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Abstract

The Galerkin methods are studied for two-point boundary value problems and the
related one-dimensional parabolic and hyperbolic problems. The boundary value prob-
lem considered here is of non-adjoint form and with mixed boundary conditions. The
nptipla.l"t':rrder error estimate in the max-norm is first derived for the boundary problem
for the finite element subspace M C Si41 ,+1(f) with 0 < & < 5. This resclt then
gives optimal order max-norm error estimates for the continuous and discrete time

approximations for the evolution problems described above.

§1. Introduction

Galerkin methods for the two-point boundary value problems with Dirichlet boundary
have been studied intensively in (2], [3], [4], |7], etc. and a series of significant results have
been achieved. In this paper, our emphasis is on the boundary condition of mixed-type. In
Section 2 an optimal order L™ estimate for Galerkin approximations is derived. This result
18 then applied in Sections 3 and 4 to the single apace variable parabolic and hyperbolic
equations, respectively, to get the optimal order L*° estimates for continuous and discrete

time Galerkin approximations.
Consider the following boundary value problems

Lu = —(a{z)u') + b(z)v + d(z)u= f(z), zel=(0,1),

- (1.1)
a(0}u’'{0) — aou(0) =0, a(1)u’'(1) + oyu(l1) =0;

and the initial-boundary value prublems-

¥+ Lu=filz,t), (z,8)€Ix(oT]
a(0)u’(0) — oou(0) =0, a(1)u'(1) +o,u(1) =0, (1.2)
u(z,0) = up(z), z€l,

L
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and
gi% - Lu = fa(z,t), (z,t) €I x (0, 4
a(0)u'(0) — gpu(0) =0, a(1)u'(1) + ou(l) = 0, (1.3)

u(z,0) = uo(z), 3%(2,0)=wui(z), z€L

For problem (l,i), assume that
(i) a(z) € C*(I),b(z) € C°(]) and ¥'(z), d(z) € L™ (I);

(1i) o¢,o1 2> 0 with o2 + 0% > 0 and there exist constants ag,a; > 0 such that

0<ap<afz)La, Vz€E I (1.4)

(iii) for each f € L?(I}, Problem (1.1) has a unique solution u(z).
Problem (1.1) can be posed as

Blu,v) = (f,v), Yve H'(I), (1.5)
where P -
' B(¢,¥) = (ad', ¥') + (b4',9) + (dé,¥) + (4, 9),
(#9) = [ ovz (1.6
(6, 9) = 00$(0)4(0) + o16(1)¥(1).
~  The adjoint problem of Problem (1.1} is the following:
L*w = —(a(z)w')’ — (b(z)w)' + d(z)w =g,
 a(0)w'(0) — (6(0) + 00)(0) =0, (1.7)
a(1)w'(1) + (8(1) + o1)w(1) = 0.
Problem (1.7) can be posed as
B*(w,v) = (g,v), VvE H'(I) (1.8)
where
,B*(4,9) = B(¥,¢). (1.9)

From the theory of O.D.E.’s and Green’s function expression of the solution of the
boundary-value problem ([1]), we can assert that there exist C and C* such that the following

hold:
1. For each f € L2(I), the solution, u(z), of Problem (1.1) satisfies (1.5) and

Hellgay < Cliflleaen-

2. For each ¢ € L2(]), Problem (2.7) and thus Problem (1.8) have a unique solution

W and |
Wiz € CFlala -



