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Abstract This paper deals with nonlinear model, of age-dependent population dy-
namics, with honautonomous time deperidence. Using a nonlinear sernigroup approach,
ihe authors prove the existence of the problem under general assumptions.
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1. Introduction

In this paper we will use a nonlinear semigroup approach to deal with the nonlinear
boundary problem of age-dependent population equation:

ca al . el
ﬂ_i.}-ﬁzﬂ[i,ﬂ? in (0,T) x (0,00) il
v I(t,0) = F(i,1), for ¢ € (0,7T) .(1'2}
[(0,a) = ¢(a), for @ € (0,00) (1.3)

where [(t,a) = [h{t?a].,_-n,e‘ﬁ{ﬁ,_,n]}jﬁ: [0,7] x [{Il,u::c]. — R*, G, 1) = (G1(t, ),
G, D) [0,7] x L 0,00 RY) (= LM0,00; R7), F(2,0) = (B0, Fa(t, 7
0,7] % LM0,00; R™) — R and ¢ = (¢, , )" .

In the autonomous case where F and G are independent of t, G. F. Webb [6] in-
vestigated problem (1.1)-(1.3) in detail by the method of integral equations. After
getting the existence of the solution, he proved that the solution operator of the prob-
lem generates a nonlinear semigroup and the relevant exponential formula holds. For
nonantonomous case, some authors have studied the problems with special forms of F
and G (cf., e.g., [4], [3]).

The design of our work is that under more general assumptions on I and G we
treat problem (1.1)-(1.3) with nonautonomous time dependence along the way Inverse
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to that used in [6], i.e., we first prove that the family of operators A(t) defined by
A)p = ¢ —Gll,¢), 120

satisfies the conditions of the theorem given by M. i, Crandall and A.Pazy [1], therefore
generates a family of nonlinear evolution operators, and the exponential formula holds.
Then we prove that the “weak solution” given by the exponential formula is exactly the
solution of the system of the integral equations corresponding to problem (1.1)-(1.3).

In Section 2 we give the assumptions on F, ¢, and state the main results of the paper.
In Section 3 we prove that A(t) generates a family of nonlinear evolution operators.
In Section 4, the main part of this paper, we prove that the function defined by the
exponential formula satisfies the corresponding system of integral equations, provided
I and G are Lipschitz continueus. Finally, Section 5 is devoted to show that the result
is true also for F. @& being only locally Lipschitz continuous.

2. Main Results

Tor @ = (z,-+,2)f € B", let |z] = Z |z;]. Let L = L'(0,00; R") be the Banach

=1
space of all the Lebesgue integrable functions from (0,00) to R™ with norm ||f
f fla)da for f € Il and
0

=

IL = {fIf = (frooo o fa)T €LY 20,158 n)

We now list the set of hypotheses on F' and G.
(AF.1) There exists a function Cr(t, ) defined on [0, T]x[0,oc), which is continuous
it for fixed » and increasing in v for fixed t, such that

”JI(!:-‘.II;':I = 'FI:'!:'E#G}l 8 E-"I"“:T}H":b H1 1|'I*.]HL1-

for any ¢, € L, ||#llpe, l|1¥lle < -
(AF.2) There exists a continuous function hp(t) of bounded variation on [0,T], and
an increasing function Lg(r) on [0,00) such that

|F(t1,8) - Fltz,d)| < |hp(tr) = he(ta)l Le(lI#llL)

for any ¢ € LY, t1,t2 € [0,T].

(AF.3) F(i,¢) € RY, for any ¢ € Li,te[0,T].

(AG.1) There exists a function Ce(t,r) on [0,T] x [0,00), which is continuous in ¢
for fixed 7 and increasing in 7 for fixed ¢, such that

G (t, ¢) — Glt, )l < Calt,r)lle — Pl



