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Abstract. We establish sufficient conditions under which the quasilinear equation

—div(|Vu|"2Vu) +V(x)|u|"*u= f(x,;l) +eh(x) inR",
x

has at least two nontrivial weak solutions in W' (IR") when & > 0 is small enough,
0<pB<n, V is a continuous potential, f(x,u) behaves like exp{7|u|"/("=1)} as |u| — oo
for some 7y >0 and / #0 belongs to the dual space of W' (R").
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1 Introduction and main results

Let W (IR") be the usual Sobolev space in R" (1 >2) with the norm

1/n
Julhwns = ([ (7" ) )

In this paper, we consider the quasilinear differential equation

fxu)
|x|P

—Au+V () Ju|"2u= +eh(x) inR", (1.1)
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where —A,u=—div(|Vu|"2Vu), V is a continuous potential, & # 0 belongs to the dual
space of W (R"), 0 < B <n and f(x,u) behaves like exp{y|u|"/ "=V} as |u| — oo.

This kind of elliptic problems involving exponential critical growth has been exten-
sively studied by many authors. To get a solution, Moser-Trudinger type inequality and
critical point theory are two fundamental tools. For the homogeneous and nonsingular
case, that is when =0 and =0, the existence result in a bounded domain was obtained
in [1,2]. When the domain is the whole space, the problem was studied in [3-5]. We can
also consider the problem in a Riemannian manifold. For this case one can refer to [6-8]
and the references therein. Because of the variational structure of this kind of equations,
usually there are both minimum type and mountain-pass type solutions. A nature ques-
tion is that whether these two types of solutions are different. When n=2 and =0,
do O, Medeiros and Severo [9] proved that these are two distinct solutions. For general
dimensional case, the same authors got the result in [10]. In our paper, the nonlinearity of
Eq. (1.1) becomes singular. In [11], do O proved that there are two distinct solutions for
this singular equation when n =2. Then relevant issues about the general dimensional
case should be asked. Our main theorem is to give sufficient conditions under which
there are still two solutions to (1.1).

To present our results, we assume the following conditions on the nonlinearity f(x,s):

(H;) There exist constants wg,bq,b; > 0 such that for all (x,s) e R" xR,

£ ()] < brs"~ 4z {exp{aols|™ "V}~ By a(ao,s) |,
where

n—2
By a(o,s) =Y, (ag|s|™/"~1)) /ml.
m=0

(Hz) There exist constants p >n and C, such that

f(s)>CpsP!  foralls>0,

_ o\ (pn)/n (n=1)(p—n)/n
o (57) (oiw)
p (n—B)ay

(e (VU +V (x)um)dx) "
AR 1) Y
ue ulP
(Jier i)

where

(H3) There exists y > n such that for all x € R" and s >0,

0<uF(x,s) Ey/osf(x,t)dt <sf(x,s).



