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THE NUMERICAL STABILITY OF THE �-METHOD FOR DELAYDIFFERENTIAL EQUATIONS WITH MANY VARIABLEDELAYS�Lin Qiu Taketomo Mitsui(Graduate S
hool of Human Informati
s, Nagoya University, Furo-Cho, Chikusa-ku, Nagoya,464-8601, Japan)Jiao-xun Kuang(Department of Mathemati
s, Shanghai Normal University, 100 Guilin Road, Shanghai200234, China)Abstra
tThis paper deals with the asymptoti
 stability of theoreti
al solutions and nu-meri
al methods for the delay di�erential equations(DDEs)8><>: y0(t) = ay(t) + mXj=1 bjy(�jt) t � 0;y(0) = y0;where a; b1; b2; : : : ; bm and y0 2 C; 0 < �m � �m�1 � : : : � �1 < 1. A suf-�
ient 
ondition su
h that the di�erential equations are asymptoti
ally stable isderived.And it is shown that the linear �-method is �GPm-stable if and only if12 � � � 1.Key words: Delay di�erential equation, Variable delays, Numeri
al stability, �-methods. 1. Introdu
tionIn this paper,we will investigate the numeri
al solutions of the following initial valueproblems for DDEs with many variable delays8><>: y0(t) = ay(t) + mXj=1 bjy(�jt) t � 0;y(0) = y0; (1.1)where a; b1; b2; : : : ; bm and y0 2 C; 0 < �m � �m�1 � : : : � �1 < 1.It is diÆ
ult toinvestigate numeri
ally the long time dynami
al behaviour of the exa
t solution due tolimited 
omputer memory. To avoid this problem we transform (1.1) into the di�erential� Re
eived August 19, 1996.
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onstant time lags in the following way.(see [3℄) Let x(t) = y(et) fort � log �m.Then x(t) satis�es the following initial value problems8><>: x0(t) = aetx(t) + mXj=1 bjetx(t+ log �j) t � 0;x(t) = y(et) := �(t) t 2 [log �m; 0℄; (1.2)where y(t); 0 � t � e0 = 1,
an be obtained numeri
ally by using � -method to (1.1).Then,let us 
onsider the following linear test equations whi
h were introdu
ed in [4℄,( y0(t) = a(t)y(t) + b(t)y(t� �) � > 0; t � 0;y(t) = �(t) � � � t � 0; (1.3)where y : [��;+1)! C; a; b : [0;+1)! C.If a(t) and b(t) are 
ontinuous and satisfyRe(a(t)) � �� < 0; (1.4a)jb(t)j � �q � Re(a(t)); 0 � q < 1 (1.4b)and �(t) is 
ontinuous,then the solution y(t) of (1.3) is asymptoti
ally stable, namely,y(t)! 0,as t!1.In [4℄,the authors introdu
ed two de�nitions of stability based on the test equations(1.3) as follows.De�nition 1. A numeri
al method for DDEs is 
alled TP-stable if, under the
ondition (1.4),the numeri
al solution yn of (1.3) satis�eslimn!1 yn = 0 (1.5)for every stepsize h su
h that h = �=l where l � 1 is a positive integer.De�nition 2. A numeri
al method for DDEs is 
alled TGP-stable if, under the
ondition (1.4),the numeri
al solution yn of (1.3) satis�es (1.5) for every stepsize h > 0.It is the purpose of this paper to investigate the asymptoti
 stability behaviour ofthe theoreti
al solution and the numeri
al solution of (1.1).In Se
tion 2,we derive asuÆ
ient 
ondition for (1.1) su
h that the solution of (1.1) is asymptoti
ally stable. InSe
tion 3,it is proven that the linear �-method is �GPm-stable if and only if 12 � � � 1.2. Asymptoti
 Stability Of The Theoreti
 Solution Of DDEsNow we 
onsider the following equations:( x0(t) = a(t)x(t) + b2(t)x(t� �2) + b1(t)x(t� �1) t � 0; �2 � �1 > 0;x(t) = �(t) t � 0; (2.1)where x : R! C; a; b1; b2 : [0;+1)! C,and � : (�1; 0℄! C.


