Vol..4 No. 3 JOURNAL OF COMPUTATIONAL MATHEMATICS -  July 1986

A o e o e

THE PERTURBATION ANALYSIS OF THE PRODUCT
OF SINGULAR VECTOR MATRICES U V***

Mao Jran—QIN (L8] £)
(Bsijing Institute of Aeronutics and Astronautics, Beijing, China) - -

-~ Abstract -

‘Lot 4 be an nxa nnnsmgular real ma.tnx, whick has mngula.r -mlua dammpomtmn A-—U E'F"'
Assume A is periurbed to 4 and 4 has singular value decomposition Z—ffﬂ?‘-“ It mpruved that-
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- where 0, is the minimum singular value nf A B |r denctéd the Frobenius norm and s is the
dimension of A.
This 1nequal1ty is applicable to the: mmputatmnal error estimation of orthogonalization of a

matrix, especially in the strapdown inertial navigation mbam
;.

-]

§ 1. Introduction

For some engineering problems it is- necéssary to compute the coordinate
transformation from one Cartesian coordinate system to another. For example, in a
strapdown. navigation system one of the key . problems is to calculate the Direction
Cosine Matrix (DOM), which transforms vectors from a body fixed coordinate system
10 a navization reference system. The DUM is called strapdown matrix normally.

The strapdown matrix ought to be an orthogonal matrix. However because of
the computational inaccuracies, e.g. the accumulation of rounding errors and the
inaccuracy of the algorithm, it is :u:npoﬁlble to get the exact solution from the
computer. Part of the error between the exact DOM and the computed DCM can be
corrected by using a suitable numerical method. The problem is how to correct the
nonorthogonal error. The mathematical statement of this. problem is: given a
nonorthogonal matrix find an orthogonal matrix which is closest to the initial
matrix in the sense of Euclidean norm of a matrix. The resnlta,nt matrix is the
optlma.l orthogonalization matrix of the given matrix.

Phere exist iterative slgorithms®»™ and.sa singular vector algorithm™ for
optimsal orthogonalization of & matrix. The background of thig] paper is to estimate
the. enmpu'batmnal error of the singular vector - algorithm.

~ Lot A be nXn real maimx which has i r valie decomposition A=UZV7.
~ It has been proved $hat the optimal orthogona’ﬁmhon matrix is X =UV". When A

is nonsmgular ‘the sqluﬁunlaumque AS LA e )
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' 5 2. The Perturbation of UVT

Lemma 1., Let A and 4 be nxn real matrices, and let their mgulw valus
decomposition be A= U2 V* and A =2 V" respectively, where 3 =diag (@1, ***s On)s
E"dla'g (ﬂ':h ﬂ'n): G120 G'i.;"’ ?ﬂ'n T hen

13- 21r<)A - 4]5. (1)

Lemma 2%, Let B and O be nXn qwq'ml malrices, Eudjag(a'i, wo, Oa)s
gy o0, Then -
|SB~0Z|r=>0al B0l - (@)
Thaorem Tt A bo an o X n nonsingular real mtrw, which has singular value

| d&umnposw:twm A-UEV" when A 48 perturbed ic A, which has singular value
* decomposition A=T37". Theﬂ _ .

.|W='-—qu-m-§:|12-ﬁuf, AN
where o $8 the minimum singular value of 4, |- |» denotes the Frobenius norm and n
is the dimension of A. |
- Proof. Since g
uA-AnF=ﬂﬂEV!' USVTnF-WWT-UzVT+ﬁ‘(2 ~ 2P|
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'a.n.d U, 'V, o,V a.i‘e all orthogonal matrices, hence
o Hﬂ‘EVT—UEV"'H -nﬁ‘(Z—E)Vfu,=uUfUz — SV | p— 2 —-Z]r.

Usmg Jemma 1, 2, we have '
e s UT0zE -2V |e— |2 'zn,;m.nvfﬁ—v?ﬁ‘nr—uﬁ-aa,.
'Alsn from the orthogonality of U and v,
g g a,ﬂU’U—V’VﬂF nA—Aﬂpﬂa'.ﬂUV" _UVE|»— A - Aﬂ,
thus
. IZ—Aﬂpka,Hm”' ~UV*|» —HA —Al»
ie.
" a.nfjf"’f anp-gznA—AnF |
. Since .AJ.E nommgular and the minimum smgu]ar va.lue is g-_>0 it follows
‘lff?ﬂ' W’Ir‘ﬁ-——ﬂ' —Aﬂr- |
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3, N umerlcal EmmPles

The - tticorem i ﬂiustratéd by tha heEh two examples Gompntaﬁonﬂ aTe
‘implemented on M—160 by reans of LINPAOK
Emmplel Let : £ s




