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Abstract

This paper is devoted to give a new proof of Korn’s inequality in L™ —norm (1 < r < 00).
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1. Introduction

Korn’s inequality is fundamental in the theory and the numerical analysis for the elasticity.
There have been many nice proofs of Korn’s inequality in the literatures(see [4] and the ref-
erences therein). The work [5] proposed an intuitive exposition and heuristic proof of Korn’s
inequality. And the works [2] and [7] give an interesting result, which is useful tool in the proof
of Korn’s inequality, as for example in the works [3], [6].

In this paper, we intend to show a new proof of Korn’s inequality in L"—norm (1 < r < 00),
in the plane, with the help of the heurisitc work [4] and the result of [2], [7].

2. Notation and Preliminaries

We begin with some notation. Let Q@ C R"(n = 2,3) denote the bounded domain with
smoothly boundary 9 or the polygon. Let ¢ be the n-dimensional vector valued function
defined in 2, and
o 8’Ui
= B_:nj’
And in this paper, the notation in Sobolev spaces [1] will be used.

Korn’s inequality, in L? version, can be stated as follows: There exists C=Const. > 0, such
that

1<, j<n. (2.1)

1
€ij (17) = 5(6]"[)1' + aivj), 6]'”@'

> e @50 + 1730 > ClloIE o Vv € E, (2.2)
ij
where
E = {w e (L*(Q))* : € (@) € L*(Q)Vi, j}. (2.3)

Korn’s inequality (2.2) means that the following cotaining relationship holds:
E C (H'(Q))". (2.4)
The relation (2.4) seems to be unexpected at the first glance, because, for the case n = 3, only
six independent linear combinations of partial derivatives of @ € (H*(2))® belong to L*(Q).
However when we consider it in depth, as in [5], we find that all second order partial derivatives

e .

of ¥ can be presented by the partial derivatives of €;;(7)

821}i 0 . 0 . o .
Or;0m; a_xje“f(”) + 52, i1 () = e (D) (2.5)
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Thus if ¥ € E, then

8 avi -1 . .
6716(6%_) c HY(Q) Y i, j, k, (2.6)

which, roughly speaking, can be seen (the rigorous proof can be found in [5], added by dv;/dz; €
H=1(Q)Vi, j) as
v

2 ..
oz, € L*(0) Y i,j. (2.7)

This means that v € (H*(Q2))".

3. The Proof of Korn’s Inequality

In this section, we present a new proof of Korn’s inequality in L" version, 1 < r < oo, in
the plane (n = 2), which can be stated in the following;:
Theorem 1 (Korn’s Inequality). There exists a positive constant o, such that

Z leij (@llo.r + 10llore > allflire Vo€ @ (Q)* (3.1)

In order to prove Theorem 1, we need some lemmas.
Lemma 1. For all w € L"(Q),
lwll-1,r.0 < llwllo,rq;
(3.2)

||Vw||—1,r,§l < ||w||0,r,Q-

Lemma 1 can be proved easily by the definition of the W =17 (Q)—norm.
Lemma 2 (c.f.[2],[6]). Assume that Q C R? be a bounded smoothly domain or polygon. Let

L5(Q) = {pe L'(Q) /Q pdz = 0} (3.3)

Then for any given p € LS’ (), 1<r" =r/(r—1) < oo, r' the conjugate number of r, there
exists go € (WX (€2))2, such that

divgo =pin Q, ||gollL.r e < Clipllo.r o, (3.4)

with a constant C independent of 50 and p.
Lemma 3. For every function v € L™(2), 1 < r < oo,

9l < 55 IVelosro + | [ v, (33)
with the same C' = Const. as in (3.4) and |Q| = [, 1dx.
Proof. For any given v € L"(Q) let
. 1 /
v=v— — | vdz,
9] Jo
then
N 1
vl < 9l + 7| [ o] (3.5
And
lollora = sup [0 - wdz — Jo 0(b + & [, wdy)dz 1 sup fo 0 wda
v weL™ (Q) llwllo,r e weL™ (Q) llwllo,r e T2 WweLY ( ||w||o ra’



