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Abstract In this paper, the existence and partial regularity of weak solution to
the initial-boundary value problem of Landau-Lifshitz equations with applied felds in
a 2D bounded domain are obtained by the penalty method.
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1. Introduction

The Landau-Lifshitz {LL) system which describes the evolution of spin fields In con-
tinnum ferromegnets bears a fundamental role in the understanding of nonequilibrium
magnetism, just as the Navier-Stokes equation does in that of fluid dynamics, The LL
system for a spin chain with an easy plane

Uy = U X U 2 % S

has been studied by the inverse scattering method in [1-3] where u = (u', u?, v*) is the
spin vector, J = diag {J;, Jo, Ja} with Jp < Jp < J3 and “x” denotes the vector cross
product in 7°. More general LL system of the following form

ut:uKFﬁﬁ“—AHK(uKFEﬂ:I

was also studied in [4] where Fog = VPu — 2A(u - n)n + pB, n = (0,0,1), A is the
anisotropy paramenter (4 > (), easy plane; A < (), easy axis), p is the gyromagnetic
ration in Bohr magnetons, A is the Gilbert damping constant and B is the external
magnetic field.
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A lot of works contributed to the study of solutions to the Landau-Lifshitz systems
Uy = =t X (X Au) + asu ¥ Ay

of 1I- or 2-dimensional spin chain motion have been made by mathematicians.

In 1993, Guo and Hong [3] established the global existence and partial regularity
theorems concerning the weak solutions from a 2-dimensional Riemannian manifold
(without boundary) into the unit sphere $2 with standard metric and revealed the
links between the solutions and the harmonic maps. They found that the solutions
have the same partial regularity as that of the harmonic map heat flow [6]. Also
for m. = 2, the uniqueness of weak solution to the initial problem safisfying energy
inequality can be found in [7]. The conclusions of [5] were extended to a class of
generalized Landau-lifshitz system in [8].

The existence and partial regularity results for the weak solution of the nonho-
mogeneous initial-boundary value problem with m = 2 (without applied fields) were
established in [9] in which the authors introduced a method much different from before
which originates from the study of Ginzburg-Landau functional [10].

In this paper, we let 2 C B® (n = 1,2) be a bounded smooth domain and consider
the following nonhomogeneous initial-boundary value problem

= —u X (uwxAu)+uxAutux Huz,t), nilx A (1.1}
wanxr, = ¥(z),  ulguxp=oy = wlz), |elz)] =1 (1.2)

which is a natural general form including both “easy plane” and the external field.
Because of the action of the external field H, one can not expect to get the smooth-
ness away from a set consisting of only finitely many points as for the case H = 0. We
can only get the smoothness away from at most countably many lines in & x [0, o).
Our main results are Theorem 4.1 (existence and partial regularity) and Theorem
5.2 (smooth solution of 1-D problem). In this paper we denote 2(t) = @ x {t}, & =
01 % (0,t), B(z) the disk centered at x with radius r.

2. A Penalty Problem and Weak Solution to (2.1)-(1.2)

Since |w(z)| = 1 on 2, it is easy to verify that |u(z,t)] = 1 and it follows from [5]
that u is a solution of {1.1)-(1.2) if and only if u is a solution in the classical sense of
the following system

1 1 1 1
Eut—iuxu¢=&u+u|?u|g+§uKH—EHK[MHH]

Theretore, it is natural to consider the following equation

%-u; — éu ¥ oagy = Au A u|Vul® +ux Flu,z, 1) (2.1)




