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Abstract. In this paper, we prove the existence of at least two nontrivial solutions for
some biharmonic elliptic equation involving an integral term. The nonlinear term ex-
hibits an exponential growth at infinity. Our method consists of a combination between
variational tools and iterative technique.
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1 Introduction and statement of main results

In this paper, we investigate the existence of multiple solutions to the equation

(P) ∆
2u+u= f (x,u)+

∫

R4
k(x,y)g(u(y),∆u(y))dy+h(x), x∈R

4,

where f ,k,g and h are some functions satisfying the following assumptions

(H1) f :R4×R→R is a continuous function which is spherically symmetric with respect

to x∈R
4, that is

∀ (x,y,s)∈R
4×R

4×R, |x|= |y| ⇒ f (x,s)= f (y,s).

Moreover, we assume that there exist α>1, β>1, p>0, C0>0 and C1>0 such that

| f (x,s)|≤C0

(
|s|α+|s|β

(
eps2

−1
))

, ∀ x∈R
4, ∀ s∈R,
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and

F(x,s)=
∫ s

0
f (x,t)dt≥C1 |s|

α+1 , ∀ x∈R
4, ∀ s∈R.

(H2) There exists ν>2 such that

0<νF(x,s)≤ f (x,s)s, ∀ x∈R
4, ∀ s∈R\{0}.

(H3) For any z≥0, there exists a positive constant Lz such that
∣∣ f (x,s)− f (x,s′)

∣∣≤ Lz

∣∣s−s′
∣∣, ∀ x∈R

4, ∀ (s,s′)∈ [−z,z]2.

(H4) k : R
4×R

4 → [0,+∞[ is some function lying in L2(R4×R
4) such that k 6= 0 and k is

spherically symmetric (radial) with respect to x, that is

∀ (x1,x2,y)∈R
4×R

4×R
4, |x1|= |x2| ⇒ k(x1,y)= k(x2,y).

(H5) g : R×R→ [0,+∞[ is some continuous function such that g(0,0)=0. Moreover, we

assume that there exists a constant L0>0 such that
∣∣g(a,b)−g(a′ ,b′)

∣∣≤ L0

(∣∣a−a′
∣∣+
∣∣b−b′

∣∣), ∀ (a,b,a′ ,b′)∈R
4.

(H6) h :R4 → [0,+∞[ is spherically symmetric (radial) such that h∈L2(R4).

Examples: A typical example of f verifying (H1)−(H3) is given by

f (x,s)= f (s)=Ceps2
(

q|s|q−2s+2ps|s|q
)

,

where C>0, p>0 and q>2. Clearly, F(x,s)=C |s|q eps2
. It suffices to note that (H2) holds

with ν = q > 2 and that (H3) holds because the derivative f ′ exists and is continuous.

Concerning the function g, one can take

g(a,b)= g1(a)+g2(b), (a,b)∈R
2,

where g1 and g2 are two Lipschitz continuous and nonnegative functions in R (example:

g1(a)= g2(a)= |sina| , ∀ a∈R). Finally, for k, one can choose the function

k(x,y)=
1(

1+|x|3
)(

1+|y|3
) , ∀ (x,y)∈R

4×R
4.

In the last decades, there has been a wide literature of higher order elliptic equations

and especially those involving a biharmonic operator (i.e of fourth order). This big in-

terest can be motivated by their role in modeling various physical phenomena such as


