East Asian Journal on Applied Mathematics Vol. 1, No. 2, pp. 155-171
doi: 10.4208/eajam.030510.250910a May 2011

New Finite Difference Methods Based on IIM for
Inextensible Interfaces in Incompressible Flows

Zhilin Li' and Ming-Chih Lai*

L Center for Research in Scientific Computation & Department of Mathematics,
North Carolina State University, Raleigh, NC 27695-8205, USA.

2 Center of Mathematical Modeling and Scientific Computing & Department of
Applied Mathematics, National Chiao Tung University, 1001 Ta Hsueh Road,
Hsinchu 300, Taiwan.

Received 3 May 2010; Accepted (in revised version) 25 September 2010
Available online 7 April 2011

Abstract. In this paper, new finite difference methods based on the augmented im-
mersed interface method (IIM) are proposed for simulating an inextensible moving
interface in an incompressible two-dimensional flow. The mathematical models arise
from studying the deformation of red blood cells in mathematical biology. The govern-
ing equations are incompressible Stokes or Navier-Stokes equations with an unknown
surface tension, which should be determined in such a way that the surface divergence
of the velocity is zero along the interface. Thus, the area enclosed by the interface
and the total length of the interface should be conserved during the evolution process.
Because of the nonlinear and coupling nature of the problem, direct discretization by
applying the immersed boundary or immersed interface method yields complex nonlin-
ear systems to be solved. In our new methods, we treat the unknown surface tension
as an augmented variable so that the augmented IIM can be applied. Since finding the
unknown surface tension is essentially an inverse problem that is sensitive to perturba-
tions, our regularization strategy is to introduce a controlled tangential force along the
interface, which leads to a least squares problem. For Stokes equations, the forward
solver at one time level involves solving three Poisson equations with an interface. For
Navier-Stokes equations, we propose a modified projection method that can enforce the
pressure jump condition corresponding directly to the unknown surface tension. Sev-
eral numerical experiments show good agreement with other results in the literature
and reveal some interesting phenomena.
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1. Introduction

In this paper, we develop some new finite difference methods based on the augmented
immersed interface method (cf. for example [2,7,10, 12]) for simulating an inextensible
moving interface in an incompressible shear flow. The problem involves finding an un-
known surface tension o (s, t) such that the surface divergence of the velocity is zero along
the interface. Since the fluid is incompressible and the interface is inextensible, both the
area enclosed by the interface and the total length of the interface should be conserved.
The mathematical model has been used to describe the deformation of erythrocytes, also
called red blood cells in the field of bio-rheology (cf. [4,13-19] and the references therein
for the bio-mathematical applications and other related information).

Figure 1: A diagram of an inextensible interface in a shear flow.

The fluid equations can be formulated by either the Stokes equations (the inertial term
is neglected)

Vp = uAu+F(x, t), xeQ, (1.1)
or the Navier-Stokes equations

Jdu
ot

with the fluid incompressibility constraint

+u-Vu+Vp=uAu+F(x,t), XEQ, (1.2)

V-.-u=0. (1.3)

Here, we assume that the interface motion is under a shear flow u = y y e; along the
boundary of a finite domain Q as illustrated in Fig. 1, where y is the shear rate (a fixed
number). The force term F(x, t) has the form

F(x, 1) =f {aﬁ (U(s, 01, t)) +fon+g(s, 070, t)} 5(x—X(s,0))ds, (1.4)
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where X(s, t) is a parametric representation of the moving interface I', and {n, Tt} are the
unit normal and tangential directions of the moving interface, respectively. The bending



