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Abstract We present a simple method for verifying the uniform L' bound and
establish sharp rates of L? decay of the global solution to the initial value problem for
a 2-dimensional parabolic equation.
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1. Introduction

Newton-Boussinesqg equations are of the form

AT, + J(AT,T) = A2 — o, (1)
8 + J(0, ) = SAY (2)

which describe the famous Benard flow. In these last equations, ¥ is flow function, AW
i f g B is velocity vector, # is the temperature, J(f#,¥) = gy o
§ vortex, 5, Bz 1 , @ is t pe :, : 9

Jf av

— = 0,3 > 0 are constants,
oy Ox ; 24

The global existence of the generalized and classical solutions have been estab-
lished. Spectral method and nonlinear Galerkin methods for solving two-dimensional
Newton-Boussinesq equations have been discussed [1-2]. Universal attractors for the
Benard pmblem,' existence and physical bounds on their fractal dimension have also
been investigated [3].

We note that if we put @ = AT, and neglect the effect of the temperature in (1),
we getl

B, + J(®,T) = Ad (3)

We are interested in the long time behavior of the global solution to the initial value
problem for the following parabolic equation

Oy + J(8,T) = BAE, B> 0 (4)
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8(x,y,0) = oz, y) (5)

where 8(z,y,t), ¥(z,y,t) are known scalar functions of the real variables —oco < x,
y < 00,0 < t< oo f>0i1saconstant.

In this paper, we want to establish sharp L2 decay of the global solution to problem
(1-2), with initial data #olz) € L' 1 L The decay results follow from the a priom
L' L% integral estimates and the Fourier transform. The standard argument relies
on a technique that involves the splitting of the phase space into two time-dependent
domains. For this information, please refer to [4-7).

There has been considerable literature on decay of solutions to the initial value
problems for nonlinear evolution equations. Schonbek studied decay of solutions to
parabolic conservation laws i !

Ui+ Y p fulU) = 28T, U(s,0) = Uo(a) (6)
=1 Uk

She established that if Ug(z) € L' N H?, then
f U2dz < C(1 + £)™/2
F L]
Moreover, under the assumption

b
s fk[U]‘ <ClUPF, p=1+—, [U] <1
AU =

or

| fe(L7)
she established the L°° optimal decay estimate

1T (oo < C(1 + £)72

<owy, ¢22(1+3), W<

Readers who are interested in this problem can find other similar works on solutions
to nonlinear evolution equations in our references.

Denote by Q; = {{z,7,8) : =00 <z, y <00, 0 < s <t}, where 0 < ¢ < 00

For simplicity, we will denote by C' any positive constant which depends only on the
norms of the initial data &g, and the positive constant 3, but never depends on ¢ = 0.
Moreover, we regard

WO = 10 zzreys MU Moo = IV Loogr2)
1Tl = U@ gmizzys 1Tl = 1Tollp2erzy,  Wollm = Dol 2y
Suppose that f(z,y) € L}(R?*) N L*(R?), define its Fourier transform as follows

FUAG = fGm= [ [ fle)expl-ia¢ - iynldzdy

As usual, the definition is extended by continuity to the space of tempered distri-
butions.




