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Abstract. This paper is devoted to stability analysis of the acoustic wave equation
exterior to a bounded scatterer, where the unbounded computational domain is trun-
cated by the exact time-domain circular/spherical nonreflecting boundary condition
(NRBC). Different from the usual energy method, we adopt an argument that leads
to L2-a priori estimates with minimum regularity requirement for the initial data and
source term. This needs some delicate analysis of the involved NRBC. These results
play an essential role in the error analysis of the interior solvers (e.g., finite-element
/spectral-element/spectral methods) for the reduced scattering problems. We also ap-
ply the technique to analyze a time-domain waveguide problem.
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1 Introduction

In this paper, we consider the time-domain acoustic scattering problem:

PU=cPAU+F, inQy:=RI\D,t>0,d=2,3; (1.1)
U=Uy, oU=U;, inQe, t=0; (1.2)
U=0, onTp,t>0; dU+ca,U=0(|x|1"9/2), |x| =00, t>0, (1.3)

where D is a bounded obstacle (scatterer) with Lipschitz boundary I'p, ¢ >0 is the wave
speed, and n=x/|x|. Assume that the data F,Uj and U; are compactly supported in a 2D
disk or a 3D ball B of radius b, which contains the obstacle D.
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The acoustic wave propagates in the free space exterior to D, so the first important
issue is to reduce the unbounded domain to a bounded domain. One efficient way is to
set up an artificial boundary and impose a transparent/non-reflecting boundary condi-
tion (NRBC) thereon (see e.g., [8]). It is advantageous to use the exact NRBC, as it can be
placed as close as possible to the scatterer, and the reduced problem, so as the discretized
problem, can be best mimic to the continuous problem. Though such a NRBC is global
in time and space in nature, fast and accurate numerical and/or semi-numerical means
were developed for its evaluation and/or seamless integration with some solver in the
reduced domain (see e.g., [3,14,15]).

This paper is largely concerned with the analysis of the reduced scattering problem
by the exact circular/spherical NRBC. We remark that in [5,15], the usual energy method
(i-e., testing the equation with 9;U) was used to obtain H'-type estimates under strong
regularity assumptions for the initial data and source term. Moreover, this approach did
not lead to optimal L2%-estimates. In this paper, we resort to an argument in [4,7], which,
together with a delicate analysis of the involved NRBC, leads to L*(L?)- and L?(L?)-a
priori estimates for the reduced problem with a minimum regularity requirement for the
initial data and source term. With this at our disposal, we can also analyze a waveguide
problem considered in [18].

The paper is organized as follows. We present the reduced problem and carry out the
a priori estimates in the forthcoming section. In the last section, we apply the argument
to analyze a waveguide problem.

2 L*(L?)-and L*(L?)-a priori estimates

2.1 The reduced problem

We first reduce the scattering problem (1.1)-(1.3) to a bounded domain via the exact cir-
cular/spherical NRBC (see e.g., [3,8,15]), leading to

?U=c>AU+F, inO:=B\D, t>0,d=2,3; (2.1)
u=u, oU=U;, inQ,t=0; U=0, onIp,t>0; (2.2)
o.U —Tz(U) =0, atr=>0,t>0,

where the time-domain DtN boundary condition at the artificial boundary I'y := 9B, is
given, in polar/spherical coordinates, by

10U U = ~ i
— + 3 ou(t)*Un(b,1)e", d=2,
Ta(U) = | if& Z> =, 2.4)
(25 -7)| L+ L ¥ awaaxUun(b,) Y (6,4), d=3.

n:0|m|:0
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Here, the kernel functions in the convolution are

=1 [ 2L

PR cKV(sb/c)}' v=nn+1/2, (2.5)

where K, is the modified Bessel function of the second kind of order v (see e.g., [1,17]),
and L7 1[k(s)] is the inverse Laplace transform of a Laplace transformable function H(t):

h(s):E[H(t)](s):/OooH(t)eStdt, s€C, Re(s)>0.

InA(2.4), i Y} are the spherical harmonics, which are orthonormal as defined in [10], and
{U,}/{Uum} are the Fourier/spherical harmonic expansion coefficients of U|,_;. Recall
that the convolution in (2.4) is defined as usual:

(Fe)(t)= [ f(t-)g(0)ar.

Another useful alternative expression (cf. [15]) of 7;(U), where the temporal convo-
lution is expressed in terms of expansion coefficients of 0;U|,_p, is given as follows:

[ee]

Z wn(t)*atﬁn(b,t)eW, d=2,
19 1],
7;l(u):_Eszt[ foye _ (2.6)
Y Y WD) 0l (b, Y0,9), d=3,
n=0|m|=0

where for d=2,3,

w () =L [1 - (dz_b?c + ?222;3] (), v=nntl/2. 2.7)
It is clearly that
wn(t)y=anltd)=— ke [ yar, 29

and w), (t) =coy(t). Since K_,(z) =K, (z) (see [1, Formula (9.6.6)]), it suffices to consider
wy and 0, with n>0, for d =2.

Remark 2.1. It is seen from (2.4) that the NRBC is global in time and space, due to the
involvement of the convolution and Fourier/spherical harmonic expansions. We refer
to [3,14,15] for fast and accurate methods for dealing with the inverse Laplace transform
and temporal convolution, and also refer to [11,13] for techniques to overcome globleness
of the exact boundary conditions in the context of time-harmonic scattering problems.
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2.2 A priori estimates

We now intend to derive a priori estimates for the solution of the reduced problem (2.1)-
(2.3). For this purpose, we first introduce some notation. Given a generic weight function
w, let H},(Q) be the usual weighted Sobolev space of complex-valued functions as in
Admas [2] with the norm ||-|| i (). As usual, Lg,(Q)=H{,(Q)) with inner product denoted
by ()12 () We drop the weight function, whenever w=1. To characterize the regularity
in time, we also use e.g., the space L (0,T;L?(Q))), as defined in [2].

We formulate the equation (2.1)-(2.3) in a weak form (in space). For any ¢ >0, it is to
find U(-,t) € V:={ve H(Q):v|r, =0} such that

/ 9 UVdx = —c2 / VU-VVdx+ / Ta(U)Vdy+ / FVdx, YVeV. (29)
9 9 Jr, Q

Remark 2.2. It is important to point out that using the standard energy argument (i.e.,
taking V =0;U in (2.9), see [5,15]), we are able to derive the a priori estimates in the en-
ergy norm, that is, [|0:U|| 1o 1;12(q0)) +¢| VU 1 (0,7;12(02))- However, this requires strong
regularity of the initial and boundary data, and does not lead to optimal L?-estimates.

Hereafter, we take a different route that will lead to L°°(L2)—a priori estimates for the
reduced problem (2.1)-(2.3), with a minimum requirement for the regularity of the inputs.
We essentially employ an argument due to Dupont [7] (also see Baker [4]), but significant
care is needed to analyze the exact NRBCs. For this purpose, we first make necessary
preparations.

Recall the Plancherel or Parseval identity for the Laplace transform (see e.g., [6, (2.46)]).
Lemma 2.1. Let s =sy +isy with s1,sp € R. If f,g are Laplace transformable, then

1 oo [ee]
E/ L[f](s)L[g](s)ds> :/ e i F(H)g(t)dt, Vsi>7, (2.10)
—00 0

where 7y is the absissa of convergence for both f and g, and § is the complex conjugate of g.

For notational convenience, we introduce the modified spherical Bessel function (cf.

[17]): / @
_ 2 k;1<z> _ 1 Kn+l/2 z
kn(z) = EKVI‘Fl/Z(Z)’ so kn(z) —Z+m~ (2.11)
Then, by (2.7),
_ ki, (sb/c
(A)n+1/2(t):£ 1 |:1+knESb/C§:| (t), n>0. (212)
We shall use the following property (see [5,15]).
Lemma 2.2. Let s=s1+isp with s1,52 € R. Then we have
Z!(sb/c)
EUASSEILTAN P .
Re(Zn(Sb/c)) <0, Vs>0, (2.13)

where Z,(z) =Ky (2) or ky(z).
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The following lemma is indispensable for the forthcoming analysis.

Lemma 2.3. For any ve L2(0,T) with v(0) =0, we have

T t 1 T 1 T
Re [ ( [Tovolmar)o(nar<_ [ po(t)Pat+ | [ oty
0o \Jo 4b 1o

Re/OT</Ot[wv*v]( )at)alt) Pt 1=2)¢ d 2 ]/ dtfg/oT\v(t)th, (2.15)

forv=n,n+1/2, where ¢, and w, are the convolution kernel functions.

(2.14)

Proof. Using the property of the Laplace transform:

£| [ s =12l

we have

£| [lelmiar] (= Lelovsol() = 1+ g+ g | €RE, @19

where in the last step, we used the property of the Laplace transform and the definition:

B s K/ (sb/c)
ou(t)=L" [*zzﬁ’ (sb/c)]

Let 0 =v1y 1) where 1 1] is the characteristic function of [0,T]. Using the Parseval
identity (2.10), and Lemma 2.2, we have

Re/OTeZSlt</Ot[av*v](T)dT)ﬁ(t)dt:Re/oooe251t(/Ot[av*ﬁ](r)dr)ﬁ(t)dt

5 | Re |ttt s | SR LB

<1/°° Re [i—kzbJ |£[9](s)[2dss

2T )

:1/Te_251t|v(t)|2dt_|_1Re/Te_zslt</tv(r)d—l—>ﬁ(t)dt
cJo 2b o 0 .

Letting s; — 0, we obtain

Re/OT(/Ot[UV*v]( Hdt <= / [o(t)|2dt+ Re/T(/OtZ)<T>dT)Z7(t)dt. (2.18)

Moreover, using integrate by parts yields

(2.17)

T

/OT (/().tv(T)d’c)Z?(t)dt: [/Otv(r)dr/(;z?(r)dr]o —/O.T (/Otﬁ(r)dr)v(t)dt,
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which implies

Re/OT(/Otv(f)dr)ﬁ(t)dt:;]/OTv(t)dtf. (2.19)

Therefore, (2.14) follows from (2.18).
We now turn to the derivation of (2.15). By (2.8),

wy(O):—(d;)C, Wl () =cay ().

A direct calculation using integration by parts and the condition v(0) =0, leads to

t

/Ot[wv*v’](r)df wV(O)/ dT+/ w,, xv](T)dT

dT+/ w,, xv](T)dT

dT+C/ [y 0] (T)dT.

Therefore, by (2.14) and (2.19),

Re /0 ! ( /O t[wv*v’](r)dr)a(t)dt
—(d;bl)c‘/()Tv(t)dt‘z—kéfb’/()Tv(t)dt‘2+/()T\v(t)|2dt.

This implies (2.15). O

With the above preparations, we are ready to derive the L®(L?)-a priori estimates by
using an argument due to [4,7].

Theorem 2.1. Let U (€ V for t > 0) be the solution of (2.9). If Uy, Uy € L2(Q) and F €
L'(0,T;L?(€Y)), then the solution U € L*(0,T;L*(Q2)). Moreover, we have

Ul 0,12(00)) < C (N Uoll 1200y + TlU 2) + TIIF |11 0,7:22(02))) - (2.20)
and
U2 (0,1 %) <C\/—(HUOHL2 )TN 20y + Tl Fll i o,m512(0))) (2.21)
where C is a positive constant independent of T,c and any functions.

Proof. Let 0<¢ <T, and define

tp(x,t):/gU(x,T)dT, 0<t<g xeQ. (2.22)
t
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It is clear that

9
$(x,8) =0, aif(x,t) — _U(x1). (2.23)
Moreover, for any ¢(x,t) € L?((0,¢) x ), we have
4
/0 (1) dt—/ / §(x 7)) U 1)t (2.24)

We show this identity below. Indeed, using integration by parts and (2.23), we have
¢ _ ¢ ¢__
/ q)(x,t)q;(x,t)dt:/ (q)(x,t)/ U(x,T)dT) dt
0 0 t

:/C/gu (x,7)dtd /tgb (x,7) dr
_/¢deT/ U(x,7)dt +/ /qurdr) (x,t)dt
- /0 ( /0 4>(x,r)d'r> U(x,t)dt.

Next, taking the test function V=1 in (2.9), leads to
/ uUfdx =2 / VU-Vdx+ / Fdx+c / To(U)dry. (2.25)
Q Q Q T,
By (2.23),
R gBLI_dd—R CBE)U_ o:ul )dtd
e/o/oﬁlpxt—e/n/o(t(tlp)%—t )tx
B ERTS IR
w0+ o
1 1 _
= UG By~ 51Ul ~Re [ th (00 (x0)ax

Thus, integrating (2.25) from t=0 to ¢ and taking the real parts, yields

1 1 c2 ¢ 2
SIUCD) Ry =5 Wl + 5 ] [ VUGt ax

(2.26)
—Re/ Uz (x)(x,0) dx+Re/ / Flpdxdt+62Re/ / Ta(U)pdydt.
We derive from (2.22) and the Cauchy-Schwartz inequality that
¢
Re / U (%) $(x,0)dx = Re / U (x / U(x,t)dt)dx
0 (2.27)

_Re//u1 U, )dxdt < ||Un | 2o /||u )20yt
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Similarly, by (2.24), we have that for 0<t < <T,

Re/ /Ft/)dxdt Re// / X, T dT) U (x,t)dxdt
—Re/ // x, T)U(x,t)dxdtdt

<Re [*( [ IECOlzodr) IUCD i @29
<Re [*(([*I1FC0) i) U0 oy

=( [ NECHNze) ([ IUCD ).

For the NRBC term, we consider the 3D case (2D case is similar). Using Lemma 2.3, we

obtain
Re/ / T.(U 1/Jd'ydt——fRe/r /5811 / )dT>dtd'y
b

s Z Z Re/ @, 11 (£) %0 U (B, ) /tunm(b,r)dT>dt

€= 0]m|=0

:_1/rb/ |U(-,t)|*dtdy

+= Z 2 Re/¢(/Otwﬁé(T)*aranm(b,r)dr)anm@,t)dt

n0|

S—E//\U(., ) 2dtdy+2 Z Z/]Unmbt )Pt =0.
1,0

nO\

Now, substituting (2.27)-(2.28) into (2.26), we have that for any ¢ € [0,T],

fHu 2/ ‘/ VU(x,t dt) dx
¢
§§||U0||%2(Q)+ /0 IECA) i@t 1 i) [ IUCH] oyt

Taking L*-norm with respect to ¢ on both sides of (2.29), yields
||u||2°°(0,T 12(0)) = ||LI0|| +2T(||F||L1 or2(0)) Tl 2(0)) Ul 20,722 (00)) -

(2.29)

Therefore, the estimate (2.20) follows directly from the Cauchy-Schwartz inequality.
Integrating (2.29) with respect to ¢ over (0,T) and using the Cauchy-Schwartz in-
equality, leads to

U207y %0y < TN Uo 17200y +2T% 2 (I F | rosrsnz () + U 21U 20,1 -

Using the Cauchy-Schwartz inequality again, we derive the L?>-bound (2.21). O
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2.3 Regular scatterers

The previous analysis applies to a general bounded scatterer with Lipschitz boundary.
Accordingly, the results pave the way for analyzing finite-element/spectral-element ap-
proximations to the reduced problem. However, if the scatterer is a disk/ball, it is ideal
to formulate the problem in the polar/spherical coordinates. Moreover, the NRBC turns
out to be local in the space of Fourier/spherical harmonic coefficients. This allows us
to further reduce the problem of interest to a sequence of decoupled one-dimensional
problems (see (2.32) below). We refer to [15] for the fast spectral-Galerkin solver under
this notion and [11] for the time-harmonic case coupled with an efficient technique for
dealing with irregular scatterers. The previous results do not imply the estimates below,
but the argument can be applied.

Consider the reduced problem (2.1)-(2.3) with a regular scatterer:

HFU=c*AU+F, inQ={xeR%:by<|x|<b}, t>0, d=2,3;
U=Uy, oU=U;, inQ, t=0; (2.30)
Ul—p, =0, (9,U—Ta(U))|,_,=0, t>0,

where 7;(U) is the time-domain DtN map as before and by > 0. We expand the solution
and given data in Fourier/spherical harmonic series, e.g.,

{U,F,UQ,U1} = Z {ﬁn/fnzao,nrﬁl,n}eine- (231)
|n|=0

Then the problem (2.30), after a polar (in 2-D) and spherical (in 3-D) transform, reduces to

a sequence of one-dimensional problems (for brevity, we use u to denote the Fourier/spherical
harmonic expansion coefficients of U, and likewise, we use 1,11 and f to denote the ex-
pansion coefficients of Uy, U; and F, respectively):

Pu ¢ 9/ 4 q0u
W_rdj§< or
ou =uy, bo<r<b; ul_p=0,t>0; (2.32)
ot lt=0 0

(laﬁﬁjﬂ;lu)
cot or 2r

u
)+c25n72=f, bo<r<b, t>0;
Ut=0 = to,

t
:/ oy (= T)u(b,T)dt, t >0,
r=b 0

where B, =n%n(n+1) and v=n,n+1/2 for d=2,3, respectively.
Hereafter, let I = (by,b) and @ = r~'. We introduce the weighted space L2 (I) (of

complex-valued functions), and denote the (weighted) norm by ||-||» and the inner prod-
uct by (+,+)e. The weak form for (2.32) is to find that u(-,t) € V:={¢p € HL(I): ¢(by) =0},
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such that for all t >0 and we V,
(1h,w) o 4cb* L (b, t)w(b) +c(9,14,0,W) 0 +c* B (ur—2,w) o
+c2bd‘1[(d2_bl) (b,t) — 0 (£) +u(b, t)] 0)=(f,w)o, t>0, (2.33)
u(r,0)=uo(r), u(r,0)=u(r), rel,

where 1,11 denote the derivatives in time.
Like Theorem 2.1, we derive the a prior estimates for (2.33).

Theorem 2.2. Let u be the solution of (2.33). If ug,u; € L2/(1) and f € L*(0,T;L2 (1)), then for
all T >0, and each mode n,

lutll o 0,712, (1)) < € (ol iz o+ Tllall iz, + T o, 72 (1)) )- (2.34)

and
1l 120,702, (1) <C\/_(H“0HL2 y+ Tl iz, + Tl f o (1) (2.35)

where C is a positive constant independent of T, ¢ and any functions.

Proof. Like the proof of Theorem 2.1, taking w = f ; u(r,t)dt with0<¢ < T in (2.33), and
integrating the resulted equation from 0 to ¢, we obtain that

1 1
EHu(-, )H% —fHu( 0)|2 1) +cb' 1/ (b, 1)|2dt

(1) d4 r)dr+ ﬁ”LA; pi= 3#/“ (r,t) d4 dr

(2.36)
+c2bd_1Re/0 [”’2171/ u(b,7)dT — /O ()*u(br)dr} 1(b,t)dt

:Re(u(.,()),/ogu(.,t)dt)w+Re/05 (f(.,t),/fu(.,r)dT)wdt,

where we used the property (2.24) to handle the integrals of the boundary terms. We now
show the summation of three boundary terms is non-negative. By (2.14) and (2.19),

¢ Srd— t
cbd’l/ ]u(b,t)|2dt—|—c2bd’lRe/ [dl/ u(b,T)dT— / ou(7) su(b,7)de] a(b,t)dt
0 oL 2b Jo 0
a—2y (¢ 2
>y == / >0.
> ] O u(b,t)dt‘ >0
Using the Cauchy-Schwartz inequality leads to

Re(t’t(-,O),/Ogu(-,t)dt)w :Re/oér (ul(-),u(-,t)>wdt

¢
S/O el oy lleC ) 2 @ < T lluall iz oy el 2o 0,702, 1))
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and

Re/E(f(.,t),/fu(-,r)dr dt—Re/ /f T)dt,u(- ))wdt

//Hf HL?H [lu(:, )HLZ yddt

(L1 e) ([ Ttz e

STHfHLl(O,T;Lé(I))HuHL""(O,T;LZw(I))'

Therefore, we obtain

1 1
5””('/‘:) ||igﬁ(1) - EHMOH%Z(D(I) < T(HMIHL(ZD(I) + HfHLl(O,T;sz(I))) HMHLW(O,T;L?D(I))' (2.37)

This leads to the estimate (2.34). Moreover, integrating (2.37) from 0 to T, we obtain the
L2-estimate (2.35) like Theorem 2.1. O

Remark 2.3. The estimates in Theorem 2.2 are valid for each mode n, which cannot be
derived from Theorem 2.1. However, the converse statement is true. Indeed, using the
Parseval’s identity of the Fourier/spherical harmonic series, we can claim Theorem 2.1
in the case of regular scatterers from Theorem 2.2 straightforwardly.

Remark 2.4. The stability results are essential for the analysis of numerical solvers for the
reduced problem. We illustrate this in the forthcoming section.

3 Analysis of a waveguide problem

In this section, we apply the previous argument to analyze a waveguide problem consid-
ered in [18], which involves the exact planar non-reflecting boundary condition (cf. [8]).
More precisely, let

Oeo:={(x,y):0<x<00,0<y <27},

and consider

PU=c*AU+F, inQq, t>0, (3.1)
Uli=o=Uy, 0l|i=o=U;, inQe; Ulx=0=0, t>0, (3.2)
U +co U=0(x"12), x =00, t>0, (3.3)

where ¢ >0 is the wave speed. Here, we assume that the given data F,Uy and U, are
27t-periodic in y, and are compactly supported (with respect to x), in an interval (0,a) for
some a > 0.
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We adopt the exact planar NRBC at the artificial boundary x = a. This leads to the
reduced problem in O :=(0,a) x [0,277):

07U =c*AU+F, inQ, t>0, (3.4)
U|t:0:U0, an|t:0:ul, in Q); U|x:020, t>0, 35)
U-T,U=0, atx=a,t>0. (3.6)
Note that the time-domain DtN map is given by
T.(U) =—fatuv Z o (£) ¥ U (a,t)e™, (3.7)

where the convolution kernel p,, and Fourier coefficients {l,,} are given by (cf. [8]):

~ 27 .
om(t):= M, Uy (a,t)= 1/ U(a,y,t)e "™ dy, (3.8)
t 27 Jo

with J;(-) being the Bessel function of the first kind of order 1 (cf. [17]). Alternatively, we
have (cf. [9, Table 19.1, Page 90]):

pm(t) =L [Vs2+m2c2—s]. (3.9)

Since pg =0 and p_,, = p, it suffices to consider m >0 below.

3.1 A priori estimates

To derive the L?-a priori estimates for the reduced problem (3.4)-(3.6), we first recall the
following properties (see [18]).

Lemma 3.1. Let s=s;+isy with 51,5, € R. Then for any integer m and s; >0,
Re(V/s24+m?c2) >0, splm(\/s2+m?c?) >0. (3.10)
Like Lemma 2.3, the following result is very important for the analysis.

Lemma 3.2. Forany v L?(0,T), we have

Re /OT (/Ot[pm*v](r)dr)ﬁ(t)dtz —/OT\v(t)|2dt, YT >0, m>0. (3.11)

Proof. Leto=v1,,, where1 isthe characteristic function of [0,T]. Then we obtain from
Lemma 2.1 that

[T [lpneolaraar= e [pynai(opacsisar
o TR 0
271/ {7

S

/ Vst +mAc? +m2c2
T on

—1] |£[5](s)| ds
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Taking the real part of the above equation, we get

Re/ ’25”/ pm*0](T)dTo(t)dt
g [ R et g ke [ el

2
=5/ 5 | dsz—z—Re s)|"ds>.

It is clear that by (2.10) with f=g¢=7,

[e0] 0 T
217-[/_00’/5[5](5)‘25152:/0 e*2slt’5<t>‘2dt:/o efzslt!v(t)\zdt_

By Lemma 3.1,

NS )
Re<ﬂ> |12‘ [ise(\/ 52+m2c2)+szlm(\/sz+m262)] >0.

s
By letting s; — 07 in (3.12), a combination of (3.12)-(3.14) leads to (3.11).
Define X:={U € H'(Q):U|x==0}, and denote by (-,-);2(r,) and ||- || 2,

77

(3.12)

(3.13)

(3.14)

O]

the inner

product and norm of L?(T,), respectively, where T, = {(a,y): 0<y <27 }. The Weak form

of (3.4)-(3.6) is to find U € X for all ¢ >0, such that

/ 9uUVdx=—c? / VU VVdx 2 / T.(U)Vdy + / FVdx, VVeX.
O O T, Q

(3.15)

Theorem 3.1. Let U(€ X for t >0) be the solution of (3.4)-(3.6). If Up € L2(Q),U; € L*(Q)),
and F€ LY(0,T;L?(Q)) for any T >0, then we have U € L*(0,T;L?(QY)), and there holds

Il 10,7;12(0) < C (1ol 200 + Tl Ul 200y + TIIF |1 0,722 (0)) )

and
Ul 20,1y < 2)) <C\/—(Hu0||LZ )TN 20y + T Fll i o,m12(0)))

where C is a positive constant independent of any functions and c.

Proof. Taking

4
V=¢(x,y/t)=/t U(x,y,t)dt, V(xy)eQ, 0<t<E<T,

in (3.15) and following the same lines as in the proof of Theorem 2.1, we have

1 2 1 2 C2 6 2
UGz =5 IUCO o) +5 /Q | /O VU (x,y, )| dxdy

¢ g
e . (. h 2 1
—Re/OatLI( L0)P( ,O)dxdy—l—Re/Q/o Fpdtdxdy+c Re/ra/o Ta(U)pdtdy.

(3.16)

(3.17)

(3.18)
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According to the definition of ¢(x,y,t) and the Cauchy-Schwartz inequality, we have

‘/Q/O(:Fq}dtdxdy‘ = ’/Q/Og/OtF(x,T)dTU(x,t)dtdxdy‘ (3.19)

STNF N o,r20n) U Lo 0,7:22(02))

and
| [ 2 (x0)§(x,0)dx| < T 120y U0 102000 (3.20)
We next show that for any ¢ >0,
g .
Re / / T (U) fdydt < 0. (3.21)
0 Jr,
It follows from (3.7), Theorem 3.2 and the orthogonality of {¢"} that
g -
Re / / T (U) fdydt

/ ||U|| r,)dt—27 Z Re/oé [pm*ﬁm(a,t)]im(a,f)dt

|m|=0

/||u|| i ZnZRe// (lom# U (a,7)]d T (a,t)dt
|m|=0

/ IU||Tp, dT+27 Z / | Uy (a,7 ‘ dr=0.
m=0

Thus, the estimate (3.16) follows from (3.18)-(3.21) and the Cauchy-Schwartz inequality.
According to (3.18) and (3.21), we have

1 1
S IUCOIR ) —51UC0)] <Re/ .U dxdy+Re/ / Fidtdxdy. (3.22)

Integrating this inequality from 0 to T w.r.t { and then using the Cauchy-Schwartz in-
equality we derive the L?-estimate (3.17). O

3.2 Fourier-Legendre spectral-Galerkin approximation

We expand the solution U and given data Uy, U, F in Fourier series:

{U,Uo, Uy, Fy =Y { ity 0,11, fs €™ (3.23)
|m|=0
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With a little abuse of notation, we still denote by u the Fourier coefficient 7, and likewise,
we use 1,11 and f to denote il 11, and f,,, respectively. Then the problem (3.4)-(3.6)
reduces to a sequence of 1D problems:

tu=c*(Ru—mu)+f, 0<x<a, t>0,
U=1ug, OU=11, O<x<a, t=0; Uly—0=0, t>0, (3.24)
Ot ~+Coxu~+pp*u=0, x=a, t>0.

Now, we apply the Legendre spectral-Galerkin approximation to discretize (3.24) in space.
For convenience of implementation, we transform the interval (0,a) to the reference in-
terval I:=(—1,1) by x=a(%+1)/2, and denote
v(%t)=u(x,t), g(&t)=f(xt), vi(%)=u;(x), i=0,1.
Then (3.24) becomes
o=k v—m’c*v+g, —1<x<1,t>0,

V=09, 0;/0=11, —-1<%<1,t=0; V|z=—1=0, >0, (3.25)
atU—FéajU—}—pm*U:O, ¥=1,t>0,

where the constant é=2c¢/a. Then the weak form of (3.25) is to find v(-,t) € V:={ve H(I):
v(—1)=0}, such thatforallwe V and t >0

A (v,w0) := (6,w) +&0(1,t)w(1) +&*(9z0,0:w)
+-c*m? (v,w) +E(pm*0) (1,6)w(1) = (g,w), (3.26)
v(%,0)=0v9(%), 0v(%,0)=0v1(%), X€], (3.27)

where (-,-) is the inner product of L2(I).
We can derive the following a priori estimates for each mode m.

Theorem 3.2. Let v(€V for t>0) be the solution of (3.26)-(3.27). If vo € L?(I),v1 € L?(I), and
feLY(0,T;L?(1)) for any T >0, then we have v € L®(0,T;L?(I)), and there holds

lollz=0,m:220)) < C(llvoll2ny + Tllor iz + Tlg o mzzy) ) (3.28)
and
191l 20,1y x1) SC\/_(HUOHLZ )+ Tlotl 2y + Tl o, r2(1))) - (3.29)
where C is a positive constant independent of any functions and c.

Proof. Taking w(% ft %,7)dT in (3.26), and integrating the resulted equation from 0
to ¢ with respect to t, we use Lemma 3.2 and the argument similar to that for Theorem
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3.1 to derive the estimates:

¢ ¢
Re{/o Am(v(-,t),/t o(,7)de)dt |
¢
> 2 100.8) oy~ 0C Oy = [ (20000
¢
> 2 11008) By —5 0ol —Re [ (er,00, 1),

and

Re{/é(g( )/ o(,7)dr)dt} =Re{ // () )dedt }

< [ U0 lllo ) g et

<( [ 1sCoze) ([ ot izt

<T8ll o, m2(0) 19l Lo 0,7502 (1)) -
Therefore, we derive the a priori estimates by using the Cauchy-Schwartz inequality. [

Let Vy:={¢€Py:9p(—1)=0}, where Py is the set of all polynomials of degree at most

N. The semi-discretization Legendre spectral-Galerkin approximation of (3.25) is to find
on(%,t) € Vi for all £ >0 such that

Am(on,wn) = (Ing wN), Yon € VN,

3.30
UN(JZ,O):U(),N(JZ), Z'JN(J?,O):ULN()Z), JZEI, ( )

where Ty is the interpolation operator on (N+1) Legendre-Gauss-Lobatto points, and
vo,N,V1,N € Py are suitable approximations of the initial values.

In what follows, we perform the error estimates for the scheme (3.30). For this pur-
pose, we make some preparations.

Lemma 3.3. Let p,,(t) be the kernel function defined in (3.8). Then we have

lom (1) < \f m2c?, Vt>0, (3.31)

for all integer m.

Proof. Recall the properties of the Bessel functions (see [1]):

27” Jn(2)=Jp1(2) + Ju_1(z), n>1; ]3(z)+2i J?(z)=1,z>0. (3.32)
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By (3.8) and the above properties, we obtain that for m>1,

mc]y(met)  m2c?
o) = "L, T gy )+ oet)
r ’ /3 (3.33)
m-c- 2 > V2 52
< 5 \/Z(IO(mct)+]2(mct))§ 5 mc.
Since po =0, and p_,; = py, the upper bound is valid for all m and t > 0. ]

Consider the orthogonal projection: o7ty :oH(I):={u € H(I):u(—1)=0} —(Py:=
PyNoH(I), such that

((ortiu—u)',w") + (ortiju —u,w) =0, VwEoPy. (3.34)

Recall the Legendre-approximation results (see e.g., [12]): for any u€oH!(I)NH*(I) with
1<s<N-+1,
lloravtt— 1l gy S DNF== ) || 2y, =0,1, (3.35)

and
llo7eytt — ]| o1y < DNY275 [ 2, (3.36)

where D is a positive constant independent of N,s and u.
We also recall the approximation result on Legendre-Gauss-Lobbatto interpolation:
for any u € H°(I) with 1 <s <N+1 (see e.g., [12]):

lu—Znul| 2y DN [ || 2. (3.37)

Moreover, we shall use the trace inverse inequality (see e.g., [16]): for any ¢ € Py,

N+1
PO <= 19l (639

With the above preparations, we are now ready to carry out the error analysis. It is
clear that by (3.26) and (3.30),

Am(on—v,wN)=(Ing—g wN), Ywy€EVy, t>0. (3.39)
To this end, let
eN:vN—on}\,v, éN:v—on}\,v, SO UN—U=eN —éN.
Then we derive from (3.30) and (3.34) that for any wy € Vy,

Am(eN/wN> :AM<éN/wN) + <INg—g,T/UN>
= (%N, wn) + (mPc® — &%) (én,wn) +Edien(1,t) N (1) (3.40)
+5pm(t) *éN(l,t)u_JN(l) + (INg—g,wN),
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and
en(x,0) =von(x) —0thvo(x), én(x,0) =01 N (%) —oThv1(X). (3.41)

We apply the argument of taking wy = || f en(+,T)dT in (3.39). Following the previous
practice (see the proof of Theorem 3.2), leads to

4 ¢
R / Am ,/ ‘y d dt
e{ ; (eN , en(-,T) T) }
1 5 1 2 ¢
> 2 len )y = 3 len (0) oy —Re [ (en-0) et
and letting f = (m*c*—é&*)én+(Ing—g), we have

/f/eN o)dr)dt |

<T(|m ¢ —C2|H€NHL1 (0,T;L2(1 )+HINg_gHLl(O,T;L2(I)))HeNHL""(O,T;LZ(I))-

Thus it remains to deal with the other terms at the right-hand side of (3.40). We derive
from the integration by parts and Cauchy-Schwartz inequality that

S Srrt,
Re/ (atéN,wN)dt:Re/ (/ atéN(f,T)dT,eN>dt
0 0 0

&1
—Re / / (Brén (£,1) —sn (£,0))en (%, 1) dxdt

0 J-1
<(Nl9eenlLro,r22(r)) + TIOten (+,0) [l r2(ry) lenll L= (o,7:22(1)) -

Using the integration by parts, we then infer from Lemma 3.3 and the inverse inequality
(3.38) that

ERe/Og{atéN(l,t)+pm(t)*éN(l,t)}wN(l)dt
:5Re/0§{éN(1,t) én(1,0)+ /pm een(1,0)d7) few(1,1)dt
<e[ [ (lsn L) en (101 + [ low(®)sen(L )l e (L) i1

N R V2m?e?
<eDTN{Jlen (1) im0+~ len (L)l o fllen = rian):

Choosing UOINzoﬂIl\[UO and vLN:on}\]vl, so we have ey (+,0)=0sen(+,0)=0. Consequently,
we obtain that

lenll (o, ;e2(1)) < D{ 19N Il 110,721y + 112> =T ||én | o721y 642
+ETN||en(1,-) [l (0,r) +m*c*eTN||én (1 r')HLl(O,T)+T||g_INgHL1(0,T;L2(I))}‘
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Finally, using the fact vy —v = ey —£y, the triangle inequality and (3.41)-(3.42), we
obtain from the approximation results (3.35)-(3.37) the following error bound for each
mode m.

Theorem 3.3. Let v and vy be respectively the solution of (3.26) and (3.30). If vy, v1 €oH(I)N
H(I),g€ LY(0,T;H(1)) ve L®(0,T;oH (I)NH(I)) and d;v € LY(0, T;H*(I)) with 1 <s <
N+1, then

lo—on |1 (0,122(17)) SDNT* {19300l 201y + TN 301 | 120y + TN 938 L1 0,722(1)
+110:050| 10,7121y + [ = [ T(1050 | 12 0, m502(1)) } (3.43)
+EDTN??7{ 1030l L (0,521 +m?c?|| 9501 (OT:L2(1)) |-

where D is a positive constant independent of N, T and any function. A similar error bound holds
for lo—oN ||L2(0,T;L2(1))-

Remark 3.1. The presence of the NRBC brings about significantly subtle issues for the
analysis compared with the standard setting in [4,7]. Moreover, the error bounds appear
suboptimal.

Remark 3.2. We can further assemble the Fourier approximation and derive the error
estimates for the full Fourier-Legendre spectral approximation with the aid of Theorem
3.3. This follows a standard procedure (cf. [12]), so we omit the details.

Acknowledgments

The first author is supported by NSFC Grant (11341002) and the second authors is par-
tially supported by Singapore MOE AcRF Tier 1 Grant (RG 15/12), MOE AcRF Tier 2
Grant (MOE 2013-T2-1-095, ARC 44/13) and Singapore A*STAR-SERC-PSF Grant (122-
PSF-007).

References

[1] M. Abramowitz and I.A. Stegun, editors. Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables. A Wiley-Interscience Publication. John Wiley & Sons Inc.,
New York, 1984. Reprint of the 1972 edition, Selected Government Publications.

[2] R.A. Adams. Sobolev Spaces. Acadmic Press, New York, 1975.

[3] B. Alpert, L. Greengard, and T. Hagstrom. Nonreflecting boundary conditions for the time-
dependent wave equation. J. Comput. Phys., 180(1):270-296, 2002.

[4] G.A. Baker. Error estimates for finite element methods for second order hyperbolic equa-
tions. SIAM ]. Numer. Anal., 13(4):564-576, 1976.

[5] ZM. Chen. Convergence of the time-domain perfectly matched layer method for acoustic
scattering problems. Int. |. Numer. Anal. Model., 6(1):124-146, 2009.

[6] AM. Cohen. Numerical Methods for Laplace Transform Inversion, volume 5 of Numerical Meth-
ods and Algorithms. Springer, New York, 2007.



84 Wang B. et. al. / J. Math. Study, 47 (2014), pp. 65-84

[7] T. Dupont. L"2-estimates for Galerkin methods for second order hyperbolic equations. SIAM
J. Numer. Anal., 10(5):880-889, 1973.

[8] T. Hagstrom. Radiation boundary conditions for the numerical simulation of waves. In Acta
numerica, 1999, volume 8 of Acta Numer., pages 47-106. Cambridge Univ. Press, Cambridge,
1999.

[9] A.]Jeffrey and H.H. Dai. Handbook of Mathematical Formulas and Integrals. Elsevier/Academic
Press, Amsterdam, fourth edition, 2008. With 1 CD-ROM (Windows and Macintosh).

[10] J.C. Nédélec. Acoustic and Electromagnetic Equations, volume 144 of Applied Mathematical Sci-
ences. Springer-Verlag, New York, 2001. Integral representations for harmonic problems.

[11] D. Nicholls and J. Shen. A stable, high-order method for two-dimensional bounded-
obstacle scattering. SIAM . Sci. Comput., 28:1398-1419, 2006.

[12] J. Shen, T. Tang, and L.L. Wang. Spectral Methods: Algorithms, Analysis and Applications,
volume 41 of Series in Computational Mathematics. Springer-Verlag, Berlin, Heidelberg, 2011.

[13] J. Shen and L.L. Wang. Analysis of a spectral-Galerkin approximation to the Helmholtz
equation exterior domains. SIAM |. Numer. Anal., 45(5):1954-1978, 2007.

[14] LL. Sofronov. Artificial boundary conditions of absolute transparency for two- and three-
dimensional external time-dependent scattering problems. European J. Appl. Math., 9(6):561—-
588, 1998.

[15] L.L. Wang, B. Wang, and X.D. Zhao. Fast and accurate computation of time-domain acoustic
scattering problems with exact nonreflecting boundary conditions. SIAM ]. Appl. Math.,
72(6):1869-1898, 2012.

[16] T. Warburton and ].S. Hesthaven. On the constants in hp-finite element trace inverse in-
equalities. Comput. Methods Appl. Mech. Engrg., 192(25):2765-2773, 2003.

[17] G.N. Watson. A Treatise of the Theory of Bessel Functions (second edition). Cambridge University
Press, Cambridge, UK, 1966.

[18] X.D. Zhao and L.L. Wang. Efficient spectral-Galerkin method for waveguide problem in
infinite domain. Commun. Appl. Math. Comput., 27(1):87-100, 2013.



