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Abstract In this paper, we obtain two results of weak solutions to variational
mequalities of triangular form under controllable gmwth and a class of natural growth
conditions, L.e. 1°, L¥-estimate for the gradient; 2°, C-"hc (13, BY) regularity.
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1. Introduction

Lewyl!l, Lewy-Stampacchial?l, Brezis-Stampacchial®l and Giaquinta M.14 et al. have
made a systematic study on the convex cobstacle problem. But for vector-valued func-
tions, especially for the case n > 3, there are a few papers dealing with the regularity.
Under the quadratic growth condition, Hildebrandt 8. and Widman K-0O.% have proved
the regularity to variational inequalities of diagonal form with general chstacle. This
paper proves the regularities for variational inequalities of triangular form with some
special obstacle. We emphasize that the diagonal ellipticity condition we introduced
here is weaker than the strong ellipticity condition and under natural growth condition
(I), we seek solutions in ¢ N L™=/ (2=r)(0 R™) which is larger than C N L>=(0, RN).

We finding u € C satisfying the variational inequality

f[A (z,u) D + aj(z,u)| Do — v')dz
< fnﬂ’,;l::c,u, Du)(u* — v')dz, Vvel (1.1)

where C = {ve HYQ,BRY):v* > %, k=1,2,-- - NinQc R*n> 3 v—1€
HA(D, ™)}, is a closed convex set, vy and 1 are prescribed functions with $¥|sq <

ug|an
We assume that
(i) A:}E[ﬁ:, u) = 0, when § = 1, (Triangular condition)

57




Agf{m,u}fﬁfﬁ > MEJ*, V& € R™, ) > 0; (Diagonal elliptic condition)

(ii) Controllable growth conditions:

|ag(z,v)| < C(lu[Y*=2 + f2), f2 e L7(0),0 > n (1)

| Bi(z,u, p)| < C(|p|™ /" + |u|mtD/(2=2) 4 g,y g, € L2(9), s > n/2
(iii); Natural growth eonditions:

ue €N LMW/ RV )and satisfies (2) and
[Be(z,u,p)| S C(| p I + | u [(PF/(n=2) 4 g,)

gk € L’{ﬂ],s > n/2,(14+2/n)<r <2

or (iii); u € CN L*=(Q, RY). M = sup |u| and satisfy ef(z,u4) € {0 %« RNY,0 = 3,
: n

. :
| Bz, u,p)| < a) |p;|* + bi(z), by € L'(01),s > 2, a — const.
7=1

The repeated indices 1, § are to be summed from 1 ta N . While the repeated indices
a, (3 are to be summed from 1 to n; but the repeated index k doesn’. € represents
the constant at various cases. 2° = 2n/(n - 2),¢ = 2n/(n + 2),Du = {Dyut : o =

1,2, mi =1,2,---, N}, uk =f Bt _f utdz.
B

2. LP-estimates

Proposition 2.1 Suppese that (i) and (ii) are satisfied and v € H2(0, RY), ¢ >
n, f u is a weak solution to (1), then there erists a constant p > 2, such that v €
Ll (0, R™), and for any 2o € Q and Hy < dist(zg, 01), when B < Ry, the following

lea
estimate holds

(/ (| Dul® + |u|z-}pf2dz) 1/p < G_{(j;,nﬂﬂufg + ]u|2*jd:u]1f3

nSz

+(f, (CIAP+ Duya) " + R f, ZlaPas) )

L.

Proof Takene C§*(Bgr),0<n<1l,m=1in Bryz,|Dy| < C/R. Since u® > ¢
then uf, > ¢%. Setting v* = o* + (1 —n*)(u* — %) + (vl — vk), vt =o' i # k, and
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