)), we introduce the weighted variable exponent Lebesgue space LP(¥) (Q),w)
that consists of all measurable real-valued functions u such that

LP(")(Q,w):{u:Q—)]R,measumble,/ ]u(x)\p(")w(x)dx<oo}.
0
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Then, L) (Q),w) endowed with the Luxemburg norm

u(x)

x p(x)
A

’u|LP(X>(Qw):inf{)\>0:/ w(x)dxgl}
’ Q

becomes a normed space. When w(x) =1, we have LY (Q,w) = LP™)(Q) and we use
the notation iy instead of [u[;pw ). The following Holder type inequality is

useful for the next sections. The weighted variable exponent Sobolev space W'?(*) (Q),w)
is defined by

WP (O,w) = {ue LF®(Q);|Vul € P9 (Q,w)},

where the norm is

[Ju ||W1rﬂ(x>(0,w) = |u’Lp(x)(Q) + |V”|Ln(x>(0,w) (1.2)
or equivalently
. u(x) [P Vu(x) |P™)
Hunmm(Q,w)sz{A>0: P MRS e

for all u e W) (Q,w).

It is significant that smooth functions are not dense in W7(¥)(Q) without additional
assumptions on the exponent p(x). This feature was observed by Zhikov [21] in con-
nection with the Lavrentiev phenomenon. However, if the exponent p(x) is log-Holder
continuous, i.e., there is a constant C such that

p(x)—ply)| < —— (1.3)

~ —log|x—yl

for every x,y with |[x—y| <1, then smooth functions are dense in variable exponent
Sobolev spaces and there is no confusion in defining the Sobolev space with zero bound-
ary values, WP(*)(Q)), as the completion of CF(Q) in W'"?()(Q,w) with respect to the

norm [|u| 1y (q) (see [13]). Wé’p(x)(Q,w) is defined as the completion of C§°(Q)) with

respect to the norm |[u|yy1,5(q ). Throughout the paper, we assume that p€ C.(Q2) and
w is a measurable positive and a.e. finite function in Q).

The plan of the paper is as follows. In Section 2, we give some preliminaries of the
weighted variable exponent Lebesgue-Sobolev spaces which are given in [14] and we
introduce the notions of weak and also renormalized solution for problem (E,f). Our
first main result, existence of a renormalized solution to (E,f) for any L - data f, are
collected in Section 3. Our second main result, existence of a renormalized solution to
(E,f) for any L! - data f is collected in Section 4.
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2 Preliminaries

2.1 Basic properties of the weighted variable exponent Sobolev spaces

In this section, we state some elementary properties for the (weighted) variable exponent
Lebesgue-Sobolev spaces which will be used in the next sections. The basic properties
of the variable exponent Lebesgue-Sobolev spaces, that is, when w(x) =1 can be found
from [11,15].

Lemma 2.1. (See [11,15]). (Generalised Holder inequality).
i) For any functions u € LP*)(Q) and ve LV ) (Q)), we have:

| Jquodx| < (5= +7=) [l 1oy < 2Mul[pe ol -

it) Forall p,q€C4(Q)) such that p(x) <q(x) a.e in Q, we have
L0 — L) and the embedding is continuous.

Lemma 2.2. (See [14]). Denote p(u) = [ w( ®dx for all uec LPY) (Q,w).
Then
U ) Qw)<1(:1;>1) if and only ifp(u)<1(:1;>1); (2.1)
if [ oo (,0) > 1 then ]u (Qw)<p )<\u 0 () (2.2)
if || o ) <1 then ]u (Qw)<p )<\u ()’ (2.3)
Remark 2.1. If we set
= [ 1) 1P +co() V() P
0
then following the same argument, we have

Throughout the paper, we assume that w is a measurable positive and a.e. finite
function in () satisfying that

Hy) we L

]
loc () and w GED el

loc(Q).
—s(x) 1 : N 1
(Hy) w eL'(Q) with s(x)e (p(x),oo) N [p(x)_l,oo).

The reasons that we assume (H;) and (H) can be found in [14].

Remark 2.2. ([14])
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(i) If w is a positive measurable and finite function, then LP*)(Q,w) is a reflexive Ba-
nach space.

(ii) Moreover, if (H;) holds, then WP(*)((),w) is a separable and reflexive Banach
space.

For p,s€ C,(Q), denote ps(x)= % <p(x),

where s(x) is given in (Hy). Assume that, we fix the variable exponent restrictions

* _ N -
Pe) = bR e N> p(),
p¥(x) arbitrary if = N<ps(x)

for almost all x € (). These definitions play a key role in our paper. We shall frequently
make use of the following (compact) imbedding theorem for the weighted variable expo-
nent Lebesgue-Sobolev space in the next sections.

Lemma 2.3. ([14]) Let p,s € C.(Q) satisfy the log-Holder continuity condition (1.3) and let

(Hy) and (Hy) be satisfied. If r€ CL(Q)) and 1 <r(x) < pi(x), then we obtain the continuous
imbedding
WP (0,w) — L' (Q).

Moreover, we have the compact imbedding
WP (Q,w) — L' (Q)
provided that 1<r(x) < pZ(x) for all x€ Q).

From Lemma 2.3, we have Poincaré-type inequality immediately.

Corollary 2.1. ([14]) Let p € C1(Q) satisfy the log-Holder continuity condition (1.3). If
(Hp) and (Hy) hold, then the estimate

[l Loy < ClIVEl Lo (0,0)

holds for every u € C{°(Q2) with a positive constant C independent of u.

Throughout this paper, let p € C (Q)) satisfy the log-Hélder continuity condition (1.3)
and X := W&’p (x)(ﬂ,w) be the weighted variable exponent Sobolev space that consists

of all real valued functions u from W'?()(Q,w) which vanish on the boundary 90}, en-
dowed with the norm

. Vu(x)p()
HuHX:mf{/\>O:/Q‘T()‘ w(x)dxﬁl},

which is equivalent to the norm (1.2) due to Corollary 2.1. The following proposition
gives the characterization of the dual space (Wg’p () (Q,w))*, which is analogous to ([15],
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Theorem 3.16). We recall that the dual space of weighted Sobolev spaces W&’p () (Quw)is
equivalent to W=7 (*)(),w), where w* = w7 (¥,

The following notations will be used throughout the paper: for k> 0, the truncation at
heigth k is defined by

&, ifr<—k,
Ti(r):=<r, if|r|<k,
k, ifr>k,

and let i;: R — R be defined by
hl(r)::min<(l+1—]r\)+,1) for each reRR.

For 6 >0, we define

0 ifr<0
Hy (r):=41r if0<r<s (2.5)
1 ifr>4
-1 ifr<—¢6
and Hs(r)=({1r if-6<r<é.
1 ifr>é6

Remark 2.3. The Lipschitz character of F and Stokes formula together with the boundary
condition (1 =0 on dQ) of problem give [F(u)DTi(u)dx=0 (see [19]).

2.2 Notions of solutions

2.2.1 Weak solutions
Definition 2.1. A weak solution to (E, f) is a pair of functions (u,b) € Wg’p(')(ﬂ,w) x L1(Q)
satisfying F(u) € (L. _(Q))N, b€ B(u) almost everywhere in Q and

loc
b—div(a(x,Du)+F(u))=f inD (Q). (2.6)

2.2.2 Renormalized solutions

Definition 2.2. A renormalized solution to (E,f) is a pair of functions (u,b) satisfying the
following conditions:

(R1) u:Q— R is measurable, b€ L' (Q), u(x) € D(B(x)) and b(x) € B(u(x))

for a.e. x€Q.
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(R2) For each k>0, Ty(u) € W&’p(’)(ﬂ,w) and

/bh qo—i—/ a(x,Du)+F(u))-D /fh 2.7)
holds for allh € C! (R ) and all g € W, ”“(Q w)NL®(Q)

(R3) Jikuj<xs1ya(x,Du)-Du—0 as k—oo.

Remark 2.4. For p€(1,0), 1} ) (Q)) is defined as the set of measurable functions u:(QQ—R
such that for k>0 the truncated functions Ty (u) € Wg # () (Q,w) and for every u et} ) (Q)

there exists a unique measurable function ©v:Q — RN such that VTx(u) = UX {|u|<k} for
a.e. x €}, [see [20], [4] for more details].

Remark 2.5. Note thatif (u,b) isa renormalized solution to (E, f) such that ueWé #0) (Quw),
then (u,b) in general is not a weak solution in the sense of Definition 2.1, since we did
not assume a growth condition on F and therefore F(u) in general may fail to be locally
integrable. If (u,b) is a renormalized solution of (E,f) such that u € L*(Q)), it is a di-
rect consequence of Definition 2.1 that u is in Wg #0) (Q,w) and since (2.7) holds with the
formal choice h=1, (u,b) is a weak solution.

Indeed, let us choose ¢ € D(Q)) and plug h;(u)¢ as a test function in (2.7). Since
u € L®(Q)), we can pass to the limit with [ — co and find that u solves (E,f) in the sense
of distributions.

3 Case where f € L*(()) -data

3.1 Resultat d’existence

In this subsection we will state existence of renormalized solutions to (E, f) in Theorem
3.1. In the next subsections we will present the proof.

Theorem 3.1. Under assumptions (H;)—(Hz), (Ao) — (A3) and f € L®(Q). There, exists
at least one renormalized solution (u,b) to (E, f).

3.2 Proof of Theorem 3.1

3.2.1 Approximate problem

First we approximate (E, f) for fe€L®(Q) by problems for which existence can be proved
by standard variational arguments. For 0 <e<1,let B.:IR— R be the Yosida approxi-
mation (see [6]) of B . We introduce the operators
Are: WP (Q,0) — W17 0O(Q,w%)
u—s IBS(T% (u))+earctan(u) —diva(x,Du),
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Ape: WP (O,0) — W PO(Q,w"), u— —div F(T: (u)).
Because of (A2) and (A3), A;. is well-defined and monotone (see [16], p.157). Since B0
T: and arctan are bounded and continuous and thanks to the growth condition (A2)

on a, it follows that A; ., is hemicontinuous (see [16], p.157). From the continuity and
boundedness of FoT: it follows that A, is strongly continuous. Therefore the op-

erator A := Al,g—l-Az; is pseudomonotone. Using the monotonicity of B¢, the Gauss-
Green Theorem for Sobolev functions and the boundary condition on the convection
term [ F(T.(u))-Du, we show by similar arguments as in [14] that A, is coercive and

bounded. Then it follows from ([16], Theorem 2.7) that A is surjective, i.e., for each
0<e<1 and fe w-Lr'() (Q,w*) there exists at least one solution u, € Wg’p(’) (Q,w) to the
problem
(o f) {ﬁg(Tl(ug))—l—sarctan(uS)div <a(x,Dug)—|—F(T% (ug))) =f in Q

us=0 on dQ.

such that
/Q(,Bg(T%(ug))-l-earctan(ug))qo-l—/a(a(x,Dug)—l-P(T%(ug)))-Dq):<f,go> (3.1)

holds for all goEWé #() (Q,w), where <.,.> denotes the duality pairing between Wé #() (Q,w)
and W170)(Q,w™).

In the next remark, we establish uniqueness of solutions u,. of (E., f) with right-hand
sides f € L*(Q) through a comparison principle that will play an important role in the
approximation of renormalized solutions to (E, f) with f € L}(Q).

Remark 3.1. For 0<e<1 fixed and f,fe L=(Q) let ug, il € Wg’p(') (Q,w) be solutions of
(Ee,f) and (E,f) respectively. Then, the following comparison principle holds:

E/Q(arctan(ug)—arctan(ﬁg)ﬁg/ﬂ(f—f:)signar(ug—ﬁg). (3.2)

Proof. We can copy the proof in [1], Remark 4.2 for the case of a constant exponent with
slight modifications such as exchanging the space W;’p (Q,w) by Wg #0) (Qw). O

Remark 3.2. Let f,f€L*(Q) be such that f< f almost everywherein Q, e>0and u,,i.€
Wg # () (Q,w) solutions to (Ee, f), (Ee, f) respectively. Then it is an immediate consequence

of Remark 3.1 that u, <il, almost everywhere in (). Furthermore, from the monotonicity
of BeoT: it follows that also B¢ (T (ue)) < Be(T1 (7)) almost everywhere in Q).

3.2.2 A priori estimates

Lemma 3.1. For 0<e<1and f € L®(Q) let u. € Wé’p(') (Q,w) be a solution of (E, f). Then,
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i) There exists a constant C1 = Cq(]| f||eo, A, p(+),N) >0, not depending on e, such that

| D | PO Q) = Cr. (3.3)
ii)
[1Be(T1 (1)) [loo < [| £l co- (3.4)
i1i) Forall I, k>0, we have
a(x,Dug)-Du. <k . 3.5
/{l<|u£<l+k} ( e) Dite < {lue|>1} d &)

Proof. i) Taking u, as a test function in (3.1), we obtain

/Q(ﬁe(T%(ue))+8arctan(u5)>ung-l-/Qa(x,Due).Duedx

—|—/QF(T%(ug))oDugdx:/qude.

As the first term on the left-hand side is nonnegative and the integral over the convection
term vanishes by (A1), we have:

A/ |Due PV ew(x)dx g/ a(x,Dug)-Du.dx
0 0

§/fugdx:/fugwl/p(")w’l/p(")dx
o) 0
SCpC) N[ flleo 1Duel oy 0,00 (3.6)

where C(p(-),N) >0 is a constant coming from the Holder and Poincaré inequalities.
From (2.4) and (3.6) it follows that either

1 e
1Dt S (FEPO N fll) ™

or

1Dl < (CEON )

_1
pt-1

Setting clzzmax((%cw»mrvrm)ﬁ(%C(p«),N)Hfuw)Pl_]>,we get ).

ii) Taking +[Tits(Be(T1 (1e))) — Ti(Be(T1(ue)))] as a test function in (3.1), passing to
the limit with § — 0 and choosing k> || f ||, we obtain (ii).
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iii) For k,I>0 fixed, we take Ty (ue—T;(u,)) as a test function in (3.1). Using [ a(x,Du)-
DTi(u.—Ty(u.))dx= f{l<‘u€‘<l+k}a(x,Due) -Ducdx, and as the first term and the second on
the left-hand side is nonnegative and the convection term vanishes, we get

/D £ D gd S/ T S_T ¢ d
/{l<|u5|<l+k}a(x u) Ueadx Qf k(“ ](Lt )) X

<k dx
{luel>1} ’f‘
O
Remark 3.3. For k>0, from Lemma 3.1 (iii), we deduce
{luel 21} <1709 C(p(-),p~ A, C) 3.7)
/ a(x,Ditg) - Ditg <K|| f oo [{ [t > 1} < Ca (k)17 (38)
{I<|ue|<I+k}
Indeed, we have the following continuous embedding
WP (Q,w) — L (Q) > L) (),
* — “s—N
where <ps <x>) —(s,lgl)w
Let [ >0 large enough, we have: it follows from
IT:60) 1y < CIDT ) o0y < C [ (IDT ()P,
where
pl— if HDTI(M)HLP(X)(Q,W)zl
v=9" .
o= i IDTe(u)]] o .0 <1
Noting that {|u.| >1} ={|T;(u)| >1}, we have
1))\
|{ru5121}|s< —
L o (P8~
<1= () <c( / w(x)| DT () [PPetx ) . (3.9)
O

Combining (3.3), (3.6)and (3.9), setting

) v(p:)~
e e e
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we obtain
[{lue| > 1} < C(p(-),(p2) = A,Co) P (3.10)

So we have
lim [{|uc|>1}|=0.
[|—+o0

Hence (3.10) provides (3.8) with Ca(k):=C(p(-),(p¥)~,A,C1)k||f]|co-

3.2.3 Basic convergence results

Lemma3.2. For 0<e<land feL*(Q)), let uSGWS’p(')(Q,w) be the solution of (E,, f). There

exist u € Wg’p(') (Q,w) and be L= (Q)) such that for a not relabeled subsequence of (u1¢)o<e<1 a5
el 0:

ue—u in LPO(Qw) andae. in Q (3.11)
Du.—Du in (LPV)(Q,w))N (3.12)
and ,BS(T%(uS))Ab weakly-*in  L=(Q)). (3.13)
Moreover, for any
k>0,
DTi(ue) = DTi(u) in (LPO(Q,w))N (3.14)
a(x,DTi(ue)) —a(x,DTe(u)) in (LV'O)(Q,w*)N. (3.15)

Proof. Since (3.11)-(3.14) follow directly from Lemma 3.1 and Remark 3.3.

It is left to prove (3.15). For this end by (A2) and (3.3) it follows that given any subse-
quence of (a(x,DTi(u.))e), there exists a subsequence, still denoted by (a(x, DTy (t)).),
such that a(x, DT (1)) — Py in (LP ) (Q,w*))N.

We will we prove that &, =a(x,DTy(u)) a.e. of Q. The proof consists in three asser-
tions.

Assertion i: For every function h € WY (R), k>0 with supp(h) compact, we will prove
that,

lir?jélp | a(x,DTi(ue)) Dl (me) (Ticuee) —~ Ti(w))Jdx <0. (3.16)
Taking h(u,)(Ty(ue) — Ty (1)) as test function in (3.1), we have
[ (Be(Ty () +-earctan (1) ) (a) (Te(100) = Te())
+ [ (atar, Do) +F(T (1)) ) - Dl (110) (Ti(ne) = T ()]

:AMWMH%%%W» (3.17)



386 Y. Akdim and C. Allalou. / J. Math. Study, 48 (2015), pp. 375-397

Using |h(ue)(Ti(ue) — T (u))| < 2k| |||, by Lebesgue’s dominated convergence theorem,
we find that

lim/th(ug)(Tk(uS)—Tk(u)):O.

e—0

and limgﬁonF(T% (1)) -D[h(ue)(Ty(ue) — Ty (u))] =0.
By using the same arguments in [2], we can prove that

timsup | Be(Ts () (e (Te(e) = T (1) dx 2 0.

e—0

Passage to limit in (3.17) and using the above results, we obtain (3.16).
Assertion ii: We prove that for every k>0,

limsup Qa(x,DTk(ug)) [DT(ue) — DTy (u)]dx <O0. (3.18)
e—0

Indeed: See [1].

Assertion iii: In this step, we prove by monotonicity arguments that for k>0,
Py =a(x,DTy(u)) for almost every x€ Q). Let 9 € D(Q)) and & € R. Using (3.18), we have

alim | a(x,DTy(ue)) -Dpdx
e—=0J0)

Zlimj(l)lp Qa(x,DTk(uS)) - [DTy(ue) — DTy (1) +D(&g)]dx

zlims(l)lp Qa(x,D(Tk(u) —a¢))-[DTi(ue) —DTi(u)+D(ag)]dx

>limsup | a(x,D(Ty(u)—ag))-D(ag)]dx
e—0 JQ

E&Aa(x,D(Tk(u)—ngo))-qudx.

Dividing by & >0 and by & <0, pasing the limit with & — 0, we obtain

lim a(x,DTk(ug))-qudx:/a(x,DTk(u))~Dq)dx.
e=0J0 (@)

This means that Yk >0, [ ®r-Dedx= [a(x,DTi(u))-Dedx and so
@, =a(x, DT (1)) in D'(Q)

forall k>0 . Hence ®x=a(x,DTi(u)) a.e. in Q and so a(x, DTy (ue)) —a(x,DTy(u)) weakly
in (LP'O)(Q,w*))N. O
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Remark 3.4. As immediate consequence of (3.18) and (A3), we obtain

lim | a(x,DTi(ue)) —a(x,DTi(u)) (DTi(ue) — DTi(u)) =0. (3.19)

Lemma 3.3. The limit u of the approximate solution u, of (E., f) satisfies

lim a(x,Du)-Dudx=0. (3.20)
I—o0 J{I<|u|<I4+1}

Proof. To this end, observe that for any fixed / >0, one has

/ a(x,Dug)-Dudx :/ a(x,Dug)-(DTy11(ue) —DTy(ue))dx
{I<]ue|<I+1} Q

= [ a(x,DTy11(10)- DTsa (ue)dx— | a(x,DTy(ue))-DTi (1) ).

According (3.19) is at liberty to passe to the limit as e — 0 for fixed / >0 and to obtain

lim a(x,Dug)-Dudx
e=0J {I<|ue|<I+1}

= [ a(x,DTis1(w))- DTys1(w)dx— [ a(x,DTi(w))-DTy(u))d

= a(x,Du)-Dudx. (3.21)
{I<|u|<I+1}

Taking the limit as / — +o0 in (3.21) and using the estimate (3.8) show that u satisfies (R3)
and the proof of the lemma is complete. O

3.3 Concluding the proof of Theorem 3.1

Let h € C}(R) and ¢ € Wé’p(')(ﬂ,w)ﬂLo"(Q) be arbitrary. Taking h;(u)h(u)¢$ as a test
function in (3.1), we obtain

L+ B+ I =1 (3.22)

where
1= [ BTy () by h()g
12=¢ /Q arctan (1) (11 )1 (1)
2= /Q a(x, D) D (I (ue) (1))
4= [ (T, (1) Dl () h()g)
5= /Q iy (e ().
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Step i: Passing to the limit with ¢ | 0 obviously,
113613,, =0. (3.23)

Using the convergence results (3.11), (3.13) from Lemma 3.2, we can immediately calcu-
late the following limits:

lim 1%, = / bhy (u (3.24)
lim 15— [ fhy(w)h(u)p. (3.25)

We write I, = I + I},

where Ig,l = [ah)( ug) (x,Dug)-Duch(u)¢ and 18312—thl(uS)a(x,Dug)-D(h(u)cp).
Using (3.8), we get the estimate

[l 17| < ] eo [ oo+ Ca (1)1 7). (3.26)

Since modular convergence is equivalent to norm convergence in L?()(Q,w), by Lebesgue
Dominated Convergence Theorem, it follows that for any i€ {1,.., N}, we have

0 0

hy (ue) o, (h(u)p) — hy(u) P (h(u)¢)in LPO) (O, w)ase 0.

Keeping in mind that 153,'12 = Johi(ue)a(x,DTi4q(ue))-D(h(u)@).
By (3.15), we get
lim %2 = / hy(1)a(x, DTy (1)) - D(h(1) ). (3.27)

e—0 &

Let us write I4l = I4 + I4 2, where

15 = [ i F(Ty () - Duch ()9,
127= [ () (T, (1)) D(h(u)$).

For any I €N, there exists ¢y(I); such that for all e<ego(l),

121]1_/ 1y (Tys (ue) ) F(Tpsq (ue)) - DTyqq (ue)h(u) . (3.28)

Using Gauss-Green Theorem for Sobolev functions in (3.28), we get

Tyy1(ute)
I =— / / F(r)dr-D(h(1)). (3.29)
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Now, using (3.11) and the Gauss-Green Theorem, after letting €0, we get

lim I = / (1) F (1) - Duth(u)p. (3.30)
e—0
Choosing € small enough, we can write
7= [ () F(Tiia () - D(h(u)g) @31
and conclude
lim [42 = / hy(1)F(u)-D(h(u)p). (3.32)
e—0
Step ii: Passing to the limit with / — co. Combining (3.22) and (3.23)- (3.32), we find
I+F+L+I+ =1 (3.33)
where
— [ b (1)), 2= [y hy(wa(x, DTy (w)-D((u)p),

B <GP hlleoliplleo, L= [y hu(u)F(u)D(R(u)g),

[ = [oh(w)F(u)-Duh(u)p,  IP= [, fhi(u)h(u)p.
Obviously, we have

lim I? =0. (3.34)
[—o0
Choosing m > 0 such that supph C [—m,m], we can replace u by T, (1) in Ill,Ilz,...,If, and
W (u)=h)(Tu(u))=0if I+1>m, hy(u)=h(Tn(u))=1,if I >m.
Therefore, letting | — 0o and combining (3.33) with (3.34), we obtain

/bh 4>+/ a(x,Dut) + F () /fh (3.35)

forall he C}(R) and all 4>ew(}"’ ')(Q,w)ﬁL“’(Q).

Step iii: Subdifferential argument. It is left to prove that u(x) € D(B(x)) and b(x) €
B(u(x)) for almost all x € Q). Since B a is maximal monotone graph, exists a convex;
ls.c. and proper function j:R — [0,00], such that B(r) =0j(r) forallr € R. According
to [6], for 0<e<1, j.:R—R defined by j.(r fo Be(s)ds has the following properties:
(see [19]). Using the same argument in [19], we can prove that for all r € R and almost
every x€(), ue€D(B) and bep(u) almost everywhere in ). With this last step the proof
of Theorem 3.1 is completed.
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4 Case where f €L!(Q) -data

In this section we establish the existence and uniqueness of renormalized solution to the
degenerated problem (E, f) with f € L1(Q).

4.1 Results of existence and uniqueness

Theorem 4.1. Under assumptions (Hy)—(Hz), (Ao) — (A3) and f € LY(Q), there exists at
least one renormalized solution (u,b) to the degenerated problem (E, f).

4.2 Proof of theorem 4.1

4.2.1 Approximate problem and a priori estimates

To prove Theorem 4.1, we will introduce and solve approximating problems. To this end,
for f € L}(Q)), and n,m € N, we define f, ,,: Q — R by

fmn =max(min(f(x),m),—n)

for almost every x € ), clearly f,, , € L®(Q) for each m,n €N, | fun(x)| <|f(x)] a.e in Q
hence

nh_r)rgo Jim. fun=f in L1(Q) for almost everywhere in Q.

The comparison principle from Remark 3.1 will be the main tool in the second approx-
imation procedure. For f€L!(Q) and m,n€N, let f,, ,€L*(Q) be defined as above. From

Theorem 3.1, it follows that for any m,n €N, there exist uy, , € W& 49 (Q,w), by €L(Q)
such that (1,,,,bm,n) is a renormalized solution of (E, f, ). Therefore

/Q By (14 )0+ /Q (a(2, Dty ) + (1t )) - D ({1t ) ) = /Q Fuhma)d (1)

holds for all m,n €N, € CL(R), p € Wy ") (Q,w) NL=(QY).
In the next lemma, we give a priori estimates that will be important in the following;:

Lemma 4.1. For m,n €N let (uy n,bmn) be a renormalized solution of (E, fu ). Then,

i) For any k>0, we have
k
JIDT ()PP (x)dr < T . (4.2)

ii) For k>0, there exists a constant Cz(k) >0, not depending on m,n €N, such that

1D T (ttm) 1) 00 < C3 (K- (4.3)
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i11) For all m,n € N, we have:
[Bm,nll1 < fll1- (4.4)

Proof. For 1,k >0, we plug hy(ttyn)Ti(ttyn) as a test function in (4.1). Then i) and ii)
follow with similar arguments as used in the proof of Lemma 3.1.
To prove iii), we neglect the positive term [ a(x, DTjc(tt,n)) DT (tt,n) and keep

/bm,nTk(um,n)S/fm,num,n- (45)
Q QO

Since by, € B(Um,n) a.e. in Q, from (4.5) it follows that

B < / 46
S ol < 11 (46)

and we find iii) by passing to the limit with k| 0.
By definition we have

fm,n Sfm—i—l,n and fm,n+1 Sfm,w (4.7)

From Remark 3.1, it follows that
uem,n S ufnJrl,n and ufrz,n+1 S uem,n (4~8)

almost everywhere in () for any m,n€IN and all ¢>0, hence passing to the limit with
el 0in (4.8) yields

U S Umg1,n and Up 1 < Up,n (4.9)

almost everywhere in Q) for any m,n €. Setting b, = B.(T1 (u.)), using (4.8), Remark 3.2
and the fact that by, ,, — by, in L*(Q)) and this convergence preserves order, we get

bm,n < bm-i—l,n and bm,n—H < bm,n (4.10)

almost everywhere in () for any m,n € N. By (4.10) and (4.4), for any n € N, there ex-
ists b" € L1(Q) such that by, , — b" as m — c0 in L!(Q)) and almost everywhere in Q) and
be L'(Q), such that b" — b as n — oo in L}(Q)) and almost everywhere in Q. By (4.9),
the sequence (Uy,)m is monotone increasing, hence, for any n € N, i, , — u" almost
everywhere in (), where 1" : ) — R is a measurable function. Using (4.9) again, we con-
clude that the sequence (u"), is monotone decreasing, hence u"—u almost everywhere
in O, where 1: Q) — R is a measurable function. In order to show that u is finite almost
everywhere, we will give an estimate on the level sets of u,, , in the next lemma. O
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Lemma 4.2. For m,n € N let (g, by n) be a renormalized solution of (E, fin). Then, there
exists a constant C4 >0, not depending on m,n € N, such that

[t 21} < Calx ™! 4.11)
forall 1>1.

Proof. With the same arguments as in Remark 3.3, we obtain

[l =0 = [ Ti(un)

Umn=

<C|DT;(tm,n) |l LP() (Q,w)
<C( [ DT () PPeo(x)dx)
< 0 ,
<ClIx.
Where

. {p— i1 DT; ()| o) <1

p™ if ||DTi(ttp,n) ||LP(X)(Q,w) >1,

which implies that
C
!{\“mm’zl}‘fll%' VI>1.

Note that, as (#,»)m is pointwise increasing with respect to m,

1im [ {[ua] 21} = [{Ju"| 21} #12)

and
Tim [{[itma] = ~1}| = [{}u"] = -1} (®13)

combining (4.11) with (4.12) and (4.13), we get

| = 1 [+ { || = =1} < Cal< 7, (4.14)

forany />1, hence u" is finite almost everywhere for any n €IN. By the same arguments
we get

[{Ju| =1} 4 [{|u > —1}] < Cylx 1 (4.15)

from (4.14), hence u is finite almost everywhere. Now, since by, ,, € (i) almost every-
where in Q) it follows by a subdifferential argument that b" € f(u") and b€ p(u) almost
everywhere in (). O
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Remark 4.1.
a(%, Dityy ) Dty <K / +/ > 416
/{z<|um/n|<z+k} (6 Dttnn) Dt ( =< s/ o
for any k,[,6 >0. Now, applying (4.11) to (4.16), we find that
/ a(x, Dty ) - Dty n <kSC4lt 4k i (4.17)
{I<|tmn|<I1+k} {If|>6}

holds for any k,6>0,/>1 uniformly in m,ncIN.

4.2.2 Basic convergence

Lemma 4.3. For m,n €N, let (uy;,n,bmn) be a renormalized solution of (E, fu,n). There exists a
subsequence (m(n)), such that setting f, = fin(n),ne 00 = Oy U 2= Uiy (), WE havE

u, —u almost everywhere in Q). (4.18)
Moreover, for any k>0,
Te(un) = Te(u) in WP (Q,w) (4.19)
DTi(u,) —=DTi(u) in (LU (Q,w))N (4.20)
a(x,DTi(1ty)) —a(x,DT(u)) in (LP'O)(Qw*))N. (4.21)

as 1 —» oo,
Proof. We construct a subsequence (m(n)),, such that

arctan (i, () ,) —arctan(u), by :=by ) n = b, fu:= frumn— f
as n— o0 in L'(Q) and almost everywhere in (). It follows that (4.18) and (4.19) hold.
Combining (4.19) with (4.3), we get Tk(u)EWS’p(')(Q,w), Ty (1) =Ty (1) in Wé’p(')(Q,w)
and (4.20) holds for any k > 0. From (4.2) and (A2), it follows that for fixed k > 0,

given any subsequence of (a(x,DTy(u,)))n there exists a subsequence, still denoted by
a(x,DTy(uy))n, such that

a(x, DTy (1n)))n — Prin (L' O(Q,0*))N.

as n— o0. Since hy (uy, ) (T (1n) — T (u)) is an admissible test function in (4.1), we obtain

lim SUP/ a(x, DTy (un)) - D(Ti(un) — Ti(1)) <0 (4.22)
0 Q
holds. Then, (4.21) follows with the same arguments as in the proof of Lemma 3.2 . O

Remark 4.2. With the same arguments as in Remark 3.4 and Lemma 3.3, we have

lim (a(x,DTk(un))—u(x,DTk(u)))-D(Tk(un)—Tk(u)):O. (4.23)

n—oo /()

lim / a(x,Dut)-Du=0. (4.24)
I—=oo J{I<|u|<I+1}
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4.2.3 Conclusion of the proof of Theorem 4.1
It is left to prove that (u,b) satisfies

/bh ¢+/ (x,Du)+F(u) /fh (4.25)

forall heCL(R), pcWo?") (Q,w)NL®(Q1). To this end, we take heCL(R), pe W) (Q,w)N
L*(Q)) arbitrary and plug h; (u,)h(u)¢ into (4.1) to obtain

L1+ =14, (4.26)
where
1= [ bah (w)(w)g, = [ a(x,Dua)-Dn (1) h(1)¢)
By= [ F(u)-Dn(u)h(u)g), = [ fu(uen)h(u)g

Step 1: Passing to the limit with n — oo, applying the convergence results from Lemma
4.3, we get

lim 1! ,_/Qbh,(u)h(u)¢ 4.27)
tim 1= [ fiu(wh(u)g. (4.28)

Let us write

where

2= [ m(w,)a(x,Duy)-D(h(u)g),

1721 : —/ hy(u,)a(x,Duy,) - Dityh(u) .

With similar arguments as in the proof of (3.27), it follows that

lim 12! = / hy(w)a(x,Dut)-D(h(u)h). (4.29)

n—oo

By (4.17), we get the estimate

lim 122] < || 11| oo ||]]oo ( 5Cal* 2+ , 430
B 1< bl lglls (6Cat 1+ [ 111) (4:30)

forallneN andall [>1,6>0.
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Next, we write

where

3 _ 131 3,2
In,l - In,l +1

nl’

tim 121 = [ In(u)F(u)-D(k(u)p), @.31)
y}grt}olgf:/nh}(u)f?(u).Du h(u)g (4.32)

follows with the same arguments as in (3.28)-(3.32).
Step 2: Passing to the limit with [ — co, combining (4.26) with (4.27)-(4.32), we get for all

6>0andalll>1,

where

for any >0 and

1_
1< ]l oo (6Ca1T "+

[+ FP+RP+ 4R =1 (4.33)

1t = | bl (w)h(u)g,
7= [ m(w)a(x, DTy (u))-D(h(n)g),

{I1f>} !f\),

1= [ i) F(@)h(u)gDu,

IP= | l(u)F(u)-D(h(u)¢),

Q
191= [ fiuhu)g.

Choosing m >0, such that supph C [—m,m], we can replace u by T,,(u) in I},... I, hence

lim I} = /Q bh(1)$, (4.34)
lim 17 = /Q a(x,Du)-D(h(u)$), (4.35)
113

i < klellgle | 1fl (4.36)
llim I} =0, (4.37)
lim = [ F(u)-D(h(u)¢), (4.38)

tim [1]= | fh(u)g, (4.39)
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for all 6>0. Combining (4.33) with (4.34) - (4.39), we finally obtain that (4.25) holds for
all e C1(R) and all p € W, 7" (Q,w)NL2(QY).

Hence (u,b) satisfies (R1),(R2) and (R3) and proof of theorem is completed.
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