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Abstract

In this paper some properties of refinable functions and some relationships
between the mask symbol and the refinable functions are studied. Especially, it
is illustrated by examples that the linear spaces formed by the translates over the
lattice points of refinable functions may contain polynomial spaces of degree higher
than the smooth order of the corresponding refinable functions.
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1. Introduction

It is well-known that refinable functions play an important role in the studying of
wavelet. Usually, one hopes that refinable functions have some particular properties
such as smoothness and integrability. In this note, the zeros of an integrable refin-
able function are obtained. In particalar by examples one shows that the linear space
associating the translates over the lattice points of a refinable function could include
polynomial space of degree higher than its smooth order.

Let s be a positive integer and let R® (resp. C*) be the s-dimensional real (complex)
space equipped with the norm |- | given by

s 1
|| = (Z |xj|2)2 for z=(x1,---,z,) €ER® (resp. C°).
j=1

By a mask a = {a,; a € Z°} we mean a mapping of finitely supported from Z* to C.
For 1 < p < o0, we use L, = L, (R®) to denote the Banach space of all functions f on

R? such that
1
sl = ([ @P)? < oo,
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where f could be complex valued.
A function on R? is called refinable if it satisfies

o(z) = Z anp(2r — ), xR’ (1)
a€Zs

for a mask a = {aq, a € Z°}, and

p(z) =27° Y aqz" (2)

a€Zs

is called the symbol of the mask a.
¢ € LP is called Ly-stable if there exists a positive constant ¢ of independent with
a and ¢ such that

)
P

lally < | 3 aap(@ - )

a€Zs

where by ¢ € £LP we mean

&= Y lpla - o)l € L,(0,1])
a€Z?

(see [7]) and by I, := [,(Z*) we denote the Banach space of all elements a defined on

Z° for which
lall, = (Y laal?)

a€Z*

3 -

< 00

equipped with the norm || - ||.

Note 1: Let ¢ be a continuous function with compact support. Then the (see
[2] Theorem 4.1 and Theorem 4.2) the L,—stability of ¢ for some 1 < p < oo implies
that of ¢ for all 1 < p < oco. Furthermore, it is easy to show that L,-stability of the
function ¢ is equivalent to the I, linear independence, where by {¢(z — a),a € Z°}
being [, linearly dependent we mean that there exists 0 # A € [, such that

D dap(z —a) =0, z € R

a€Zs '
In fact, if {¢(z — a),a € Z°} are Il linearly independent, then ¢ is Loo-stable (see
[2] page 24). In other way round, it is easy to see that {p(x — a),a € Z*} being I
linearly dependent implies >, cz« Aaw(z — @) = 0 for some 0 # X € lo. Therefore, ¢
could not be L,-stable.

Finally, in this note we will use f(u) = / f(x)e™™%dx (u € C*%) to denote the
Rs

Fourier-Laplace transform of f, where for u = (uy,---,us) € C* and @ = (ry,---,x5) €
R®, u-2 = }77_; ujr;. Restricted to R®, f become the Fourier transform of f.

2. Main Results

Our first result will be about the Fourier-Laplace transform of a refinable func-
tion. From [2], we know that if ¢ € L; is refinable, then ¢ is an entire function and



