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ERROR EXPANSION FOR FEM AND
SUPERCONVERGENCE UNDER NATURAL ASSUMPTION~

Lin Qun Xie Ruij-feng
(Inststute of Systems Science, Academia Sinica, Besjing, China)

In this paper, we derive the error expansion for finite element method under natural

assumption and discuss the superconvergence as a special case of error expansion.

§1. Introduction

In a survey by AKrigek and Neittaanmaki various types of superconvergence for FEM
were discussed at some cases. But we can not expect the superconvergence for the displace-
ment of linear finite element solution. At that case we can raise the convergence accuracy
congiderably using Richardson extrapolation. On extrapolation for FEM Chinese - German
group has obtained a lot of results under some assumptions. See a survey by Rannacher. In
this papér, we try to unit the discussion of superconvergence with the one of extrapolation.
We deduce the error expansion under natural assumptions and discuss the superconvergence

as a special case of error expansion. Consider the model problem
—Au=fin{l, u=0 ondll (1.1)

where (1 c R? is a convex domain and has smooth or piecewise smooth boundary. We use
the finite element space over piecewise uniform or piecewise almost uniform triangulation
to construct the finite element solution of problem (1.1). Let u? and u’ be the linear finite
element solution and interpolation of the true solution respectively. We derive the following
expansion
n—1
ub —ul = E hZ*el + 7" {(1.2)
K=1,

where the coefficients ¢ are the finite element projections of the weak solution of problem
(1.1) with defferent right hand side, and the remainder r* satisfies

""'hlll.nu.ﬂu <c |lnhlh“"

.where a,, depends on the situation and (1, is the subdomain of {1 which we ghall discribe in
details.
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As a special case with n = 1 we have the superconvergence estimate
lu* — ' ll1,00.0, < ¢h®|InA].
Replacing Vu”* by some kind of average gradient Vu® we obtain
(Vu* - Vu)(p) = O(h™ | In k]

for any nodal point p in 1.
With n = 2 in (1.2} we get

ub — ul = B! 4 P (1.3)
from which we have
1 i §
5 (442 = *)(p) - u(p) = O(h**|In ]),

S V(42 — w*)(p) - Vu(p) = O(h** In k). (1.4)
P
For the proof of {1.3) we emphasize the situation when £ is a polygonal domain and

u is of usual smoothness. At that case a; = 28 — ¢ where ¢ is any positive number and 8
depends on the interior angle of (1. In the last section we prove (1.4) with az = 4 when 02

18 a smooth domain.

§2. Error Expansion on a Convex Polygonal Domain

Let 11 < R? be a convex polygonal domain with the corner points {0;}. We consider
the problem (1.1} and its finite element solution. Choosing an arbitrary point o in {1 and
linking o with each corner point o,, we subdivide {1 into several macro-triangles {12;} with
edges I'; = 56;. Let T, = { K} be a regular triangulation of ). Suppose that the restriction
T; to each (1, of T}, is uniform, i.e. each side of each triangle in 7T is parallel to one of
three fixed direction vector. Assume that S, C H]} is the standard piecewise linear finite
element space and u” is the finite element solution. In order to evaluate the error expansion

we consider the integral

I{u,v) =LV[uh—u"]?udzz'/{;‘?(u-—u")‘?udz

(2.1)
= E/ V(u-u!)Vvdz, VveSsh
3

It suffices to expand the integral

[ V(s — u’)Vudz.
0.
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