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Abstract

The paper presents some essential results of branch solutions of nonlinear problems and their
rumerical approximation. The general theory is applied to the bifurcation problems of the Navier—
Stokes equations. : o - | | -

§ 1. Introduction

The purposg of this paper is to study the bifurcation problems of the nonlinear
equation . - | p W
F (A, w) =u+T Q)G (A, u)=0 (1.1)
and its diseretized form '.
Fa(h, u) =u+Th(A)G(A, ) =0, (1.2)
where we assume that for some Banach gpaces }~ and W, {T'(A); A€ A} and {T,(A):
A€ A} are two families of linear bounded mappings from W into V', 4 is the discrete
parameter which tends to 0, and G'(A, «) is a nonlinear mapping from A XV into
W, 4 being a subset of a Banach space. |
We consider the bifurcation of the continuous problem (1.1) and the
convergence of its numerical approximations. The outline of the paper is as follows,
Section 2 is devoted to general analysis of singalar points of nonlinear mapping
F and parameterization of its branch solutions. In Section 8 we disouss the
approximation of simple limit points of #. Seotion 4 deals with the numerical
prediction of a singular point of . The bifurcation problem of the Navier—-Stokeg

equations is considered in Section 5 and Section 6 provides & numerical method for
computing its branch solutions.

§ 2. Simple Singular Points

Let V', W be Banach spaces, and A a subset of a Banach space, Suppose that
1) G: AXV—>W isa O™ (m>2) bounded mapping; - ;
2) T, Th: AXW—V are 0™ bounded mappings with respect to A and for any
fixed A€ A, T(A), Th(A) EL(W, V).
Define the mappings F, Fy: Ax V-V at follows:
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P, u) =ut-T Q) <G, w)+u,
Fo(h, w) =u+Th(A) <G, uw) +u,
where u* i8 a given point in V. | IR o
Theorem 2.1.™ Let A be a compact 867 and u(r): A—>V be a nonstngular
solution of F, i.e. | | | |
1) F(, u{d)) =0, YA C 4;
2 D F (A, u(r)) 8 an isomorphism on V;
8) u()) is @ O" mapping. -

If in addition the following eondiitons are satisfied:

(2.1)

i) limsup | AT (M) — DT (M) | =0, O<i<m, (2.2)
~0,AC A

ii) sup | DrTA(M) <O, U i3 independent of h, o . S (2.3)
Ac A _ . .

tFom there exist constants &, ko, K ?D; such that if h§ho, there 18 m-unigm O™ mapping
wn (M) AV satisfying:
Fﬁ(?"’: uﬁ-(}')) =01 -'

" A
 m—udl<e, o7 B
. iRl
| D= Du < E{ |10+ Z3] A LT (0 =T )G, u())] I

vah agd, oslism—1, . .- (2.b)
where |+ | stands for the morm of the Banach space that contains A.
~ Definition. A pair of (ho, o) € AXYV is called @ simple singular point of F if
(Mo, Up) Saitisfies: o i
1) FO=F (b, u0) =0, . e - (2.6)
2) T (ho) DG (ho, uo) 48 @ cOMpact operator and —1 i3 one of its eigenvalues with
algebraic multiplicity 1. o - | =T .
~ Denote D F° =D, F (Ao, o), and in the sequel V"’ stands for the dual space of V
and ¢, represents the dual pairing between them. k . W, |
Temma 2.1. Let (Mo, %) b8 @ simple singular point of F. Then there aré
(MY, (@133’ (p=1 integer) such thas o oy
D, Fp; =1, | =1, 1<i<<p,
Viﬁ-Ker(DgFo) = [p1, @3, " Ppl;

and (DuF) *QJ’: = 0: <';Dh *P?> = Sih
VgERﬂﬂgE(DuFO) e [';D;: ‘;D;: " i??;] -LI
V - Vi -'Ii- Vﬂ‘:

D, F° is an isomorphism from Vs onto Va,

where (@1, Pa, ***, Pp] 18 G linear space smﬁﬂ-ﬁd by @1, 3, Py
The proof can be found in [101. |

For simplicity, we shall write L= (D F°/Va) as the inverse ;-isom(}.]i'phism of
D, F° on Vy. Let us now define a projection : V—V3 by | '

p
Qu=1—2 v, )P



