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Abstract [n this paper, spectral properties of certain left invariant differential
aperators on two-step nilpotent Lie groups are completely described by using the theory
of unitary irreducible representations and the Plancherel formulae on nilpotent Lie
SrOUpS.
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1. Introduction

The purpose of this paper is to consider spectral properties of the following operators
™ P2

P==3% X:+> CY (1.1)
el f=1

where X, ¥, r=1,---,m.,{ =1,-- 9o, are a basis for the Lie algebra G of a two-step
nilpotent Lie group &, each ¢ 15 a complex constant.

The operator P and its properties, e.g., local solvability, hypoellipticity, have been
investigated by many authors. It is well known that (1.1) has not been contained in
the class of operators introduced by Hérmander in [1] if the ) is imaginary. Spectral
properties of the Kohn-Laplacian on the Heisenberg group were studied by Luo and Niu
in [2]. Also Furutani et al. discussed the spectrum of Laplacian on two-step nilpotent
groups {See [3]).

In this paper we will determine the spectrum of P. The main tools here are unitary
representations and Plancherel formulae on .

In order to state our main results we need some notations. We denote the spectrum
and the resolvant set of P by o(P) and p(P) respectively. Let ¥, be the completion
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of CF*() with the norm (3.2) below and D{F) the class of those u € Iy such that
Py € L*((@). Introduce the set

2 1
rs(C) ={ge Cra= 3 (26;+ 1o + 3¢ V=T Cin,
1=1 1= i=1

where (7 denotes the complex plane, O, e C (I =1, --.m), i — is a positive integer,
G =16, Bp—-ae) 8; € Iy = {0,1,2,---}, the definition of d will be given in
Section 2, and

SiP= u TDglChUR4 (1.3)
p1—d
ger 2

where R.. denotes the set of nonnegative real numbers.

Theorem 1.1 The spectrum of P is S(P).

As a consequence, we have

Corollary 1.1 IfCy (I =1, ,p) is purely imaginary, then o(FP) is either R or
[0, +oc). In particular, f Cy=0,1=1,---,p2, then o(P) = [0, +o0).

Theorem 1.2 Ifd # 0, then P has not any egenvolue,

— i :
Theorem 1.3 Ifd=0andp;, m Cr.i=1,---, el 5 =1, pa, satisfy
E'{Eﬁj + 1)p; — xf'—_lz Cryy =10 (1.4)
7 {

T =il
for some 3 € I:E“, then 0 18 a unique eigenvalue of P.

The plan of this paper is as follows. In Section 2, we shall recall some basic results
on the two-step nilpotent Lie group which will be used later. Section 3 is devoted to
the proof of Theorem 1.1. In Section 4, we shall prove Theorems 1.2, 1.3. Finally in
Section 5 some applications will be given,

2. Preliminaries

Let (7 be a connected, simply connected Lie group, whose Lie algebra & decomposes
as a vector space G = Gy @ G2 with [G1,G1] C G, [G1,G:2] = {0}. G carries a natural
family of automorphic dilations given by

G (X)=3X f XeG, &)=Y if YEeUG

These dilations extend in a natural way to U(G), the universal envoloping algebra of
G, which may be identified with the set of all left invariant differential operators on G.



