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Abstract. In Banach space, the composite implicit iterative process for uniformly L-
Lipschitzian asymptotically hemi-pesudocontractive mappings are studied, and the
sufficient and necessary conditions of strong convergence for the composite implicit
iterative process are obtained.
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1 Introduction and preliminaries

Throughout this work, we assume that E is a real Banach space. E* is the dual space of E
and J:E—2F" is the normalized duality mapping defined by

J@)={feE:<xf>=[xlllfILIfI=lx]} Vx€E,

where (-,-) denotes duality pairing between E and E*. A single-valued normalized dual-
ity mapping is denoted by ;.

Let C be a nonempty subset of E and T:C — C a mapping, we denote the set of fixed
points of T by F(T) ={xeC;Tx=x}.

Definition 1.1. ([1]) T is said to be asymptotically nonexpansive, if there exists a sequence
{ky} C[1,00) with lim, ek, =1 such that

|T"x—T"y|| <ku|lx—y|, VxyeC and n>1.
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(2) ([2]) T is said to be uniformly L-Lipschitzian, if there exists L >0 such that
|T"x—T"y||<L|x—yl|, Vx,yeC and n>1.

(3) ([3]) T is said to be asymptotically pseudocontractive, if there exists a sequence
{kn} C[1,00) with lim,_,ck, =1, for any x,y € C, there exists j(x—y) € J(x—y) such that

(T"x=T"y, j(x—y)) <kulx—y|?, n>1.
(4) ([4]) T is said to be asymptotically hemi-pseudocontractive, if F(T) # @ and there

exists a sequence {k, } C [1,00) with lim k, =1 such that, for any xeC and pe F (T), there
n—oo
exists j(x—p) € J(x—p) such that

(T'x—p, j(x=p)) <kn|lx—p|?, n>1.

Remark 1.1. It is easy to see that if T is an asymptotically nonexpansive mapping, then
T is a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping, where
L=sup,>1{ks};if T is an asymptotically pseudocontractive mapping with F(T)#®, then
T is an asymptotically hemi-pseudocontractive mapping.

Let C be a nonempty closed convex subset of E and T : C — C be a uniformly L-
Lipschitzian asymptotically hemi-pseudocontractive mapping, for any given x; € C, we
introduce a composite implicit iteration process {x, } as follows:

Xp1=(1—ay) X+, T"yy, (1.1)
y”:<1_ﬁn)xn+,3nTnxn+1/ Vn>1, ’

where {a, },{B,} are two real sequences in [0,1].
As B, =0for all n>1, then (1.1) reduces to

Xpi1=(1—ay)xy+a,T"x,. (1.2)
Remark 1.2.  For any given x, € C, define the mapping A, :C — C, such as:
Apx=1—ay)xy+a,T"[(1—Bn)xn+BnT"x], VxeC,

where C is a nonempty closed convex subset of E and T:C—C is a uniformly L-Lipschitzian.
Then

[Anx—Anyll = llan (T"[(1=Br) Xn+BnT"x] = T"[(1 = Bn ) Xn+BnT"y])
<anBuL||T"x=T"y||
S“nﬁnLZHX—yH
for all x,y € C. Thus A, is a contraction mapping if a, ,BnLZ <1 for all n>1, and so there

exists a unique fixed point x,,11 € C of A, such that x,,411 = (1—a,)x,+a, T"[(1—By)xn+
BnT"x,41]. This shows that the composite implicit iteration process (1.1) is well defined.
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For any a point z and a set K in E, we denote the distance between z and K by d(z,K) =
infyex ||z—x||.

Recently, Kan Xuzhou and Guo Weiping [5] proved the sufficient and necessary con-

dition for the strong convergence of the composite implicit iterative process for a Lips-
chitzian pseudocontractive mapping in Banach space.

In this work, we obtained sufficient and necessary conditions of the strong conver-

gence of the iterations sequences (1.1) and (1.2) for uniformly L-Lipschitzian asymptoti-
cally hemi-pseudocontractive mappings in Banach spaces.

Lemma 1.1. [6] Let {a,}, {bn}, {cu} be sequences of nonnegative real numbers satisfying the
ineqality

ap1 < (14+cp)a,+b,, Yn>ny,

where ny is some positive integer, Y - 1¢, < oo and Y ;. b, <oco. Then lim,_,coa, exists.

Lemma 1.2. [7] Let C be a nonempty subset of a Banach space E and T : C — C be an asymptot-
ically hemi-pseudocontractive mapping with the sequence {k, } C [1,00),lim, ok, =1, then

lx=pll < llx—p+r{(ke [=T")x— (ko =T")p]|

forall xe C,pe F(T),r>0and n>1, where I is a identity mapping.

2 Main results

Lemma 2.1. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T:C—C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {k, } C [1,00), limy, ook, =1 and Lipschitz constant L >1. Suppose that the sequence
{xn} is defined by (1.1) satisfying the following conditions:

(i) Loyt < 00 and Ly a2 < oo;
(iii) anBnl?®<1foralln>1.

Then

(1) there exists a sequence {7y, } C[0,00) and some positive integer ny, such that y 5. v, < oo
and
11 =pll < (T+70) |20 —

forall pe F(T) and n > ny.

(2) The limit limy,_,cod(x,,F(T)) exists.
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Proof. 1t follows from the condition (iii) and Remark 1.2 that the sequence (1.1) is well
defined. By (1.1), we have

Xp = Xp41+&pXp _“nTnyn
= (14an)xpp1+an (knI—T") x40 — (14kn ) 0 X1 +anXn + 0, (T" x40 — Ty )
= (14ay)xp1+an (knI=T") X041 — (14kn ) on [Xn + 0 (T yn — X1 )]
F o X+ 0 (T X1 —T"yy)
= (14 an) X1+ (kI =T X0 1 —knanxn + (14K, ) a2 (x, — Ty
(T 01— T 2.1)

and
p=(1+an) p+an(kyI=T") p—kpanp (2.2)
for all pe F(T). Together with (2.1) and (2.2), we can obtain

Xn—p=1+an) (Xpr1—p)+an[(knl =T")xp 11— (ku I =T") p] —knatn (xn —p)
+(1 +kn)oc%(xn —T") +an (T xp 11— T ). (2.3)
Notice that
(I+ay) (xns1—p) +an[(knI=T")xp 41— (knI=T")p]

=+t (o =) g (ol = T2 = (el = T)p)

Using Lemma 1.2, we obtain that

114+ @) (Gt =P+ otn (ea L= T") (iria = p) | = (L) [asa—pl. 24)
It follows from (2.3) and (2.4) that
|0 = pll > (1+an) || Xnr1— Pl —kntn| |0 — pll = (LK )| %0 — T || = o || T" 001 — Ty -
This implies that

(1) 1011 = Il < (V4knen) |20 = pll+ (4K ) [0 — Ty |
+“n||Tnxn+1_TnynH‘ (2.5)

Next, we make the following estimations:

yn=pll =1 (1=Bn) (xn =p) + B (T %011 = p)|
< (1=Bn)llxn =pll+BnL | xn1—pll
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and
[0 =T"yn || <l[xn = pll+1T"yn—pll
<|lxn—pll+Lllys—pll (2.6)
<[14+L(1—Bu)lllxn = pll+BuL? | xn1—pl-
Furthermore,
260 =Y ll = Brllxn — T" xp 41|
<Bu(l[xn—pll+IT"xp11—pll) (2.7)
<Bullxn—pll+LBullxnr1—pll
and

| T" xp 1= T"yn |l < L[ X011 —Ynl|
=L|xn—yn+an(T"yn—x4)|| (2.8)
<L||lxn —ynll+anL|| T"yn —xa]|-

Substituting (2.6) and (2.7) into (2.8), we have
I T" %01 = T"Yul| < [n L+BuL+anL? (1= )] || xn —p[| +BuL?(1+anL) [ Xns1—pll.  (2.9)
Substituting (2.6) and (2.9) into (2.5), we have

(T+an) [ xns1—pl| < (A+knan)||x0 —pll+ (1+kn)ag[1+L(1— )]l x0—p||
+ (1K) o3 Bu L2 | X1 — |
+ay [“nL+,BnL+“nL2(1_,Bn)] |20 —pll
B L? (14 anL) || Xn 1 —pl-

Since 1+a;, > 1, this implies that

%041 =PIl < (14 (K = D)) |20 = pl| 4 (14K )i [14+L(1—B)]] %0 — |
+an [“nL+,BnL+“nL2(1_,Bn)] |0 —pl
(k) B L2 X1 — |+ fu L2 (1@ L) [ X1 — |

<1+ (kn —=1D)ay) [xn —pll+ [(1+kn)(“%+L“%_L“%ﬁn)
‘|‘L‘X%+L“nﬁn+L2‘X% _Lzo‘%ﬁn)] [0 —p|
+<1+kn)“iﬁnL2Hxn+l —pll +“nﬁnL2(1+“nL) [xXn+1—pl

< (1 (ky = 1)) || 20— p |+ [(1 4K +L) (14 L)]a || x5 — p |
+(L— Loty —ky Loty — L0ty ) ot B || 0 — |
+(14kn)ag BuL? (|1 — |+ uL? (14 anL) || X511 —p|
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and so

(1= (14K ) B L? = B L2 — 5 B L] [ 01 — |
<[1+(ky—1)an+(1+k,+L)(1+L)a? 4+ (L— La, — Lk, — L0 ) B || 20— p |-

Since limy, o0y fy =0 and lim,_,k, =1, there exists some positive integer 1, such that
QP < # and k, <L for all n>ng. Thus

1+k 1 1
1= (Lk )@ B L B[P = ey L0 > 1=~ 12— 2o 1
 8L—2-L—k,
N 8L
> 8L—4L :1
- 8L

After finishing deformation, we have

1 —pll < {1+2[(kn —1)ay+(14+ky +L) (1+L)aj,
+ (L4 (24K, ) L>+ L3 Ba] Y| 0 — | (2.10)
= (1‘1")’71) Hxn _PHI n2>ny,
where 'yn:2[(kn—1)zxn—|—(1—|—kn—|—L)(1—|—L)a%—i—(L—|—(2—|—kn)L2—|—L3)ocn,Bn], and Y50 1 7n <00

by conditions (i) and (ii), Thus (1) is proved.
(2) Taking the infimun over all p € F(T) on both sides in (2.10), we get

d(x,41,F(T)) < (1474)d(x,,F(T)), n>ny.

It follows from Lemma 1.1 that the limit lim,_,.d(x,,F(T)) exists. This completes the
proof. O

Theorem 2.1. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T:C—C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {ky} C [1,00), limy, ook, =1 and Lipschitz constant L >1. Suppose that the sequence
{xn} is defined by (1.1) satisfying the following conditions:

(i) Y anBn<ooand Yo a2 < oo
(i1) Yo otn(ky—1) <oo;
(iii) ayBnl?<1foralln>1.

Then {x, } converges strongly to some fixed point of T if and only if liminf,_,.d(x,,F(T))=0.
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Proof. The necessary of Theorem 2.1 is obvious. we just need to prove the sufficiency.
From Lemma 2.1 (2) and the condition liminf,_,.d(x,,F(T)) =0, we have

lim d(x,,F(T))=0.

n—oo

Next, we show that {x,} is a Cauchy sequence. In fact, using Lemma 2.1(1), for any
p€ F(T) and any positive integers m,n,m >n>ngp, we have

1% =Pl < (A+vm—1)[[xm-1=pll
<emm |y —p|
m—1,,.

< ey —p

<Ml[x.—pl,
where M =¢~=17i. Thus, we have

20 = 2| < |26 = pl[ [ = pl| < (14 M) || = p]].

Taking the infimum over all p € F(T), we have

1262 =2 || < (14 M)d (20, F(T)).

It follows from lim,_«d(x,,F(T)) =0 that {x,} is a Cauchy sequence. Since C is closed
subset of E, so there exists a po€C such that x,— pg as n— 0. Further, since T is uniformly
L-Lipschitzian, it is easy to prove that F(T) is closed. Again since lim,_,cod(x,,F(T)) =0
and po€F(T), this shows that {x,, } converges strongly to a fixed point of T, this completes
the proof. O

Using Theorem 2.1, we have the following:

Theorem 2.2. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T:C— C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {k, } C [1,00), lim,_ ek, =1 and Lipschitz constant L > 1. Suppose that the sequence
{x} is defined by (1.2) satisfying the following conditions:

(i) Yoqa; < oo;
(ii) Y20 ot (ki —1) < 0.
Then {x, } converges strongly to some fixed point of T if and only if liminf, ,cd(x,,F(T))=0.

Remark 2.1. By Remark 1.1, clearly, Theorem 2.1 and Theorem 2.2 hold for uniformly
L-Lipschitzian and asymptotically pseudocontractive mappings with F(T) # @ and for
asymptotically nonexpansive mappings with F(T) #Q.
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