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Abstract

In this paper, the theory of parallel multi-stage & multi-step method is dis-
cussed, which is a form of combining Runge-Kutta method with linear multi-step
method that can be used for parallel computation.
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1. Introduction

Early in 1966, W.L.Miranker and W.Liniger [3] gave a kind of parallel Runge-Kutta
method of order 2 and order 3. But unfortunately, when the method given in [3] was
applied to test equation y = My, Re\ < 0, it’s numerically unstable. In that time,
W.L.Miranker and W.Liniger then expressed their expectation for a parallel Runge-
Kutta method with numerical stability. At the beginning of 1990’s, some kinds of
parallel Runge-Kutta method were considered in [1] and [2] with some modification of
those formulae given in [3], and their absolute stability regions were discussed. Re-
cently, the theory of combination method is set up, and some formulae of this method
are given in [4], which combines Runge-Kutta method with linear multi-step method.
This combination method can be parallel computed just like the parallel Runge-Kutta
method. In this paper, the theory of parallel multi-stage & multi-step method is dis-
cussed, which is another form of combining Runge-Kutta method with linear multi-step
method.

Some algorithms based on this method are part of PASL ( Parallel Algorithm Soft-
ware Library ) on S10 parallel computer (MIMD) which was made by Aero-Space
Department of China in 1991.

2. Basic Theory
Consider the system of differential equations
y =f() ylwo) =y, [:R"R" (2.1)
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parallel r-stage & r-step method is constructed with the following form

Yns1 = BYy + hCU, D (2.2)

where

B = (bl,bg, ...,br), C = (1,62, ...,Cr)

D = (dladZa "'7dT)Ta Yn = (ynayn—la "'7yn—T+1)T

Kip, Kin1 -+ Kinrs1
0 Kop1 -+ Koyt

U, =
0 0 e Kr,n—r—i—l

j -1 j
K= fyn), Kri = f(yi), Kji = FOQ_wjayirior + (O BjuKie)), > wjp =1
=1 =1 =1

j=23,..,n—t+1, i1=n—-1n-2,...,n—r+1

We can find out the method (2.2) can be executed in parallel by r-processes, that
Ky, Kop_1,..., K y—rq1 can be computed synchronouslly.

Theorem 2.1. If the following conditions are satisfied

(i) the module of roots of

A — BN EXNTZ AT =0, XeC

are no more than 1 and the roots with module 1 are single
(ii) foryi =y(zi), i=n,n—1,...,n—r+1, have

y(¥ns1) — BY, — hCU,D = O(h™*!)

then (2.2) is convergent with order m.

Proof. Let
by by --- b,
1 o cr
0O --- 0 0 0 0
B=] 0 1 0o |,C=
0 0 0
0 1 0
so we have
Y11 = BY, +hCU,D
Y (zp41) = BY () + hCU(z,) D + O(h™)
Let

€n = y(xn) ~Yn

E, = (6n, €n—1,""" 7€nfr+1)T



