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Abstract A two-phase Stefan problem with the heat flux boundary conditions,
including an unknown function f, i3 considered. The existence, uniqueness, and con-
tinuous dependence upon the initial data of the solution (f,8,u1,uz) are proved.
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1. Introduction

Consider the following two-phase Stefan problem

Ut — @ U zz =0, (z,t) € GiT il L)
ugt — 03uzas = 0; (z,t) € Qar (1.2)
ui(a,0) = 1), 0<z<s(0)=0 (1.3)
us(2,0) = w2(@); bgz<l (1.4)
aZuy 5(0,8) = —F(ur(0:2)), 0<t<T (1.5)
adug »(1,1) = fluz(1, 1), 0<t<T (1.6)
w(s(t), t) = uq(s(t),t) =0, g<t=T (1.7)
8(t) = ~k1u1|¢{s{t],t] + kgugiz{.ﬂ{ﬂ,ﬂ, D<t<T (1.8)
u1(0,t) = h(t), 0<tsT (1.9)

where Q17 = {(x,%) |0 < = < s(£),0 < ¢ < T}, Qar = {(z,t) | s(t) < = < 1,0 <
t < T}, The constants a1 ~ 0,ap >0, k1 >0, ke >0, T > 0;0 < b < 1, and the
functions @1(z), wa(z), h(t) are given, the function f included in the heat flux boundary
conditions (1.5) and (1.6), and the functions s{t},ul{m,ﬂ,w[m, ¢} are unknown.

We first set the following definition.

Definition 1.1 A set of functions (f, s, 11, ug) 18 called a solution of the problem
(1.1)-(1.9) m [0,T, ¢f

§(6) € C3(I), where I is the range of h(t) for0 <t < T;
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s(t) € C1([0,T]), 0 < s(t) <1 for0=t= s

ui(2,1) and u; Lz, 1) € C@;ir), i=12;

i t(T, t) and ui,m::{:ﬂ:t} e C(QiT) t= 12"

(1.1)-(1.9) are satisfied.

A similar problem has been considered in the parabolic initial-boundary value prob-
lem in [2]. But in order to apply the iteration method to the integral equation which
the unknown f satisfies, there are not only the assumptions on the data, but also an
additional assumption: for each ¢, 0 <t = T, the function u(1,%, f ) lies in the interval
[R(0), h(t)].

It is the purpose of this paper to show that the problem (1.1)-(1.9) has a umnigue
solution (f, s,u1,uz) ina small interval of time t under the assumptions

(Hy) w1(z) € C2([0,8)), ¢1(0) = @1(0) = w2(b) = 0

(Ha) pa(z) € C2([by1]), @2(1) = pa(l) =w2(B) =0;

(H3) h(0) =0, Hy < h(t) < Hyfor 0 <t < T, |h(t2) = h(t1)| < Hi(ty —t1) for 0 =
t; <y < T, where the constants Hp = Hy 2 16a37~ (4]l ¢1llcopp + 512l o +1)%,
and Hz = 0.

However, one has no need for the assumption on the unknown g (1,1).

This paper is organized as follows. In Section 2, we introduce a sequence of ap-
proximate solutions and investigate the properties of this sequence. The existence of
solutions is proved by contraction mapping in Section 3. The uniqueness and continuous
dependence upon the initial data are discussed in the last section.

9. Sequence of Approximate Solutions

Now let (f,s,u1,u2) be a solution of (1.1)-(1.9). In such a case, the function f
included in (1.5) and (1.6) has been given, and (s,u), ug) solves the two-phase Stefan
problem (1.1)-(1.4), (1.6)-(1.9). As is now well known, the solution (s,u1,uz) of (1.1)-
(1.4}, (1.6)-(1.9) is given by

) L {h(r)G1e(@,t,0,7)dT + o L * '1?1;1'}51{:[-', t,s(7),T)dT
+ [ o6 16,008 . 28
ug(z,t) = ﬁ. : flud(1,7))Na(z, 1,1, 7)dr — as L : w(frjﬁrﬂm?t,s(ﬂ}—r]dr
b [ oMo 6,016 (2.2
e [} (kv () = kava(r))dr (2.3)
where

{‘Ul (t}: Fg{t}} = (“1115{3("!:}7 t] 5 ﬂﬂ,:ﬂlisiﬂ:- f‘)}




