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Abstract

We give some formulae for calculation of the expansions for (1) composition of step-
transition operators (STO) of any two difference schemes (DS) for ODE’s, (2) inverse
operator of STO of any DS, and (3) conjugate operator of STO of any DS.
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1. Introduction

For an ordinarily differential equation (ODE)
d

EZ = f(Z), Ze€R?, (1)

any compatible linear m-step difference scheme (DS)

Y awZi=7> Bf(Z) (Zﬁk # 0> ; (2)
k=0 k=0 k=0

can be characterized by a step-transition operator (STO) G (also denoted by G7): RP — RP
satisfying

Y G =7y Bfo G, (3)
k=0 k=0

where G* stands for k-time composition of G: GoG -+ -oG (refer to [2,5,6,10,11]). This operator
G™ can be represented as a power series in 7 with first term equal to identity I. More precisely,
one can expand'® the STO G7(Z) of any linear multi-step method (LMSM)?) of form (2) with
order s > 2 up to O(r°%?):

+oo 4 ) ‘
G (Z)=) ;—!ZM + 7 A(Z) + 7P B(2) + T C(Z2) + TD(2) + O(r ) (4)

i=0

* Received November 11, 1999; Final revised August 2, 2000.

DT his research is supported by Special Funds for Major State Basic Research Projects of China (No.
G1999032801-10 and No. G1999032804), and by the knowledge innovation program of the Chinese Academy of
Sciences and a grant (No. 19801034) from National Natural Science Foundation of China.

2) More generally, one can use an STO to characterize any DS compatible with (1), and obviously the STO

can be written in form (4).
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(where ZI% = 7, zI1 = f(z), zIF+1 = %;]Z[l] for k =1,2,---) with complete formulae for
calculation of A(Z), B(Z), C(Z) and D(Z).

Thus, the STO G7 satistying equation (3) completely characterizes the LMSM (2) as: Z; =
G™(Zo), »++, Zm = G (Zm-1) = [GT]™(Z0), -+ .

In the present paper, we study the composition of any two STO’s, the inverse operator and
the conjugate operator of STO for any DS. In §2, for any two DS’s of order w — 1(w > 2),
we expand the composition of their STO’s up to O(7%**?) (Theorem 1). In §3 and §4, we
do the same things for the inverse operator and the conjugate operator of STO for any DS,
respectively (Theorems 2-3). And examples for calculation for these three cases (composition,

inverse, conjugation) are given in §3 ( Examples 1-2) and §4 (Remark 1) respectively.

2. COMPOSITION OF TWO STEP-TRANSITION OPERATORS

Theorem 1. The composition of two STO’s (w > 2, A and p are real numbers)

+oo i
E*(Z)=) %ZM + 7B+ 7Y By + 7By + 7By + 1T B + O(7V ) (5)
=0 :
and

AT _ X
FM(Z2) =3
=0

can be expressed as follows:

Z[J] +TYA 4+ Tw+1A1 + TerZAZ + Tw+3A3 + Tw+4A4 + O(Tw+5) (6)

AT)d
j'

EHT o F)\T(Z)

by [
=> QA+ iy 4w {A+ B} +7v*! {Al +pZMA+ 2B,z 4 Bl}

2
b ru? {A2 YW LIS N

A2 A2

+5 B2 28+ T Ba (Z1)? 4 A(By). 21 + 82}

+72% {B, A}
1 11 Nu 1] ]2 \? H [/ ~[1]y2
+ o3 A3+,uZ£]A2+)\uZzzz[ ]A1+—ZzzZHA L7 (ZM)2 A
Au? A3 A3
Z12 4, Z]ZMA ZBA+ 2 B. 7B 4+ 2B,z 712
+ 2 Ty 2 + 6 T 6 Ty 2

+%st(zm)3 + A2 (By).ZP + A2 (By),2(ZM? 4 \(B,). 2z + Bg}

42wt {gzym + B Ay + AB22ZWA + (Bl)zA} (7)
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N {A4 + 2N Ay + Mz 2 Ay + 20 2 A, ¢ Aﬁ“Z JZB14

A2 A A3 o, N ?
+ SR+ SR 22+ SR (M) a4 B g,



