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Abstract In this present paper, using the duality technique and the Holder's
inequality, we study the global existence of the solutions to some quasilinear parabolic

svstemns with the cross-diffusion effects in population dyvnamics.
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1. Introduction

[n this paper we study the existence and uniqueness of global solutions to the

following parabolic systems in population dynamics

uy = div [V{eu 4+ duv) + 3 (VE{2))u] + wF(u,v), inQ x (0,00
vy, = div [V{ggv) + b(VE(z))v] + vGlu, v}, in {1 x (0, o)

rrlu'— (1 — ey )idu/dn =0, on &0 % (0, 0o) (1.1}
ezt + (1 = am)dv/dn = 0, on &9) % (0, co)
in {1

u(.r,: 0) = uglz), vir,0) = vplx),
where, §2 is a bounded domain in B® (n 2 1) with smooth boundary 802 a; = 0(i = 1, 2)
are positive constants: d and & (i = 1,2) are nonnegative constants; & £ C“EI:H] is a
eiven real function on ©; 8/8n denotes the outer normal derivative on the boundary
dft. wplx) and wo(a) are initial functions which are assumed to satisfy

wg, vg € H () with some € >0, and ug,vg = 0in
oy + (1 — o )Oug/0n =0, on &0 x (0, co) (Hq)
apvy + (1 = az)fug fOn =0, on 8592 » (0, e0)

also, F,G € C”{Rﬁ_} are given functions on Ri; and
oy =az=1; or o) =ay =0, or ey, e00 € (0,1) (1.2)

This system (1.1) has been introduced by Shigesada et al. [1] as a model of the
population dynamics in £2 of two competitive species, « and © are population densities
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of two species and F (resp. G) represents the growth rate of u-species (resp. v-species).
As to the existence of global solutions to (1.1), some particular, but interesting, cases
have been already studied by several authors (cf. [1]-[7]). In [5], Yamada followed the
idea of Pozio and Tesei, discussed (1.1) in the framwork of C(§}) and L,(€1), employed
the operator theory of evolution equations in L,(f2). He took F and G of the forms

Flau,u) =a— flu) — ¢lv)
Glu,v) =b—t(u) - g(v) (%)

with positive -constant a,b and made the following assumptions on f, g, ¢,9% and oy
(i=1,9)

(1) f. g, ¢ and o are increasing functions of class C*[0, co) with f{0) = g(0) = $(0) =
1H(0) = 0;

(2) g(v*) = b with some v* > 0

€Y U marpsoy Yw) < cpyp(u) for all u = 0 with some ¢y = 0 [

) H(0) = +oo and f{u) fib{u) — +o0 as ©u — 400 with some v > 1;

B o =az=00ra =0y =1

His main result is the existence of bounded global solutions to (1.1). Also, in [6],
Redlinger has considered the following case

(1) F=e; — hlu) —ayv, G = ep — ague — bov,
where a;,e; and by are positive constants, and the function f is assumed to have the
following properties:

a. h € C*(R,R) and SEE}::: inf h{s)/s" > 0 for some r > 0 in the case N =1 and
r > 1 in the case ¥ > 1,

b. h € O(s*) as s = +oo for some k > 0.

(2) a1 = ap =& € C(£2,{0,1}).

Redlinger has shown the existence of the global attractor (and thus, in particular,
global existence and boundedness of solutions).

2. Notations and Results

For convenience, we will use the standard notation (1) for the £ [0, T]. We have
the following standard local existence result.

Proposition 2.1 In the function space C{[0,ce); Lo2(f1)), there exists a unique
nonnegative solution {u, v} of (1.1) on 0 x [0, T;) for some Ty € (0, oo], such that, for
any 0 < T < T,

u,v € C((0, T); HA(@)) 0 (0, T} La(%).

For the proof of this result, we refer to [3, 7, 8]. We make the following assumptions
on I, G and @:
(D) There exist Cy > 0, A > 0, B > 0 are constants, and, C;(s), C2(s) € C(RL), s.t.,

G[“a‘”] = GU



