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Abstract

In this paper, an algorithm of global convergence is proposed for a locally Lipschitz
function, which is strictly differentiable at almoast all differentiable points, and several
examples are computed on an IBM PC.

§1. Introduction

A great deal of effort has been devoted to nondifferentiable optimization In recent years.
Many researches have gone into implementable algorithms mainly by Wolfe, Lemarechal,
Zowe, Polak, Kiwiel, et al., besides various definitions of subgradient and corresponding first-
order optimality conditions. However, 1n these algonithms the functions are required to be
convex or semi-smooth in order to guarantee global convergence of the algorithms. It seems
that there 15 no globally convergent algorithm for the locally Lipschitz function without
additional condition. In this paper, we propose an algorithm of global convergence for a
locally Lipschitz function, which is strictly differentiable at almost all differentiable points.
In addition, we describe some concepts and properties of the locally Lipschitz function.

Definition 1.1. Let f : R — KR be locally Lipschitz continuous. The generalized
gradient of f at z 18 defined by

3f(z) = ca{uliiﬂlu‘?f(a: + )}

where V f(x) denotes the gradient of f at z, co denotes the convex hull of a set, and v; are
such that Vf(z + v;) exists and llimu Vf{z + v;) exists. We recall that a locally Lipschitz

function f(z),z € R", is differentiable almost everywhere.
Definition 1.2. Let f : B® — R be locally Lipschitz continuous. The generalized
directional derivative of f at z in the direction A is defined by

Pty T LBt o+ 4]
. t

Proposition. Let f : R® — R be locally Lipschitz continuous. Then
1. df(z) exists and is compact at all z € R”,
2. 3f(z) is bounded on bounded sets.
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3. 3f(z) is upper semi-continuous (u.s.c.) in the sense that
{z: — 2,y € 3f(2:) and y; — §} = {§ € 3f(2)}.
4. f°{z; h) exists for all z, h € R*, and

O¢.. -
[z k) = Saax {§;h).

Definition 1.8. For any £ > 0, the e-smeared generalized gradient is defined by

def(z)=col | of(=)}, B(,1)={y:llsll <1}.

z'€Cx+eB(8,1)

9¢ f(z) has properties 1-3 above.

§2. Several Lemmas

In this section,we demonstrate several lemmas concerning the algorithm.
Let f: R™— R be locally Lipschitzian. For any € > 0, we define

he(z) = —Nr(8,f(z)) = —Argmin{||h| : h € 8, f(z)} (2.1)
and € : R — R by
e(z) = max{e € £ : ||h.(z)|? > 6¢} | (2.2)
where
£ ={e:e=1g9v", k€ NT}U{0} (2.3)

and v € (0,1),e0 > 0,6 > 0 are given.

Lemma 1. The function ||h,(z)]|? defined by (2.1) is lower sems-continuous with respect
to x.

Proof. We know that the point-set mapping 9, f(z) is u.s.c. and the set léJA . f(z) is
-

bounded on the bounded set A. Since he(z) = — Argmin {||4|| : h € 3,f(z)} implies that
~he(z) € 3, f(z), it follows that the set {—h,(z)} is bounded. Hence, we can suppose that
—he(x) — ho and ho € 8, f(z0) holds by the upper semi-continuity of 3, f(z). Next, since

E=—+Zo

—he(Z0) € 3¢ f(z0) and —he(2z0) = Argmin {[|h]| : & € 3¢ f(70)}, it follows that [Jhofl >
~ he(zo)|| = [[he(zo)|l. Moreover, since lim —h,(z) = hy implies :En: |hel(z)|| = ||ho|l =

X+ In

he(zo||, it follows that lim |h,(z)}|? > ||h.(z0)]|>. Consequently, lim inf ||k (z)|I? >

X xR0

he(zo}||%, that is, ||h.(z)||® is Ls.c..

Lemma 2. For every T € R™ such that 63 f(Z), there ezists a p(%) > O such that

E(I;J 2 ve(z) >0, for all z; € B(z, p(%))

where B(Z, p(2)) = {z : ||z — 2| < p(2)}.
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