J.Partial Diff. Eqgs., 8(1995), 108-114
(@International Academic Publishcrs Vol.B, No.2

A NOTE ON A CLASS OF STRONGLY COUPLED SEMILINEAR
REACTION-DIFFUSION EQUATIONS

“Tian Dagang
(Dept. of Math. Phys., Wuhan University of Technology, Wuhan 430070, China)
(Received Oct. 10, 1992; revised Jan. 24, 1994)

Abstract A class of strongly coupled semilinear reaction-diffusion equations is
discussed. The FitzHugh-Nagumo equation in [1] is only an example. The results that
strongly coupled term generates an analytic semigroup extended the results in [4]. The
results of the existence and unigueness of solution and the stability of zero solution
improved that in [1]. This paper also discusses the existence of periodic solution.
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1. Introduction

Because there is strongly coupled term and nonlinear term, the FitzHugh-Nagumo
equations (see [1]-[3]) are always a challenging and noticeable problem. In this paper, a
class of strongly coupled semilinear reaction-diffusion equations to which the FitzHugh
equations are only special cases is discussed. We discuss when the strongly coupled op-
erator generates an analytic semigroup that extends the results in [4]. For the existence
and uniqueness of the solution and the stability of zero solution of the equations, our
results improve the results in [1]. Moreover, we also discuss the existence of periodic
solution.

Let X be a Banach space. For a linear operator A : D(4) — X, we denote by D A)
the domain of A, by p(A4) the resolved set of A, by o(A) the spectrum of A respectively.

For a real n xn matrix @, @ = (g Jnwn, we define a strongly coupled linear operator
QA : D(QA) — X" by QA = (gijA)nsn.

Let A be a sector operator (see [3]), S, ¢ be the relevant sector.

Lemma 1 Suppose that the characteristic values of @ are real and the algebraic
multiplicity and the geometric multiplicity of zero characteristic value are equal, then

p(QA) = F] Aip(4) = {0}

where {A;}1* are the non-zero characteristic value of Q.
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Proof Let @ = PJP~! where J = diag {J1,-++, Jx, 0} = diag {J,0} is the Jordan
type of Q. Evidently, Q4 = PJP~'4 = PJAP™!, p(QA) = p(JA). We need only to
show that

p(JA) =[] Aip(4)
i=1

we have JA — Al = diag {J;A — M,---, Jp A — A} and when A € ;2 A;p(A), there is
u; € p(A), such that A = djps, 1 =1,2,---,m. Now that the X;(A — piJ) is invertible,

we have
A - AN~ = -
A DI DAL e (AT (AL ) AR
0 a:"-z'_llz-lq-""f-'!-ij-}ul Ehh |: ]n1—2}L—ﬂ +l{"q 1t J!r:]—n -E-lﬂn,—ﬁ
0 0 l{"q i I Thy M7,

since (A = p;I)7*A = I + (A — i)™ and A is a sector operator, (JA — AE)T =
diag {(J;A = AI)7, - (JpA — AI)7'} is bounded. Hence

() Aip(A) C p(JA)
§=1

Suppose that A € p(JA). Consider the right-hand lower element of (J;4 — Al =
we know A/N; € p{A), i =1,2,---,k, hence X € N, Ap(A).

Theorem 1 Suppose that Q@ satisfies the conditions of Lemma 1, and ifs charac-
teristic values are nonnegative. Then QA is a sector operator. Hence it can generate
an analyfic semigroup.

Proof Leta; < min{0,a}, where a is the vertex of sector 5, 4. Let b = Jnax Aidy,
then by Lemma 1, when A € Sy s C p(@A), MA; € Sar40 5 =1,2,-+,m, and [[(A:d —
M)~ 4| are bounded. Since

B ong=1

QA - AN £ C z Z (n; — )| (Al — MIELA s )
i=l j=0
Wi Zni—1 i
=C Z |Ad] ~* “ (‘4 = ;) 3 (ni = (A = ADTIAT? 4 |x]~(r=m)
i =0

there are constants M > 0, such that, for every A € Sy 4

M
A — bl

QA — AN~ <

Hence €2 A 15 a sector operator.
Remark Lemma 1 in [4] is a special case of Theorem 1.




