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Abstract In this paper we study the uniqueness of generalized solutions for a .
class of quasilinear degenerate parabolic systems ariging from dynamics of biological
groups. The results obtained give an answer to a problem posed by A.S. Kalashnikov

].
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In this paper we consider a quasilinear degenerate parabolic system of the form

B 4 Y
% — a; Aul + bufuf (1)

in Qp = RT % (0,T) with the initial condition
i, 0) = uoi(®) (2)

for r € RV, where iy = 1,pe 2 Lz = 1, T > 0,a; > 0, b; are given real numbers and
ug;(i = 1,2) are bounded measurable functions in RV {

The system (1) arises from modeling interacting evolution of two biological groups
with densities uy, uz (see [1] 5 '

Definition A vector function (w1, uz) with u; € Loo(Qr) and w; 2 0 (i = 1o P

a generalized solution of (13-(2), if (w1, ua) sadisfies
ﬂg : (witpse + aqul® Awp; + biui ud ;) dedt =0 (3)
for all @; € C§°(Qr), 1 = 1.2
lim i whi(ui(z,t) — vei(z))dr =0 (4)

for all ; € CP(RY), i =1,2.
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A.S. Kalashnikov first studied the system (1) and proved the existence of generalized
solutions to the Cauchy problem (1)-(2) (see [1]). However, he was not able to solve
the problem of uniqueness, and put forward as an open problem in the paper [1].
Afterwards, A.S. Kalashnikov mentioned this problem again at a symposium [2].

In this paper, we attempt to give an answer to this problem. The main result
obtained is the following theorem.

Theorem Let the vector functions (uy, us) and (vy,v3) be two generalized solutions
of the Cauchy problem (1)-(2). Then

Wit =l n), nte=],2

for a.e. (z,t) € Qr.
Here the uniqueness is proved for the cases p; > land ¢; =2 1 (i = 1,2). The
following example shows that these conditions can not be removed in general: both

w=0 and w=|[(1 -—p}t}ﬁ
are generalized solutions of the equation
wy = Aw™ + w? (5]
in Q7 = RY % (0,T) with the initial condition
, w(x,0) =0 (6)

on RY, where m > 1and 1 > p > 0. In case b; < 0 (i = 1,2) the uniqueness seems to
be true even if p; < 1 and ¢; < 1 (i = 1,2). But we are not able to prove yet.
The result {Theorem) can be extended to more general systems of the form

()

by

ot
in Qr, where 4; : R' — R, B; : R* — R! (i = 1,2,.--,n) are locally Lipschitz
continuous, respectively.

The same problem for more general systems with convection term has been studied
by one of the authours and his colleague and the uniqueness of BV solutions has been
proved (see [3]).

In order to prove the theorem we define

uy () — o (¢ =
. {ai- i &) = 07 (%, 1) if wi(x, ) £ vz, t)
0

=ﬂ.}1{|:?.-!1'] 'i‘Bil::'ﬂ.hu.g?"',uﬂ}, 1:21,2,"',.31

Ailz,t) = u‘ir:$~. t:' 2 ﬂi{ma f'}

; : otherwise
A (x,t) = Ajlz, t)+¢, 1=1,2
Ai etz t) = (A = L) (x,1), i=1,2

for all (x,t) € @7, where

Osp =l .1 el0P (RN f =1
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