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Abstract. Based on the results of the boundedness of yl(’) on L? spaces, by using the
theory of atomic decomposition of Hardy spaces, we obtain the boundedness of 1, on
Hardy spaces.
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1 Introduction

Suppose that S"~! is the unit sphere of R*(n > 2) equipped with normalized Lebesgue
measure. Let ) € L!(S"~1) be homogeneous function of degree zero and

/S O@)do(x') =0, (1.1)

where x’ = x/|x| for any x # 0.
The Marcinkiewicz integral is defined by

ma) = ([ D @Ps) "
where
Forl ) = [ ey

Let b € L} .(R"), the commutator generated by the Marcinkiewicz integral i and b is

defined by
o0 1/2
pos() = ([ IFanHEPE) "
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where

Qx —

Fons(N0) = [ O () b)) f)ay.
xyl<t |x —

Y. Ding [1] studied the continuity properties of higher order commutators generated by

the homogeneous fractional integral and BMO functions on certain Hardy spaces, the

special case of the main result in [1] is the following theorem:

Theorem 1.1 ([1]). Let b € BMO(R®), 0 < 1 < nand Q € L'(S"V)(r > n/(n—p)). If
wy(0) satisfy

/0 1 “’r(g‘s) (1og %)mdé < oo, (1.2)

then Tg’z is bounded from H},, (R™) to L™/ ("=#) (R™), where
b,m _ Q(x — ]/) m
T = [ e yrn 00) — b)) f)dy, meN.

In 2007, H. Wang [2] gave the (H', L/ ("=P)) type estimates for 1, with the kernel )
satisfying the logarithmic type Lipschitz conditions.

Theorem 1.2 ([2]). Let b €Lipg(R™), 0 < B < 1. If Q) is a homogeneous function of degree zero
and satisfies the following conditions:

(1) [gu Q(x")do(x') = 0and O € L'(S"1) for somer > n/(n — p);
(2) there exist constants C > 0 and p > 1 such that
C

|Q(y1) —Q(y2)| < m

for any y1,y2 € S"7L. Then uq is bounded from H' (R™) to L"/"~F(R™).

In 2011, Y. He [3] obtained the (LP(a),LP(B)) type estimates for pq; with the ker-
nel satisfying the logarithmic type Lipschitz conditions. In 2012, by using Theorem 1.2,
Jiang [4] proved that jj, is bounded from H} (w) to L}(R™).

Theorem 1.3 ([3]). Let QO € L®(S"!) satisfy the cancellation property (1.1). In addition,
suppose that there exist constants C > 0 and p > 2 such that

Q) - )< — S

(1.3)
(In ly1—y2] )

hold uniformly in y1,y> € "1, 1 < p < o0, a, B € Ap, b € BMO(w), w = (afp~1)V/P. Then
the following inequality hold:

s (H)llre) < ClIbl Mmooy |fI|Lp(a)-



