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Abstract

To obtain the approximate solution of the nonlinear ordinary differential equa-
tions requires the solution to systems of nonlinear equations. The authors study
the conditions for the existence and uniqueness of the solutions to the algebraic
eguations in multiderivative block methods.

4 1. Introduction

Consider the following initial value problem in ordinary differential equations

y'(t) = f(t,y(t), u(to) = o, (1.1)

where 4o € R®, f: Rx R® to R®, is continuous. The approximate solution to (1.1) can be
obtained by the multiderivative block method (MDBM) with second order derivatives:

y-n,+1, M yﬂ + h Z ﬂ«:}fﬂ-{-j "'|' hz Z btj !-"(:33 + hﬁﬁfﬂ + hﬂﬁ?‘irfT(l.l)? (1‘2)

=1 1=1
where i = 1,--+,k, Yn € R®, fn := f(tn,yn) € B®, and £5" := df (tn,yn) /dt € R* are
known vectors. It is proved that there exist ai;, bi;, 8;; and Bo4,4,5 = 1,2, -, k, such

that (1.2) converges with order p = 2k 4 2 (see (1]), and is A-stable for k£ < 5 (see
5]). To compute the approximate solution yn+; = y (t,+;) requires the solution of the
following nonlinear equations:

Unti Hun+hzatjfn+j —|—h22bu L 1€, (1.3)
=1 =1
where u, = yn + hBi fn + h2Bai fi0.

Denote Yn+; by ¥j, f(tntis Ynts) bY Fi(y;), and f D (tnyj,¥n+5) by g;j(#;). Then
(1.3) becomes

Yi = Up + hzﬂijfj (y;) + h22b1393 (¥5), 1<i<k. (1.4)
j=1 Fi=l
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There exists a unique solution to (1.4) if and only if the following nonlinear equations
have a unique solution (see [2]):

k k
yi = h Y ai; fi(y;) + A® D bigi(y;), 1<i<k. (1.5)
j=1 i=1

2. Sufficient conditions for the existence and uniqueness
of the solution to (1.5)

In this section, we will present sufficient conditions for the existence and uniqueness
of the solution to (1.5).

Let A = (ai;), C = (cij) € R***. The Kronnecker product of A and C is defined
by

anG {1120 L lec
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»
apC ageC oo amC
where
ai;C11 QizC12 -+  QiC1k
Ai5C21 Q€22 -+ QjiC2p
ﬂ,,'jC =
QijCk1l Q4Ck2 "+ QiiCkk

Lemma 2.1. Let L and D be m X m matrices, and I, be the s X 8 unit matriz.
Then (LD)® I, = (L® I,){(D ® I,). Furthermore, if DL + LT D and D are positive
definite, then (DL +- LTD) @ Iy and D ® I, are positive definite.

Proof. This lemma can be proved directly by the theorems in [3].

Let
A B AR I, B®I,
L = —_— g —
(0 Ik) o G ( 0 Ikms)
where |
A=(ais)eir B= i)
Denote

;:' (yT!ygi' i :yE)Ta f(y) — (.fl (yl)T afi’ (yE)Ta' " :-fk (yk)T)T:

gly) =g (91 )" g2 ()" 0k (:%}T)T, Y, = (:ﬁ:(y)) ,
hf(y) )

= (h29(y)



