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Abstract. The restrictive preconditioning technique is employed in the preconditioned
conjugate gradient and preconditioned Chebyshev iteration methods for the saddle point
linear systems arising in convection-diffusion control problems. Utilizing an appropriate
approximation of Schur complement, one obtains preconditioned matrix with eigenval-
ues located in the interval [1/2,1]. The convergence rate of the methods is studied.
Unlike the restrictively preconditioned conjugate gradient method, the restrictively pre-
conditioned Chebyshev iteration method is more tolerant to the inexact execution of the
preconditioning. This indicates that the preconditioned Chebyshev iteration method is
more practical when dealing with large scale linear systems. Theoretical and numerical
results demonstrate that the iteration count of the solvers used do not depend the mesh
size, the regularization parameter and on the Peclet number.
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1. Introduction

We consider the numerical solution of convection-diffusion control problems. The dom-
inating operator in the statement equation is non-selfadjoint and non-symmetric, which
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causes difficulties in theoretical analysis and numerical solution of the related optimiza-
tion problems. This study focuses on the iterative solution of large sparse structured lin-
ear systems generated by the discretize-then-optimize procedure. It is worth noting that
these systems have symmetric and indefinite saddle point coefficient matrices. In recent
years, the numerical solution of the saddle point problems are well developed. The list of
the existing iterative methods and preconditioners includes the minimal residual method
(MINRES) with a block diagonal preconditioner [20], the generalized minimal residual
method (GMRES) with a block triangular preconditioner [14], Uzawa type methods [9,15],
Hermitian/Skew-Hermitian splitting type iteration methods [3-6,12], and so on. We refer
the reader to [13] for more details.

In order to solve linear system arising in convection-diffusion control problems one
usually uses two typical methodologies. Thus Person and Wathen [22] developed block-
diagonal and block-triangular preconditioned MINRES and GMRES methods depending
on the structure and the properties of saddle point matrices. On the other hand, there
are methods specifically constructed for the reduced block two-by-two structure system,
such as the non-standard-norm preconditioner [26] and the preconditioned square block
preconditioner [1,2]. Axelsson et al. [1] showed that the methods mentioned are robust
with respect to the discretization mesh size h and the regularization parameter 3. However,
the number of iterations needed grows when h and 8 diminish.

In this paper, we apply the restrictively preconditioned conjugate gradient (RPCG)
method [7] and the respectively preconditioned Chebyshev iteration (RPCHEB) method
[24] to saddle point systems arising in convection-diffusion control problems. It is known
that the conjugate gradient method and Chebyshev iteration method are not applicable
to the indefinite problems — cf. [23]. However, a restrictive preconditioning makes the
methods feasible and effective. Moreover, the convergence rates of restrictively precondi-
tioned methods do not depend on the mesh size, regularization parameter, and even on the
Peclet number. In this sense, they are optimal solvers for the linear systems related to the
convection-diffusion control problems.

The paper is organized as follows. In Section 2, we recall the restrictive preconditioning
technique and the corresponding iteration solvers. Section 3 considers the restrictively
preconditioned conjugate gradient method and the restrictively preconditioned Chebyshev
iteration method for linear systems achieved by the discrete-then-optimize procedure. The
convergence of the methods under consideration is also studied. In addition, we present
the convergence rate of the inexact implementation of RPCHEB method. In Section 4,
we demonstrate the robustness and efficiency of the new methods. Our conclusions are
summarized in Section 5.

2. Restrictively Preconditioned Iteration Methods

The restrictively preconditioning was presented firstly in [7]. It is said that for any
non-singular linear system of equations
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