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Abstract

Composite Legendre-Laguerre approximation in unbounded domains is developed. Some
approximation results are obtained. As an example, a composite spectral scheme is pro-
vided for the Burgers equation on the half line. The stability and convergence of proposed
scheme are proved strictly. Two-dimensional exterior problems are discussed.
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1. Introduction

Many problems in science and engineering are set in unbounded domains. There are several
ways for their numerical simulations. We may restrict calculations to some bounded domains
with certain artificial boundary conditions. But they induce errors. In particular, they affect
the wave propagations in revolutionary problems. In opposite, if we use spectral methods asso-
ciated with orthogonal systems of polynomials in unbounded domains, then we could avoid this
trouble, e.g., see Maday, Pernaud-Thomas and Vandeven [1], Funaro [2], Funaro and Kavian [3],
Boyd [4], Guo [5], and Guo and Shen [6]. Funaro and Kavian [3] proved the convergence for
some linear problems, by using the Hermite functions. Recently Guo [5] proved the stabil-
ity and the convergence of spectral approximations to nonlinear problems, using the Hermite
polynomials. While Guo and Shen [6] analyzed the errors of the Laguerre spectral schemes for
several nonlinear problems. But there are still some remaining problems. Firstly, in order to
get the same accuracy, the Hermite and Laguerre methods need more regularities of solutions
of differential equations, than the Legendre and Chebyshev methods for the same problems in
the corresponding bounded subdomains. However, the solutions may change rapidly in certain
bounded subdomains. For instance, the solutions might be less smooth near some corners. On
the other hand, most of multiple-dimensional problems are set in non-rectangular domains, and
so the standard Hermite and Laguerre approximations are not available for them. In partic-
ular, for exterior problems, the domains are never rectangular, and the solutions change very
rapidly near the obstacles usually. One of reasonable ways for resolving such problems is to
use spectral domain decomposition method, e.g., see Quarteroni[7], and Coulaud, Funaro and
Kavian [8]. For instance, we may divide the domain into several subdomains, and then use the
Legendre approximations in the bounded subdomains, and use the Laguerre approximations
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in the remaining parts. But so far, there is no theoretical results in this field. The aim of
this paper is to investigate a new spectral domain decomposition method, called as composite
spectral method. For simplicity of analysis, we first consider a one-dimensional model in detail,
and then discuss two-dimensional problems in non-rectangular domains, and exterior problems.
In the next section, we divide the half line to a finite subinterval and a infinite subinterval,
and then construct a composite Legendre—Laguerre spectral scheme for the Burgers equation
on the half line. We prove some composite imbedding inequalities and approximation results
in Section 3, which play important roles in analysis of the composite spectral method. In sec-
tion 4, we use the results in the previous section to prove the stability and the convergence
of proposed scheme strictly. The final section is for two-dimensional problems. We consider a
non-rectangular unbounded domain and an exterior problem.

2. The Composite Spectral Scheme
Let I = (a,b),—00 < a < b < 00, and x(z) be certain weight function in the usual sense.
For any 1 < p < oo, define
L2(1) = {o | [ollze , < o}

where
(/wwwwummi if 1< p< oo,
I

esssup |v(z)|, if p = 0.
zel

lollzs | =

In particular, we denote by (u,v),,r and ||v||y,r the inner product and the norm of the space
L2 (I). Further let d,v(x) = %v(m), etc.. For any non-negative integer m,

H'(I) = {v | 950 € LI(I), 0 <k <m}

equipped with the following semi-norm and norm

2

m
Olmx.r = 107 vllx.1, 0l yr = (Z Ivli,w)
k=0

For any r > 0, we define the space H} (I) with the norm [[v]|,,; by the space interpolation as
in Adams [9]. Moreover let
HE (1) ={v|veHL(I) andv(a) = lim x*(z)v(z) = lim x*(2)d,v(z) =0 }.
s X X xr—b z—b
For X(:L’) =1, we denote H;(I)) HS,X (I)) |v|r,x,lv ||’U||7“7X,I) (uv U)XJ and ||U||X,I by HT(I)) HS(I)a |U|T,Ia
|v]|r.1, (w,v)r and ||v||r, respectively. In addition, ||v||e,r stands for [|v]|pe (1)
Let A = (—1,00), and consider the Burgers equation on the half line as follows

1
U(=1,) = d(t), 0<t<T, 1)
ILm Ul(z,t) = le 0, U(x,t) =0, 0<t<T,

U(z,0) = Up(z), z €A



