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Abstract. In this paper, we present an immersed boundary method for simulating
moving contact lines with surfactant. The governing equations are the incompressible
Navier-Stokes equations with the usual mixture of Eulerian fluid variables and La-
grangian interfacial markers. The immersed boundary force has two components: one
from the nonhomogeneous surface tension determined by the distribution of surfac-
tant along the fluid interface, and the other from unbalanced Young’s force at the mov-
ing contact lines. An artificial tangential velocity has been added to the Lagrangian
markers to ensure that the markers are uniformly distributed at all times. The corre-
sponding modified surfactant equation is solved in a way such that the total surfac-
tant mass is conserved. Numerical experiments including convergence analysis are
carefully conducted. The effect of the surfactant on the motion of hydrophilic and
hydrophobic drops are investigated in detail.

AMS subject classifications: 65M06, 76D45

Key words: Immersed boundary method, interfacial flow, Navier-Stokes equations, surfactant,
moving contact line, hydrophilic drop, hydrophobic drop, wetting.

1 Introduction

Surfactant are surface active agents that adhere to the fluid interface and reduce the inter-
face tension by lowering the surface energy. Surfactant play an important role in many
applications in the food, cosmetics and oil industries. For instance, extraction of ore relies
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on the subtle effects introduced by the presence of surfactant [3]. In a liquid-liquid sys-
tem, surfactant allow small droplets to be formed and used as an emulsion. Surfactant
also play an important role in water purification and other applications where micro-
sized bubbles are generated by lowering the surface tension at the liquid-gas interface.
In microsystems with the presence of interfaces, it is extremely important to consider the
effect of surfactant since in such cases the capillary effect dominates the inertia of the
fluids [33].

When a fluid-fluid interface is in contact with a solid substrate, surfactant can change
the wetting properties by altering the value of the contact angle. This simple fact has
found may interesting applications in our daily life and industrial processes. For ex-
ample, we add detergents (surfactant) in washing machine to clean our clothes more
effectively. The detergent helps to remove drops of grease from clothes by increasing the
contact angle (measured from inside the drop). An idealization of this problem can be
found in a photo shown in [33] or a figure in [3] where it is demonstrated that a drop
on clothes can become less ”wetting” (from the drop point of view) by increasing sur-
factant concentration. By adding surfactant, a drop which sticks to clothes becomes less
“sticky” and the water currents can wash away the drop readily. The physical situation
corresponding to this idealized system includes a solid-drop (grease)-water system and
the surfactant. Mathematically, as discussed more detail in the main text of this paper,
this is a moving contact line problem since the solid-drop (grease)-water triple intersec-
tion forms a contact line. The main issue we will try to address in this paper is how
surfactant, by changing the contact angle, affects the movement of the contact line.

In the past few years, several numerical methods have been developed for interfacial
flows with surfactant, such as the level set method [35], volume-of-fluid method [14],
front-tracking method [16, 20], and hybrid methods [1]. Recently, we have proposed an
immersed boundary method for simulating the motion of two-dimensional fluid inter-
faces with insoluble surfactant [15]. The mathematical models include the incompressible
Navier-Stokes equations and a surfactant concentration equation along the moving inter-
face. A numerical scheme that conserves the total surfactant mass is introduced and drop
deformation under shear flow is studied in detail. In the present work, the Navier-Stokes
solver is similar to our previous one in [15] with one modification. Instead of moving
with the fluid as in [15], the present Lagrangian markers are uniformly distributed along
the interface during the time evolution. This is achieved by using an artificial tangen-
tial velocity. Despite this modification, our new scheme for the surfactant equation still
conserves the total surfactant mass exactly.

Moving contact line problems arise when one fluid is displaced by another immiscible
fluid on a solid surface. They appear in the process of wetting, coating and many biolog-
ical applications [3, 21, 29]. It is well-known that the no-slip boundary condition in the
vicinity of the moving contact line leads to a non-integrable stress singularity [5, 12, 29].
In other words, if the no-slip boundary condition is imposed on the solid substrate, an
infinite force is required to move the contact line. For the past three decades, many at-
tempts have been made to resolve this physically unrealistic force singularity. It has been


