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BELOW UP IN A SEMILINEAR WAVE EQUATION
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Abstract We consider a semilinear wave equation of the form
(i, £) — Aunle, i) = —mle, Hux, 1) + Folz) - Vi, t) + bla)ulz, 1) ulx, t)

where p > 2. We show, under suitable conditions on ir, ¢, 0, that weal: solutions break
down in finite time if the initial energy is negative. “This result improves an earlier one
by the anthor [1].
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L. Introduction
In [1], we considered the following problem

up e, ) — Aulz,t) = —aulx, §) + V() - Vulz, £) + flu(z,t), 2 € Q,t>0
wlz,t) =0, 5 € 8.t
w(x, 0) = uplx), welz, 0) = uy(x), z €N (1.1)

where a is a strictly positive constant, & € W Loo(12), and € is a bounded open domain
of R™ with a smooth boundary 8§2. We showed under the assumptions

Boi= 5 [ #Od() + [Vuo(a)] - 2P (uo(a)ldz < 0 (1.2)
f c*l":‘ﬂ-u[;.{:-.:]ul{xj{im > if EEJE"I:I'IL%{:E:JJI (1.3)
Iy 27 Jo :

that weak solutions blow up in finite time. To prove this result, we exploited a lemma
by Kalantarov and Ladyzhenskaya [2],which generalizes relatively the convexity method
of Levine [3]. Our goal in this work is to remove assumption (1.3) and to allow the
coefficient of the damping factor to be variable. To overcome the difficulty that arises,
we adopt the method of Georgiev and Todorova [4], which was mainly designed for the
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nonlinearly damped cases. Therefore, in the present paper we are conesrned with an
initial-boundary value problem of the form

(@, 1) — Aulw, t) = —m(z, Hu(z, 1) + Fi(z) - Vulz, t)

be)ulz, Dulz, P2, 2 € 0t > 0 (1.4
u(z,t) =0, 2 € ANt >0 (1.5)
u(x, 0) = ug(x), ez, 0) = w3 (z), z € N (1.6)

where 2 is a bounded open domain of B™ with a smooth boundary 301, and proves a
blow up result without the condition (1.3). (f(u) is taken to be equal to bx)wfulP!
only for simplicity).

It is also worth mentionning that the results related to existence, nonexistence, and
stability of solutions to damped wave equations have been established by many authors,
see references [5-12] below.

To make this paper relatively complete we state, withont proof, a local existence
theorem. The proof is standard and one can easily adopt, for instance, the proof of [4]
or [13]. We first make the following hypotheses

H1) b€ L=(Q),¢ € W1=(Q), and m € L8 = [0, 00)) such that

blx) > 0,miz,t) > 0,¥Vz € 2,6 >0

H2) p > 2 satisfying p < 2(n—1)/n -2 if n > 3.
Theorem 1.1 Assume that (H1) and (H2) hold. Then for any initial dota

wy € Hy(1), wy € LA () (1.7)

the problem (1.4)-(1.6) has a unique weak solution defined on [0,T),T is small
Remark 1.1 By investigating the proof in [13] carefully, one can easily deduce
that theorem 1.1 still holds if m = 0 in (1.4),
Remark 1.2 By a weak solution, we mean a function

w € C([0,T); H5(9)) n CY([0, T); L*(9)) (1.8)

satisfying the equation (1.4) in the following sense: for each # in H} () we have
d
-—f wg(x, 1)0(x)dxr + f Vaulx, ) VHz)dx + j‘; m(, t)ue(z, )82 )da

o 0 i

it
N fﬂ Vé(z)  Vulz, 1)8(z)dz + fﬂ ble)u(z, t)|ulz, 1)/~ ?6(x)dz

for almost each ¢ in [0, 7).
Remark 1.3 This result also holds if ¢ € L*=(82) with V¢ defined almost every-
where. In this case u satisfies (1.4) in the following sense: for each ¢ in H} ()

Ef E";":E:'ug(:ﬂ,f}ﬂ[:ﬂ}ﬂf&:-’r—f E“ﬁ{x}v?i[ﬂ::ff}'?'g[i:jdx
dt Jo 0

.« f ") m (e, tus (e, 0(z)dr + f M) ulP~2ulz, £)60(x)dx
I ]



