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Abstract. In this paper, the following p(x)-Laplacian equation:
Ap(x)u+V(x)|u|P(x)*2u =Q(x)f(x,u), x€RN,

is studied. By applying an extension of Clark’s theorem, the existence of infinitely

many solutions as well as the structure of the set of critical points near the origin are

obtained.
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1 Introduction

The Clark theorem [2] is an important tool in critical point theory, which is constantly
and effectively applied to sublinear differential equations with symmetry. A variant of
the Clark Theorem was given by Heinz in [8].

Theorem 1.1. Let X be a Banach space, ® € Cl(X,IR). Assume that ® satisfies the (PS) condi-
tion, is even and bounded from below, and ®(0)=0. If for any k€N, there exists a k-dimensional
subsequence X* of X and py >0 such that supkaSpkq) <0, where S, ={u € X|||u|| =p}, then ®

has a sequence of critical values ci <0 satisfying cx — 0 as k — oo.

Theorem 1.1 asserts the existence of a sequence of critical values ¢ <0 satisfying cx—0
as k — oo, without giving any information on the structure of the set of critical points. A
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very interesting question arising from Theorem 1.1 is whether there are a sequence of
critical points u such that ®(uy) — 0 and ||ui|| — 0 as k — oo under the assumptions of
Theorem 1.1. In [11], the authors answered this question and gave the structure of the set
of critical points near the original in the abstract setting of Clark’s theorem. One of the
results is the following.

Theorem 1.2. Let X be a Banach space, ® € Ct (X,R). Assume that ® satisfies the (PS) condi-
tion, is even and bounded from below, and ®(0)=0. If for any k€N, there exists a k-dimensional
subsequence X* of X and py >0 such that SUPxins,, ® <0, where S, ={ucX|||u||=p}, then at

least one of the following conclusions holds.

(i) There exist a sequence of critical points uy satisfying ®(uy) <0 for all k and ||ux|| — 0 as
k— oo.

(ii) There exists r >0 such that for any 0 <a <r, there exists a critical point u such that |u||=a
and ®(u) =0.

In [11], the authors got some variants of Clark Theorem which were applied to indefi-
nite problems such as problems on periodic solutions of first order Hamiltonian systems.
And the Theorem 1.2 is applied to a p-Laplace equation on RV. i.e.,

{ —Apu+V(x)|uP2u=Q(x)f(x,u), xeRN, (1.1)

ue WLP(RN),
where p>1. Assuming

(al) there exists § >0, 1 < < p, C >0 such that f € C(RN x[-4,6],R), f is odd in u,
|f(x,u)| <Clu|""!, and lim,_oF(x,u)/|u|P = +co uniformly in some ball B,(x;) C
RN;

(a2) V,Q € C(RN,R!), V(x) > ap and 0 < Q(x) < By for some ag >0, Bp >0, and M =
Q7 Vi e LN (RV).

With conditions (al) and (a2), equation (1.1) has infinitely many solutions u; such that
HukHLw —0as k— o0.
In this paper, the following p(x)-Laplacian equation (p(x)>1) is considered:
—Ap(x)u—l—V(x) ]u\"’(")*zu:Q(x)f(x,u), xeRY, (12)
uc WhPE) (RN), '

where A, (,yu=div(|Vu[P®2Vu),p(x) e C(RN).

When p(x) = const., problem (1.2) is the equation (1.1), which was studied in [11].
The variable exponent Sobolev space W?(*)(Q) is a natural generalization of the classi-
cal Sobolev space WP(Q)). The variable exponent p(x)-Laplacian equations arise from
nonlinear elastic mechanics (see [15]) and electrorheological fluids(see [1,12]). And the
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p(x)-Laplacian operator possesses more complicated nonlinearities, for example, it is in-
homogeneous, so in the discussion, some special techniques needed will be given in Sec-
tion 2.

Following the argument in [11] and using Theorem 1.2, we get the following result.

Theorem 1.3. Assume

(b1) there exists 6 >0, 1 <y <p_, C>0 such that f € C(RNx[-6,8],R), f is odd in u,
|f(x,u) | <Clu|"~1, and lim,,_so F (x,u) / |u|P¥) =400 uniformly in some ball B,(xo) CRY,

(b2) v, Q 6 C(IRN RY), V(x) >ag and 0 < Q(x) < Bo for some ag >0, Bo >0, and M =
QT VT € LI(RV).

Then equation(1.2) has infinitely many solutions uy such that ||uy||r~ — 0 as k— oco.

2 Preliminaries

Let QCRN(N >2), p(x) €C(Q), set
Lp(x)(ﬂ):{u: u is measureableand real—valued, fQ|u]”(x)dx<oo},

The space LP*)(Q)) is a Banach space endowed with the Luxemburg norm

A . u | p(x)
= — <
1] ) 1nf{/\>0, /Q(A( dx_l}. 2.1)

Proposition 2.1. (see [4])

(1) The space LP¥)(Q)) is a separable, uniform convex Banach space, and its conjugate
space is L1%), where ﬁ—l—ﬁ =1. For any u € LP™)(Q) and v € L1¥)(Q), we have
| Jouodx| <2l l[oll4x

@) If p1,p2 € CH(Q), p1(x) < pa(x) for any x € Q, then L2 (Q) — LM¥)(Q) and the
embedding is continuous.

Proposition 2.2. (see [4,9]) Set p(u) = [, |u(x) “dx. If u,up € LP®)(Q), we have
0 for 10, [l = op( )1 N
@) [[ullp <U=1L>1) & p(u) <1(=1,>1);
(@) if 1> 1, then [l <p(u) < Huui(;);
@) if 1]l < 1 then [lu]|72, <p(u) < Jull”,

The space W?(*)(Q) is defined by

W@ () & {ue Lr(Q)||Vu| e L <Q)}
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and equipped with the norm
1l ey = Nl + 1TV ]y

We denote the closure of CF(Q) in W7 (Q) by W&’p(x) (Q) and

Np(x)
p(x)=4 Nprr POO<N, (2.2)
00, p(x)>N.
1<p_2infp(x)<ps =supp(x). (2.3)
x€eQ) xe)

Proposition 2.3. (see [4])
(1) WP (Q) and Wé’p () (Q)) are separable, reflexive Banach spaces.

) If g€ CT(Q) and g(x) < p*(x) for all x € O, then the embedding from W) (Q) to
LP*)(Q) is compact and continuous.

(3) There is a constant C > 0 such that
1,
l4lly) SVl gy, Ve WP ().
Proposition 2.4. (see [5]) Define I(u)= [ (|Vu|P™*)+a(x)|u|P)), where 0<a_ <a(x) < oo,

use the norm
, Vi [P p(x)
HuH:mf{)\>0:/]RN<Tu -I-a(x)‘%‘ )Sl}.

Let u € WP (Q), then
0) Jul <1(=1,>1) = I(u)<1(=1,>1);

Gi) 3 ]| > 1, then Jull"~ < 1(u) <|Jull";

(i) if ||u]| <1, then ||u||P+ <I(u) <|ul|P-;
(iv) I(uy) > 0< ||luy|| —0;
@) I(uy) — 0o ||uy|| — .

Definition 2.1. u € W"?(*)(RN) is called a weak solution of problem (1.2) if

/R AVulPOEuV pdx+V (x) |ul Y Pugdx = /R QM) f(xu)pdx, Vpe WP (RN).

Set
P(x,u):/ouf(x,s)ds, V(x,t)eRN xR (2.4)
and
D)= [ (VPO @)~ [ QE(w), ueWIHIRY). @5
Ry () o 2 @

We know that the critical points of ® are just the weak solutions of problem (1.2).



Z.Zhou and X. Si / ]. Math. Study, 47 (2014), pp. 379-387 383

3 Proof of Theorem 1.1

Proof. We prove it in three steps:

Step 1. Construct proper functional and get the coerciveness. Choose f € C(RN xR, R)
so that fis odd in u €RR, f(x,u)=f(x,u) for x€R and |u|<4/2, and f(x,u)=0 for x € RN
and |u| > 4. In order to obtain solutions of (1.2) we study

— Ao+ V () [u[P"2u=Q(x) f(x,u), xeRN, (3.1)
uewlp( )(]RN)

which is the Euler equation of the functional

o= [ e (VO V@)= [ Q@Exw), uex

where X is the Banach space

X = {ue W@ (RN) \/ x)[uP®) < 00}
endowed with the norm (see [5])

Vi [P p()
Hu“:inf{/\>0:/ﬂw<7u —l—V(x)‘%‘ >§1}. (3.2)

and F(x,u) fo x,s)ds. Itis standard to check that ®cC! (X,R), ® is even, and ®(0)=0.
ForuecX,

[ Q@IFEmI<C [ Qlul"=C1 [ (QV™ i)V [u[)

<201 QV T ||vﬂx>|ur“f||p_ (33)
P(X>7 v
szcl(/ er%v’) ( V7 ] ) (3.4)
IRN
L7 .
P+
<21 M) T ( o IV107) 65)
<Callu. (36)

Therefore,
1
Q(u) > —[lul|- = Collul]", ueX,
P+

and then @ is coercive and bounded below.
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Step 2. The (PS) condition holds. Let {u,} be a (PS) sequence, thus ®(u,) is bounded
and @' (u,) —0. Then {u,} is bounded. Assume u, — u in W"?(*)(RN) and strongly in

Lr )( RN). Then (1) — 0, and

loc

(D () — D' (), 10y — 1) = / Vi, [P =2V, — |V u [P =2V ) - (Vi, — Vu

+/ ) |1t [P 210, — [ PO 200 - (0 — )
/IRN Qx )(f(x wn) f (1)) (g — 1)
é11—12%0 37)

For ¢,y € RN, using the monotonous inequalities (see [6]),

p(x)=2|x_ |2
(,g,P(X)2_|,7|p(X)2).(5_,7)2{ E]%C—‘;]‘FZL)) I&—nl%, ;17(<xl)0(2xg,<2/ (3.8)

where ¢ >0 is a constant.
For p(x) >2, it is easy to see that

I > Callun—ull}( - (3.9)

In the case 1< p(x) <2, for any v,w € LP*) (RN), we have

()
p(x) — plx
| ol @ = [ () |vr o5

<2|| o] o

_p(x)
2 '02‘11
e
P+ 2-p-

p(x) 2 |2
plx x . p(x)
SZ[/RNOw! o] T [ o)

P+ 2-p—

:2(/ |v,p(x)—2|w|2)7.</ |v,p(><)>T
RN RN

2 2

) )7 |

/N’v|p(x) 2’w’22 Lf]RN’ ’ ) — > - p(x) — (3.10)
R 27+ (Ju [0]P0)) 7 205 ([on [0 PO))

Substitute w = |u, —u|, v=|u,|+|u| to (3.8), (3.10), we have for 1 < p(x) <2

Thus

> Cyllun—ull5 - (3.11)
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Now we estimate I, for any R >0,
[ Q) ) =t ))- 1t =)

<Cs [ Q<x><runn+|um+c5/ (o1 + 7)1 =0
RN\ Bg(0) Br(0)

:C5/RN\BR( )( |u |7)(QVP )+C5/ s (O)(VWWW)(QVm)

R

+c5/ o yunn*1|un—u|+c5/ )71ty —

R
v

szcs(u || b VAl >HQVP loos  (312)
L7 (RN\Bg(0) L7 (RN\Bg(
+Cs (ltallF e o)+ 140 oo ) N1t =l ey

L 7 P
<2C / V|, [P >'j+ ( / VuP) ) M 3.13
< 5[( IRN\BR()( [un|PY) )+ IRN\BR(O)( |ulP'*)) 1M js oy (3-13)

+Cs (leallF e 0y 140 oo ) N1t =l o)
P+

<C6HMHL1 (RN\Bg (0 ))+C6H“n _“HLV(BR(O))- (3.14)

where we used Holder inequality (Proposition 2.1) in (3.12), Proposition 2.2 in (3.13), and
the definition of X in (3.14). By the condition (b2), we have || M|| 1 (gn\ g, (0)) =0 as R— 0.

LP) <5 L7 leads to || 14n —uHm(BR(O)) —0. Thus

lim | Q(x)(f(x,un) — f(x,u)) - (un—u). (3.15)

n—oo JRN

Combining with(3.7), (3.9), (3.11) and (3.15), {u,} converges strongly in X and the (PS)
condition holds for ®.

Step 3. Equation (1.2) has infinitely many Clark type solutions. For any K> 0, there exists
6=206(K) >0 such that if u € C(B,(x0)) and |u|e <&, then Q(x)F(x,u) > K|u(x)|P*), and
thus

1
() < -l —K[uly,

This implies, for any k€N, if X* is a k-dimensional subsequence of C3°(B,(x)) and p; >0
is sufficiently small, then sup S0, ® <0, where S, ={ueX:||ul|=p}. Now we appeal to

Theorem 1.2 to obtain infinitely many solutions {u;} for (3.1) such that ||ux|| —0 as k— oo.
In the following, we show that ||u|| .~ — 0 as k— co. In the case 1 < p(x) <N, denote

p* = I\Il\[_p—rg’(c})(). Let u be a solution of (3.1) and constant & > 0. Let T >0 and set u! (x) =
max{—T,min{u(x),T}}. Multiplying both sides of (3.1) with |u”|*uT implies

p(x) wtp(x
/ ,uT,a‘WT‘p(x):/ p(x) V[T ;€i>)‘p<x><c/ W (3.16)
RN RV \ a+p(x) R
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Since
N—p_
a+p(x) Np(x) \ Np__ a+p(x)
</ u”| 7o N%)) p <C||[u"] oo [ (3.17)
RN LN-7( (RN)
and

1
Pt

HV|uT’ W ||LP (RN) S (/ ’V|uT’ n |P ) . (318)

Combining (3.16)-(3.18) with Sobolev inequality, we have

N(a+p_) N—p_

pP— 1
N (a+p(x) \ Np—~ Pt
W1 S < (a5 ) T e ([ mun )T s
B )

L N=r— (RN
jd€3) 1
SC(oc-i—p(x)) Py </ |uT|”‘“) [
p(x) RN

M a+1
< (Clatp(x))) 7w/ (3.20)
Thus
px)  (N—py )Np, Hl%
[uT]l weepy S (Clatp(x))) Pe NPT [Jul| fE IE’ZJ))(N r)
L N=P— (RN)
P aajrﬂ Ez:er;FL

<(Clatp )l G21)

where C > 1, independent of u and a. Set ag=p* —1= NN_—pp: —1and ay = W -1,

that is a = %ao, for k=1,2,---. From (3.21), an iterating process leads to

_In(C(a;+p_ k
H”THL“k+1+1(RN) <exp (Zf_op iii;; P ))> H”T”Zpi(mw)' (3.22)

where vF =TTk, a”‘ ++pl+ EN*+§ Sending T to infinity and then k to infinity, as a conse-

quence, we have

oo ~In C(lxi—i_ - v
I o <exp (22 P D e, 623)

where v =TT ) 5= +;l+ % is a number in (0,1) and exp (Zf O%W) is a posi-

tive number. For the case p(x) >N and p* =c0, the argument is similar and even simpler.
Therefore, |||/~ — 0 as k— o0, and uy with k sufficiently large are solutions of (1.2).
O
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