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Abhstract The existence anid nonexistence of interfaces of weak solutions for non-
linear degenerate parabolic systems

u;
E-rf% — div (|[Vuf 2 V) =0, i=12,--.m

with p > 1 are studied in this paper.
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1. Introduction

Tn this paper we consider the parabolic system
A Zdiv (Ve V) =0, 1= 12, (1.1)

in @ with p > 1, where u; = wilxw, 1), V =gradg, @ varies i kY and @ = R % (0, +00).
The parabolic system (1.1) appears in models describing fluids with nonlinear Vis-
cosity (see [1]—[3]). [tisa nonlinear system, which is degenerate if p > 2 or singular if
1 < p < 2, since the modulus of ellipticity degenerates (p > 2) or blows up (1 <p < 2)
at points where Vu = 0.
Let the initial condition be

wil{z,0) = ups(z), 1= 12 iaeaT (")

for z € RY, and
woi € CLHRY), i =12 it (1.3)
supp up; C BRyy 1=1L2, M (1.4)

for some Rp > 0, where Br, = {0 € RN |z} < Ro}-
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Definition 1.1 A wvector function v = (w1, g, Upm): Q@ — R™ is said fo be a
weak solution of the Cauchy problem (1.1)—(1.2), ¢f for any T > 0

w; € L¥(Q7) and |Vu;| € LP(Qr); i=1,2,---,m (1.3)

and u salisfies the integral identity

f ut‘ﬂi(ﬂ-‘aT]dfﬂ+/] (—ﬂﬂ?ﬂ+|vﬂ|P_2??f-ivﬁi}ffﬂffﬁ-=f Cupi(x)gi(x, 0)dx,
" Qr R
e e

for all vector functions ¢ = (g1,92,--+,9m) satisfying g; € C(0,T; CHR™)) (i =
1,2,---, m), where Qr = RY x (0,T).
In the case of one equation (m = 1)
du i p—2

e div (|Vulf~“Vu), p>1 (1.6)
many papers have been devoted to the problem of existence, uniqueiiess, regularity of
solutions, cf. [4]—[8]. In particular, the regularity of interfaces of the weak solutions
has been obtained in [9].

In the case of many equations (m > 1), E. Di Benedetto and A. Friedman first have
proved the continuity of the gradient of the weak solutions and then have obtained
the existence and uniqueness of the Cauchy problem (1.1)—(1.2) in [1]. Further, M.
Wiegner has studied the Holder continuity of the gradient of the weak solutions in [10].
Our interest here is to treat the existence and nonexistence of interfaces of the weak
solutions of the Cauchy problem (1.1)—(1.2).

Our main results are the following theorems.

Theorem 1.1  Assume that p > 2 and let v = (uy,ug, -, ) be 0 weak solution
of the Cauchy problem (1.1)—(1.2). Then the weak solution u has the inferface, i.e.,
the set

{x € R : |ul(z,t) > 0}

is a bounded subset in RY for every t > 0, provided that (1.4) holds, where | - | is the
norm in B,

Theorem 1.2 Assume that 1 < p < 2. Then there exists ug £ 0 which satisfies
(1.3) and (1.4) such that the weak solution u(x,t) of the Cauchy problem (1.1)—(1.2)
has no interfaces, i.e., the set

{z € RN : |u|(z, ") > 0}

is unbounded in RV for some t* € (0, +o0).

As a direct implication of Theorem 1.1 we have

Proposition 1.1  The nonlinear degenerate parabolic system (1.1) has the finite
velocity of the propagation of perturbations under p > 2.




