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" Abstract In this paper, we studied and completely solved the problem on the
anormal uniqueness of the equation system

{ ur + Uy = —iz® Py

e + 4TUy = —ix®duy,

The so-called anormal unigqueness means as follows: suppose all order derivatives of u
vanish on 80, one can draw the conclusions of w = 0(D), v = const(D).
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1. Introduction

In the solvability of the partial differential operators, the solvability of first order

operators
Tl : a

was studied deeply. If a/(z) make complex values, note that P = P, + iPs, where Py,
P, are linear independent, may induce some theory which depends analytic function. .
In case n > 2, it is very interesting that some very good operators P may lead to the
fact that Pw = f have not smooth solutions even distribution solutions for any f € C*
and in any open set. The famous example is Lewy’s Dperatmrm:

idis 1 : a a 1 : 2 a
Thies 2(5‘,1:1 -LE-E—E)+1{:{: + ix ]ﬁ
possesses this property. If we suitably choose f, then the simpler Grushin’s operator:
a . o
= (T]E T 'EIE_j—y

will lead to the fact that Pw = f havn't solution as well.
In fact? note that Dn(n =1,2,- ) are arbitrary closed and mutually disjointed
disc sequence in the right semi-plane x > 0 of (x,y)-plane, the centre of Dy, are (xn,0),
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T, > 0 and z, — 0 (n — o). Suppose f(x,y) € C7 is an arbitrary function that
possesses compact support, and is an even function respecting =, which equals to zero
outside D, and = = 0, so that :

ff fdxdy #0, n=1,2,"
Da

It is easy to construct such function §. Thus one will be able to induce the following
result: For the above-mentioned function f, the equation
dw . Ow

— +iz— = flx
has not any solution in any neighbourhood of origin (0,0).

As Lewy pointed out, if Pw = f havn’t any solution in any open set, then (P—flw =
0 have uniqueness solution w = 0. Therefore, Lewy rose the following problem: The
first order homogeneous equation

Pw:Zaj%=ﬂ, 'Eiaﬂ # 0

7=1

whether always have the local non-trivial solution, or exist such operator that possesses
uniqueness local solution w = C (const.)? Hérmander® pointed out: If Py, Py, and
[Py, P are linear independent, then there is a following problem: Can we find two
solutions of Pw = 0 so that possess linear independent gradient, or can we find the
solution w so that grad w # 07 L. Nirenbergl® studied the previous problem, and gave
the result: If

P= % A imp{ﬂ:ﬁy}%a plz,y) =1+ zd(z,y)
then we are able to construct suitable ¢ so that any solution of Pw = 0 must be
constant.
In L.Nirenberg's work, there is a strangle problem: On the mutually disjointed disc

- sequence D7 (see [2]. In the sequel, we note one of .D;-“'“ as D), give a coupled elliptic
system: :

{ Uz + 1TUy = -—iiﬂztﬁrﬂy 1)

vy + iTUy = —féfﬂ?{;ﬁuy

where ¢(z,¥y) € G‘:;", and & = 0 outside D. Suppose all order derivatives of u vanish
on ¢1), prove
ulp=0, vp= cfconst.) (2)

Theorem 1 (“uniqueness”) If the solution (u, v)of the coupled elliptic system (1)
satisfies the condition

aiayﬂullﬁu='ﬂ1 a+ =7 j=ﬂ,1,_,2,"' {3}

then {u, v) possesses the property (2).



